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a b s t r a c t

A large number of nanopores and complex fracture structures in shale reservoirs results in multi-scale
flow of oil. With the development of shale oil reservoirs, the permeability of multi-scale media un-
dergoes changes due to stress sensitivity, which plays a crucial role in controlling pressure propagation
and oil flow. This paper proposes a multi-scale coupled flow mathematical model of matrix nanopores,
induced fractures, and hydraulic fractures. In this model, the micro-scale effects of shale oil flow in fractal
nanopores, fractal induced fracture network, and stress sensitivity of multi-scale media are considered.
We solved the model iteratively using Pedrosa transform, semi-analytic Segmented Bessel function,
Laplace transform. The results of this model exhibit good agreement with the numerical solution and
field production data, confirming the high accuracy of the model. As well, the influence of stress
sensitivity on permeability, pressure and production is analyzed. It is shown that the permeability and
production decrease significantly when induced fractures are weakly supported. Closed induced frac-
tures can inhibit interporosity flow in the stimulated reservoir volume (SRV). It has been shown in
sensitivity analysis that hydraulic fractures are beneficial to early production, and induced fractures in
SRV are beneficial to middle production. The model can characterize multi-scale flow characteristics of
shale oil, providing theoretical guidance for rapid productivity evaluation.
© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Shale and tight oil reservoirs are reconstructed by massive hy-
draulic fracturing (Guo et al., 2021; Gonzalez et al., 2014). The
reconstructed reservoir can be divided into four subsystems,
including organic matter, inorganic matter, induced fractures and
hydraulic fractures (Lei et al., 2023). Because different subsystems
have different structures, their characteristics will influence well
performance on different timescales (Zeng et al., 2021).

Ideal productivity is achieved through a complex fracture
network that develops over the entire well interval. Although
entional Oil & Gas Develop-
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microseismic monitoring can be used to track and invert fracture
network around hydraulic fractures in shale reservoirs, it is not yet
mature enough to describe fracture network morphology directly
(Yao et al., 2013; Li et al., 2019). As fracture morphology after
fracturing has certain fractal characteristics, it is possible to char-
acterize the induced fractures around hydraulic fractures using a
fractal theory model (Li et al., 2018; Valdes-Perez and Blasingame,
2021). Wang et al. (2015) applied fractal theory to the dual-porosity
media model, characterizing heterogeneous porosity and perme-
ability of induced fractures in stimulated reservoir volume (SRV).
Fan and Ettehadtavakkol (2017) established a transient flow model
for fractured horizontal wells in shale gas reservoirs by considering
the fractal distribution of induced fracture density, porosity, and
permeability, and estimated the fractal parameters after fracturing
combined with microseismic data. Sheng et al. (2019) developed a
dual-fractal diffusion model for hydraulic fractured horizontal
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wells in shale gas reservoirs, considering the variation in shape
factor of matrix blocks due to changes in induced fracture spacing.

However, it is typical for shale reservoirs to contain organic
matter, and the pore characteristics of shale reservoirs are complex
(for example, abundant nanopores, natural fractures, rich in organic
matter, and different pore geometry) (Feng et al., 2019; Wang et al.,
2022). Nanoscale pores are dominant, and strong solideliquid
interaction exists in confined space, which exacerbates the
nonlinear characteristics of the flow (Wang et al., 2016; Zhang et al.,
2023). Organic pores with diameter smaller than 2 nm exhibit a
rapid decrease in apparent permeability (Zhang et al., 2018), and
they have a smaller permeability and higher flow resistance than
inorganic pores. The complex structure of shale nanopores greatly
impacts oil and gas flow behavior and oil recovery (Zhang et al.,
2019), traditional Darcy's law may not be able to describe shale
oil transport. To characterize the transport mechanism in shale
nanopores, Cui et al. (2017) proposed a flow-enhanced model to
explain slip flow and physical adsorption in organic nanopores.
Many scholars have established shale apparent permeability
models by combining different transport mechanisms in inorganic
and organic nanopores, considering adsorption, diffusion, slip, oil
viscosity, pore structure and distribution, and other microscopic
mechanisms (Zhang et al., 2017; Zeng et al., 2020; Zhu et al., 2020).
These models provided an effective understanding of how oil and
water transport within nanopores.

Nanopores transport mechanisms are complex, and tight res-
ervoirs are also stress sensitive (Ren et al., 2017). Due to the high
content of clay minerals in shale and the existence of a large
number of nanopores and fractures, stress sensitivity is more likely
to occur under the action of external forces (Yan et al., 2019).
Especially, in the production process, fractures can gradually close
with the production of oil and gas, which will not only lead to
compaction, but also lead to proppant embedding and crushing
(Luo et al., 2018; Zhang and Emami-Meybodi, 2020; Zheng et al.,
2020). The shale permeability is highly stress-dependent (Bustin
et al., 2008; Chen et al., 2015), ignoring the stress sensitivity of
matrix permeability and fracture conductivity will overestimate
production (Qanbari and Clarkson, 2013). Scholars have proposed a
variety of mathematical models to quantitatively describe stress
sensitivity (Bernabe, 1986; Pedrosa, 1986), the twomost commonly
used models to describe the stress sensitivity are power law
equation and exponential equation, among which the exponential
equation is themost widely used in shale (Chhatre et al., 2014; Yang
et al., 2017).

The previous models for fractured horizontal wells do not
consider the micro-scale effect and transport mechanism of shale
oil. In addition, fluid behavior and transport properties in different
media are also different (Cai et al., 2019), so they are not suitable for
shale reservoirs dominated by nanopores and coexisting with
multi-scale media. In this paper, a multi-scale coupled flow model
is constructed by considering the heterogeneous distribution of
induced fractures, the micro-scale effect of nanopores in the shale
matrix and the stress-sensitive characteristics of multi-scale media.
This study presents a comparative analysis of pressure and pro-
duction in shale oil reservoirs exhibiting different stress sensitivity.
Furthermore, we also compared the permeability loss in multi-
scale media, as well as differences in the interporosity flow coef-
ficient among shale reservoirs with different stress sensitivity.
Finally, we conducted sensitivity analyses for hydraulic fracture and
SRV parameters.
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2. Mathematical model

2.1. Concept model

According to the flow characteristics of multi-stage fractured
horizontal wells (Fig. 1(a)), the control area of single hydraulic
fracture is divided into three zones (Fig. 1(b)). The first zone is the
hydraulic fracture zone, the second zone is the SRV, and the third
zone is the unstimulated reservoir volume (UNSRV). In order to
capture the complex transport mechanism in the shale matrix,
nanopores in the matrix system (Fig. 1(c)) are divided into organic
and inorganic pores (Fig.1(d)). As shown in the SEM images of shale
samples, this model can also be applied to tight oil reservoirs
without the organic matter.

In this paper, considering the micro-scale effects of shale and
the stress sensitivity of multi-scale media, the coupled flow model
of multi-stage fractured horizontal well in shale oil reservoir with
box boundary and complex induced fracture network is estab-
lished. The following assumptions are briefly described:

(1) A fractured horizontal well is in the center of a box reservoir
with a closed outer boundary, the initial pressure and the
thickness of the reservoir are constant.

(2) Organic and inorganic nanopores are arranged in parallel
without considering fluid exchange between them.

(3) The induced fractures are spatially variable.
(4) Hydraulic fracture (HF) is the only channel connecting

induced fractures and the wellbore.
(5) Under the same pore pressure, organic pores and inorganic

pores have the same stress dependence. The stress sensitivity
of induced fractures and hydraulic fractures is different.
2.2. Matrix model

2.2.1. Oil transport mechanisms in nanopores
To begin with, we first determine the mass flux of organic

matter and inorganic matter, and further determine the apparent
oil permeability in matrix as follows:

Assuming that the pore pressure and stress dependence of
organic matter and inorganic matter are the same, according to the
theory proposed by Pedrosa (1986), the stress-sensitive perme-
ability of organic matter can be described as:

kim ¼ kim;ie
�gmðpi�pmÞ; (1)

where kim,i is the initial permeability of inorganic pores, D; gm is the
stress sensitive coefficient of nanopores, MPa�1; pi is the initial
reservoir pressure, MPa; pm is the matrix pressure, MPa.

The mass flux and apparent permeability models are derived by
using the water flow model in carbon nanotubes based on the
steady-state HP (HagenePoiseuille) equation proposed by Mattia
and Calabr�o (2012).

kim;i ¼
fim;iR2im;i

8tim;i
; (2)

where fim,i is the initial porosity of inorganic matter; tim,i is the
initial tortuosity of inorganic pore; Rim,i is the radius of initial
inorganic pore, nm;



Fig. 1. Physical model for multi-stage fractured horizontal well. (a) Equivalent model of fractured horizontal well; (b) Matrixefracture distribution in the quarter area controlled by
the hydraulic fracture; (c) Schematic of matrix; (d) Oil transport through nanopores.
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In real shale reservoirs, the pores show tortuous geometry, so it
is necessary to consider the influence of tortuosity on oil flow in
matrix. According to the fractal theory, there is a fractal relationship
between the real length and characteristic length of an object (Yu
and Cheng, 2002). For porous media, capillary diameter can be
used as the characteristic length of an object (Hu et al., 2021).
Jim ¼ pro

"
ðRim � dimÞ2

8

 
ðRim � dimÞ2

mm
þ 4Rimdim � 2d2im þ 4limRim

mim

!
þ 2Rimdim � dim

2

8mim

�
2Rimdim � dim

2 þ 4Rimlim

�# vpm
vx

: (6)
tim ¼ð2RimÞ1�DtLDt�1
s ; (3)

where Dt is the fractal dimension of tortuosity in nanopores; Ls is
the characteristic length, nm.

The radius of inorganic pore can be obtained by combining Eqs.
(1)e(3).

Rim ¼Rim;ie
1

1þDt
ð�gmþCmÞðpi�pmÞ: (4)

The relationship between velocity distribution and pressure
described by HP without velocity slip can be written:

vðrÞ¼ vp
vx

R2 � r2

4m
: (5)

The slip boundary conditions of inorganic nanopores play a
crucial role in the transport of liquid hydrocarbons (Zhang et al.,
2017), velocity slip occurs on the pore wall. Moreover, clay
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minerals have large surfaces, enabling shale oil to adsorb on inor-
ganic pores formed from them (Li et al., 2016). According to the
boundary slip condition (Appendix A), the velocity distribution of
bulk and near-wall region inside the inorganic nanopores can be
obtained. On this basis, the total mass flux of inorganic matter in a
single capillary can be expressed as:
Molecular structure differences between shale oil and hydro-
carbon source rock are small, resulting in strong affinity between
them, and shale oil can readily adsorb on organic pores (Wang et al.,
2019). To accurately characterize fluid transport in organic pores,
the adsorption layer thickness should be considered. Oil transport
in organic pores, mim ¼∞; lom ¼ 0, the mass flux of organic matter
in a single capillary can be expressed as:

Jom ¼ pro
ðRom � domÞ4

8mm

vpm
vx

; (7)

where Cm is the compressibility of the matrix, MPa�1; dim is the
thickness of the adsorption layer in the inorganic pore, nm; lim is
the slip length in inorganic pore, nm; ro is the oil density, kg/m3;
mim is the viscosity of near-wall region inside the inorganic pore,
mPa s; mm is the viscosity of bulk region in the inorganic pore, mPa
s; dom is the thickness of the adsorption layer in the organic pore,
nm.
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By combining Eqs. (4)e(6), Darcy's law can be applied to
calculate the permeability of inorganic matter under stress sensi-
tivity influence:
kim ¼ fim;i

21�DtLDt�1
s

2
6666666664

R1þDt

im;i

8
e�gmðpi�pmÞ þ

�
1
8
� mm
8mim

�
d4imR�3þDt

im;i e

�
�Cmþ�3þDt

1þDt
ðCm�gmÞ

�
ðpi�pmÞ

þ
�
3
4
� 3mm
4mim

�
d2imR�1þDt

im;i e

�
�Cmþ�1þDt

1þDt
ðCm�gmÞ

�
ðpi�pmÞ

þ
�
� 1
2
þ mm
2mim

�
R�2þDt

im;i d3ime

�
�Cmþ�2þDt

1þDt
ðCm�gmÞ

�
ðpi�pmÞ

þ
�
� dim

2
þ mmðdim þ limÞ

2mim

�
RDt

im;ie

�
�Cmþ Dt

1þDt
ðCm�gmÞ

�
ðpi�pmÞ

3
7777777775
: (8)
Permeability of organic matter:
kom¼
fom;i

21�DtLDt�1
s

�

2
4R1þDt

om;i e
�gmðpi�pmÞþd4omR�3þDt

om;i e

�
�Cmþ�3þDt

Dtþ1 ðCm�gmÞ
�
ðpi�pmÞ

�4R�2þDt

om;i d3ime

�
�Cmþ�2þDt

Dtþ1 ðCm�gmÞ
�
ðpi�pmÞ

�4RDt

om;idome

�
�Cmþ Dt

Dtþ1ðCm�gmÞ
�
ðpi�pmÞ

þ6d2omR�1þDt

om;i e

�
�Cmþ�1þDt

Dtþ1 ðCm�gmÞ
�
ðpi�pmÞ

8

3
5;

(9)
where mom is the viscosity of near-wall in the organic pore, mPa s;
fom,i is the initial porosity of organic matter; tom,i is the tortuosity
of the inorganic pore; Rom,i is the initial radius of the organic pore,
nm.

Based on the hypothesis that organic pores and inorganic pores
are arranged in parallel, the volume fraction of organic matter 4 is
introduced to obtain the total apparent permeability of liquid (Yu
et al., 2018).

km ¼ 1

21�DtLDt�1
s

�
b1e

�a1ðpi�pmÞ þ b2e
�a2ðpi�pmÞ þ b3e

�a3ðpi�pmÞ

þb4e
�a4ðpi�pmÞ þ b5e�a5ðpi�pmÞ

�
;

(10)

with

a1 ¼gm;

a2 ¼Cm � Dt

Dt þ 1
ðCm �gmÞ;

a3 ¼Cm ��1þ Dt

Dt þ 1
ðCm �gmÞ;
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a4 ¼Cm ��2þ Dt

Dt þ 1
ðCm �gmÞ;
a5 ¼ Cm ��3þ Dt

Dt þ 1
ðCm � gmÞ;
b1 ¼
ð1� 4ÞR1þDt

im;i fim;i þ 4R1þDt

om;i fom;i

8
;

b2 ¼ ð1� 4Þ
�
� dim

2
þ mmðdim þ limÞ

2mim

�
RDt

im;ifim;i �
4RDt

om;ifom;i

2
;

b3 ¼ ð1� 4Þ
�
3
4
� 3mm
4mim

�
d2imR�1þDt

im;i fim;i þ
34d2omR�1þDt

om;i fom;i

4
;

b4 ¼ ð1� 4Þ
�
� 1
2
þ mm
2mim

�
R�2þDt

im;i d3imfim;i � 4
R�2þDt

om;i d3om

2
fom;i;

b5 ¼ ð1� 4Þ
�
1
8
� mm
8mim

�
d4imR�3þDt

im;i fim;i þ
4d4omR�3þDt

om;i fom;i

8
:

2.2.2. Flow model in UNSRV
Based on the above apparent permeability model, the flow

model in the matrix was established:
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1

21�DtLDt�1
s

"
�M3a

�
vp3m
vx

�2

þM3m
v2p3m
vx2

#
¼ mmfmCtm

vp3m
vt

;

(11)

with

M3m ¼ b1e
�a1ðpi�p3mÞ þb2e

�a2ðpi�p3mÞ þ b3e
�a3ðpi�p3mÞ

þ b4e
�a4ðpi�p3mÞ þ b5e

�a5ðpi�p3mÞ;

M3a ¼ a1b1e
�a1ðpi�p3mÞ þ a2b2e

�a2ðpi�p3mÞ þ a3b3e
�a3ðpi�p3mÞ

þ a4b4e
�a4ðpi�p3mÞ þ a5b5e�a5ðpi�p3mÞ:

The following equation can be obtained by substituting the
dimensionless variables into Eq. (11).

�c3D

�
vp3mD

vxD

�2

þ v2p3mD

vx2D
¼21�DLD�1

s kw
M3m

vp3mD

vtD
; (12)

where kw is the reference point permeability of induced fractures,
D; c3D ¼ M3aD

M3mD
is much less than 0. The following flow equation is

obtained by Perturbation transform (Appendix B) and Laplace
transform.

8>>>>>>><
>>>>>>>:

v2x3mD

vx2D
¼ F3sx3mD

x3mDjxD¼1 ¼ xfDjxD¼1

x3mD
vxD

jxD¼xeD ¼ 0

; (13)

with

F3 ¼
21�DtLDt�1

s kw
M3m

:

Pressure (Eq. (14)) and pressure derivative (Eq. (15)) in UNSRV
are as follows:

x3mD¼
exp

�
�2

ffiffiffiffiffiffiffi
F3s

p
xeDþ ffiffiffiffiffiffiffi

F3s
p

xD
�
þexp

�
� ffiffiffiffiffiffiffi

F3s
p

xD
�

exp
�
�2

ffiffiffiffiffiffiffi
F3s

p
xeDþ ffiffiffiffiffiffiffi

F3s
p �

þexp
�
� ffiffiffiffiffiffiffi

F3s
p � xfD

���
xD¼1

;

(14)

x3mD

vxD

����
xD¼1

¼
ffiffiffiffiffiffiffi
F3s

p
tanh

�
�

ffiffiffiffiffiffiffi
F3s

p
xeD þ

ffiffiffiffiffiffiffi
F3s

p �
xfD

���
xD¼1

: (15)
Fig. 2. Induced fracture distribution and oil flow within matrix block.
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2.3. Induced fracture model

Shale reservoirs typically develop natural fractures, and the
stress undergoes changes over time. As a result, it is easy to form
complex fracture networks during fracturing (Nandlal and
Weijermars, 2019). Fractal geometry has been widely used to
characterize complex fracture network. Al-Obaidy et al. (2014)
create a branching fractal model to capture the complexity of the
fracture network.

In general, fluid transfer between matrix and fracture is char-
acterized by a dual-porosity media model (Ding, 2019). In dual-
porosity media model, the flow of fluid can be classified into
transient state flow (Kazemi, 1969) and pseudo-steady state flow
(Warren and Root, 1963). Shape factor is a key parameter for
analyzing interporosity flow in dual-porosity media model and
represents the mass transfer capability between matrix and frac-
ture (Mei et al., 2020). It is still rare, however, for fractal geometry
to be applied to transfer function or shape factor. This paper is
based on fractal theory to characterize the varying sizes of the
matrix blocks and to modify the shape factor. Using fractal theory,
we characterize induced fracture spacing (Sheng et al., 2019).

sfiðyÞ¼ sw

 
y
wf

!2�Df

: (16)

From Fig. 2, it can be observed that the spacing between induced
fractures is equal to the size of the matrix blocks. The modified
shape factor is as follows:

aðyÞ¼ 12
sw2

 
y
wf

!2�4Df

; (17)

where sw is the fracture spacing at reference point, m;wf is the half
the width of the hydraulic fracture, m; Df is the fractal dimension of
induced fracture spacing.

We use fractal relations to account for permeability and porosity
of induced fractures in shale oil reservoirs. The fractal permeability
and porosity in the direction perpendicular to the hydraulic frac-
ture are given as follows:

kf ðyÞ¼ kw

 
y
wf

!D�2�q

e�gfðpi�pfÞ; (18)

ff ðyÞ ¼ fw

 
y
wf

!D�2

e�Cfðpi�pfÞ; (19)

where fw is the porosity of induced fracture at reference point; D is
the fractal dimension of porosity and permeability; q is the fractal
index; gf is the stress sensitive coefficient of induced fractures,
MPa�1; Cf is the compressibility for induced fractures, MPa�1.

The interporosity flow coefficient l and ratio of storage capacity
u can characterize the flow capability from matrix to fractures. By
considering the fractal characteristics and stress sensitivity of the
matrix and induced fractures, modified expressions for these pa-
rameters can be obtained as follows:

lðyÞ¼ 12M2m

21�DtLDt�1
s s2wkwe

�gfðpi�pfÞx
2
f

 
y
wf

!2Dfþq�D�2

; (20)
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uðyÞ ¼ fwCtf
fmCtm

 
y
wf

!D�2

e�Cfðpi�pfÞ; (21)

where xf is the half length of the hydraulic fracture, m.
Based on the fractal characteristics of the matrix and induced

fractures mentioned above, we develop a pseudo-steady flow
equation.

vp2mD

vtD
¼aðyÞ M2m

21�DtLDt�1
s kw

x2f
�
p2mD � pfD

�
: (22)

The transient flow equation in the matrix is given below.

1

21�DtLsDt�1

"
M2m

v2p2m
vy02 �M2a

�
vp2m
vy0

�2
#
¼ fmCtm

vp2m
vt

; (23)

with

M2a ¼ a1b1e
�a1ðpi�p2mÞ þ a2b2e

�a2ðpi�p2mÞ þ a3b3e
�a3ðpi�p2mÞ

þ a4b4e
�a4ðpi�p2mÞ þ a5b5e�a5ðpi�p2mÞ;

M2m ¼
�
b1e

�a1ðpi�p2mÞ þ b2e
�a2ðpi�p2mÞ þ b3e

�a3ðpi�p2mÞ

þ b4e
�a4ðpi�p2mÞ þ b5e�a5ðpi�p2mÞ

�
:

In combination with dimensionless variables, Eq. (23) can be
transformed into the following form:

v2p2mD

vy02D
�c2D

 
vp2mD

vy0D

!2

¼ kw
M2m

LsDt�1

2Dt�1

�
sfiðyÞ

�2
22

1
x2f

vp2mD

vtD
: (24)

The following flow equation of matrix in SRV is obtained by
Pedrosa transform, Perturbation transform and Laplace transform

8>>>>>>>><
>>>>>>>>:

v2x2mD

vy02D
¼ F2msx2mD

vx2mD

vy0D

����
y0D¼0

¼ 0

x2mDjy0D¼1 ¼ xfD

���
y0D¼1

; (25)

with

c2D ¼ M2aD

M2mD
;

Nðp; yDÞ ¼
2xf
sfiðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2m2Dt�1

skwLsDt�1

s  
y
wf

!2�D

tanh

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
skw
M2m

LsDt�1

2Dt�1

s �
sfiðyÞ

�
2xf

1
A�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M3m2Dt�1

skwLsDt�1

s
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

LDt�1
s kw

2Dt�1M3m

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

LDt�1
s kw

2Dt�1M3m

s
xeD

! 
y
wf

!2�D

þ fwC
ðfCtÞ
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F2m ¼ kw
M2m

LsDt�1

2Dt�1

�
sfiðyÞ

�2
22

1
x2f

:

Dimensionless pressure (Eq. (26)) and dimensionless pressure
derivative (Eq. (27)) at matrix block boundary are shown below:

x2mD ¼

�
exp

� ffiffiffiffiffiffiffiffiffiffi
F2ms

p
y0D
�
þ exp

�
� ffiffiffiffiffiffiffiffiffiffi

F2ms
p

y0D
��

xfD

���
y0D¼1

exp
� ffiffiffiffiffiffiffiffiffiffi

F2ms
p �

þ exp
�
� ffiffiffiffiffiffiffiffiffiffi

F2ms
p � ; (26)

vx2mD
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����
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ffiffiffiffiffiffiffiffiffiffi
F2ms

p
tanh

� ffiffiffiffiffiffiffiffiffiffi
F2ms

p �
xfD

���
y0D¼1

: (27)

The flow equation of induced fractures is established as follows:

ðD� 2� qÞ
y
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¼
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:

(28)

The mathematical model of the induced fracture can be ob-
tained by dimensionless transformation, Pedrosa transformation,
Perturbation transformation, and Laplace transformation.

8>>>>>>>>>>><
>>>>>>>>>>>:

v2xfD
vy2D

þ ðD� 2� qÞ
yD

vxfD
vyD

¼
 

y
wf

!q

Nðp; yDÞsxfD

xfD

���
yD¼wfD

2

¼ x1DjyD¼wfD
2

vxfD
vyD

����
yD¼yeD

¼ 0

: (29)

Transient state characteristic equation is as follows:
tf

m
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Pseudo-steady characteristic equation is as follows:

Nðp; yDÞ ¼
12M2m2Dt�1

LDt�1
s

x2f

12
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y
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CCCCCA:

The above equation has strong nonlinearity and is solved
piecewise by Bessel function, SRV is divided into X segments with
two outer boundaries and X�1 inner boundaries in the direction
perpendicular to the hydraulic fracture.

v2xfDj

vy2D
þ ðD� 2� qÞ

yD

vxfDj
vyD

¼
bþj þ b�j
2wq

fD

yqDxfD

vxfDj
vyD

����
yD¼y�jD

¼ xfDj
�0

vxfDj
vyD

����
yD¼yþjD

¼ xfDj
þ0

: (30)

Subsequently, solution for the induced fractures can be obtained
by integrating flow equation with the boundary conditions,
segment j can be written as follows, and Appendix C shows the
detailed procedure.
Fig. 3. The flowchart to obtain transient pressure of fractured horizontal well with a
complex fracture network.
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(31)

with

g¼D� 2;

h ¼ D� 2� q:
2.4. Hydraulic fracture model

Hydraulic fracture is the main flow channel, and the basic flow
equation considering stress sensitivity is as follow:

�g1k10e
�g1ðpi�p1Þ

�
vp1
vy

�2

þ k10e
�g1ðpi�p1Þv

2p1
vx2

þ kf
wf

vpf
vx

�����
x¼wf

¼ mf1Ct1
vp1
vt

(32)

where g1 is the stress sensitive coefficient of hydraulic fracture,
MPa�1; k10 is the initial permeability of hydraulic fracture, D; f1 is
the porosity of hydraulic fracture; Ct1 is the compressibility for
hydraulic fracture, MPa�1.

The mathematical model of the hydraulic fracture can be ob-
tained by dimensionless transformation, Pedrosa transformation,
Perturbation transformation, and Laplace transformation:

8>>>>>>>>>><
>>>>>>>>>>:
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fCt1
ðfCtÞm
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s� kwxf
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¼ �qD
2

kwxf
k10wf

: (33)

Combined with the boundary conditions, the dimensionless
bottom-hole pressure is obtained:

x1D ¼
ð1� e�g1D Þ

�
e
ffiffiffiffi
F1

p ðxD�1Þ þ e�
ffiffiffiffi
F1

p ðxD�1Þ
�

sg1D

�
e
ffiffiffiffi
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p
þ e�

ffiffiffiffi
F1

p � ; (34)

with

F1 ¼ f1Ct1
ðfCtÞm

kw
k10

s� kwxf
k10wf

F2:

Fig. 3 shows the iterative calculation process for multi-scale
coupled flow model.

The workflow for calculating pressure and production at
different times can be divided into 7 specific steps as follows:

(1) Specify initial values for the pressure of the matrix in SRV
and UNSRV.



Fig. 4. Comparison between flow rate calculated by the model and the COMSOL nu-
merical solution.

Fig. 5. Fitting and prediction of flow rate.

Table 1
Summary of parameters.

Parameter Value

Thickness of adsorbed oil, nm 0.96
Slip length, nm 100
Inorganic pore size, nm 22.33
Organic pore size, nm 82.062
Initial porosity of organic matter 0.0184
Initial porosity of inorganic matter 0.0335
Oil viscosity ratio in inorganic nanopore 0.9
Oil viscosity ratio in organic nanopore 1.1
Total organic content 0.0467
Hydraulic fracture half-length, m 90.7
Hydraulic fracture width, m 0.0015
Permeability of induced fractures at the reference point, D 0.00179
Porosity of induced fractures at the reference point 7.1�10-4

Induced fracture spacing at the reference point, m 0.17
Number of fractures 57
Initial pressure, MPa 48.6
Thickness, m 46
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(2) Calculate the initial permeability of matrix in SRV and UNSRV
according to Eq. (10).

(3) The pressure x1D, xfD can be obtained by combining govern-
ing Eq. (15), Eq. (27) of matrix in SRV, the induced fracture in
UNSRV and hydraulic fracturewith Eq. (31) and Eq. (34), then

the pressure x2mD of matrix in SRV and the pressure x3mD of
matrix in UNSRV are obtained.

(4) The matrix pressure p2mD, p3mD of SRV and UNSRV in Laplace
space domain is obtained by Pedrosa transform and Pertur-
bation transform, and then the average dimensionless pres-
sure p3mD a, p2mD a is obtained

(5) The average matrix pressure p3mD_a, p2mD_a of real spatial in
SRV and UNSRV is obtained by Stehfest inversion and
compared with the initial value.

(6) Stop the iteration if
��p3mD0 �p3mD a

��< ε and
��p2mD0 �

p2mD a
��< ε, and the pressure of this time step as the initial

value of the next time step.
(7) Proceed to the next step and repeat steps (2)e(6) until the

maximum test time is reached.
3. Results and discussion

The model was validated for accuracy by using numerical so-
lution and production data from actual field. Furthermore, the
analysis of pressure, production, and key parameters for reservoirs
with varying stress sensitivity was conducted. And finally, hydraulic
fracture and induced fracture parameters are analyzed for
sensitivity.
3.1. Model validation

The proposed model in this study is compared with the nu-
merical solution and actual production data obtained from the
Cangdong shale reservoir. Table 1 presents the reservoir parame-
ters used in this section.

The result obtained from numerical simulation using COMSOL
and that from the semi-analytical model can be seen in Fig. 4 when
the bottom-hole flow pressure is 10MPa and remains unchanged. A
good agreement exists between the semi-analytical and numerical
solution for the flow rate, the calculation time of semi-analytical
model is only 5 s, but the numerical solution of COMSOL takes
5 min.
(a) Fitting curve; (b) Prediction curve.



Table 2
A comparison of stress sensitive characteristics.

Case Applicable case Compressibility and stress sensitive coefficient, MPa�1

Ctm Ctf Ct1 gm gf g1

Nanopores have much smaller compressibility and
stress sensitivity than induced fractures. In addition,
induced fractures have compressibility and stress
sensitivity equal to hydraulic fractures

Proppant enters and supports the hydraulic fracture to
compensate permeability loss due to stress sensitivity
(Katende et al., 2023), and the proppant support is weak
for the induced fractures.

6.61E-5 4.66E-4 4.66E-4 1.47E-4 4.66E-3 4.66E-3

Nanopores have compressibility and stress sensitivity
equal to induced fractures. In addition, induced
fractures have much smaller compressibility and
stress sensitivity than hydraulic fractures

As well as hydraulic fractures, proppant enters induced
fractures. As a result of proppant support, the partial
loss of permeability in hydraulic fracture and induced
fractures is compensated.

1.32E-4 1.32E-4 4.66E-4 1.18E-3 1.18E-3 4.66E-3

Fig. 6. Comparison of pressure and flow rate in two cases. (a) Pressure and pressure derivative; (b) Flow rate.
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Based on the bottom-hole pressure from the field, we attempted
to match the actual flow rate. The historical matching depicted in
Fig. 5(a) demonstrates good consistency, confirming the accuracy of
the proposed model. Furthermore, Fig. 5(b) illustrates the fore-
casting production of the model.
3.2. Analysis of stress sensitive characteristics

Stress significantly influences the permeability of both the shale
matrix and fracture (Yang et al., 2019), with a greater impact
observed on the permeability of fractured shale compared to intact
shale (Gutierrez et al., 2015). In this sectionwe consider the support
strength of proppant in induced fractures, and analyze pressure,
production and key parameters with two stress-sensitive charac-
teristics. Compressibility and stress sensitive coefficient are shown
in Table 2.

Fig. 6(a) shows that the dimensionless pressure derivative and
dimensionless pressure are significantly larger in case 1 than in
case 2. For case 1, the difference between dimensionless pressure
and dimensionless pressure derivative grows significantly when
tD >0:04, and it is clearly larger than in case 2. As can be seen in
Fig. 6(b), the flow rate in case 1 is significantly lower than that in
case 2. Early production differences between the two are relatively
large, but the difference continues to decrease as the time in-
creases. However, in both cases, the oil production from UNSRV is
very small (Fig. 6(b)).

Different media are analyzed here in terms of their permeability
loss. Fig. 7 illustrates the permeability ratio in different media. The
matrix permeability ratio, for instance, is the ratio between the
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matrix permeability at any time and its initial permeability. The
smaller the ratio, the more severe the permeability loss. Fig. 7(a)
shows that the matrix permeability loss can reach 8% in case 1, but
less than 2% in case 2. The UNSRV matrix permeability loss in both
cases is less than the SRV matrix permeability loss. It is noted,
however, that compared to case 2 the SRV matrix permeability loss
in case 1 in the early stages is much higher than the UNSRV matrix
permeability loss. The difference in permeability loss between the
SRV and UNSRV in the two cases becomes smaller with production.
The matrix permeability loss rate barely changes when t > 500 d in
both cases.

Fig. 7(b) shows that hydraulic fractures can lose permeability
more than 80% with production in both cases. Nevertheless, the
permeability loss in case 1 is significantly faster than that in case 2.

Fig. 7(c) illustrates that, in the early stages of production, the
closer the induced fracture is to the hydraulic fracture, the more
significant the permeability loss is. Gradually, the difference in
permeability loss of induced fractures at different location de-
creases. Induced fractures in case 1 exhibit much greater perme-
ability loss than in case 2. The permeability of the induced fractures
in case 2 declines by about 30% with production.

From Fig. 7(d), we can see that the permeability loss increases
when the distance gets closer and closer, when yf >4 m, as the
distance increases, induced fractures show a smaller change in
permeability loss. In case 1, the permeability loss near the hydraulic
fracture is more than 10%, while in case 2, the permeability loss is
only about 3%.

In both cases, hydraulic fractures have the same compressibility
and stress sensitive coefficient. The stress sensitivity of induced



Fig. 7. The ratio of permeability in different media. Permeability ratio of matrix (a), hydraulic fracture (b), and induced fracture (c) with time; (d) Permeability ratio of induced
fracture with distance (t ¼ 1 d).
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fractures in case 1, however, is greater than that of case 2, and the
matrix compressibility in case 1 is lower than that in case 2. The
main flow channels are induced fractures and hydraulic fractures,
which are highly stress-sensitive. Fractures will close as the reser-
voir pressure decreases, preventing pressure propagation and
production. At the same time, the matrix, as the main reservoir
space, has low elastic energy, which is not conducive to oil
production.

Fig. 8(a) shows that in case 2, the variation of interporosity flow
coefficient is clearly smaller than in case 1. Fig. 8(b) shows if the
matrix and induced fractures are not stress-sensitive, the inter-
porosity flow coefficient is clearly larger than in the two cases
336
where stress-sensitivity exists, and the interporosity flow coeffi-
cient in case 1 is significantly smaller than that in case 2. Across
both cases, the interporosity flow coefficient decreases at a signif-
icant rate near the hydraulic fracture, while the variation range of
interporosity flow coefficient decreases with distance.

The induced fractures are distributed fractally. As the induced
fractures become closer to the hydraulic fracture, the more devel-
oped fracture network makes it easier for oil in the matrix flow into
the fractures. A larger fracture spacing causes a decrease in inter-
porosity flow capacity, resulting in a smaller interporosity flow
coefficient.



Fig. 8. Interporosity flow coefficient in SRV. (a) Interporosity flow coefficient versus time; (b) Interporosity flow coefficient versus distance (t ¼ 1 d).

Fig. 9. The influence of hydraulic fracture conductivity on dimensionless pressure (a) and production (b).

Fig. 10. The influence of fractal dimension of induced fractures on dimensionless pressure (a) and production (b).
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Fig. 11. The influence of SRV half width on dimensionless pressure (a) and dimensionless production (b).
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3.3. Sensitivity analysis

This section analyzes the sensitivity of key parameters for hy-
draulic fracture and SRV. It is based on the stress sensitive coeffi-
cient and compressibility of case 2 in the previous section.

3.3.1. Conductivity of hydraulic fracture
Pressure and production are significantly affected by hydraulic

fracture conductivity, as shown in Fig. 9.
As can be seen from Fig. 9(a) when the conductivity of hydraulic

fractures is low, the early dimensionless pressure is large. However,
reservoirs with low hydraulic fracture conductivity exhibit smaller
dimensionless pressure at the later stage of production. In Fig. 9(b),
it can be seen that the early oil flow rate is slow when hydraulic
fractures have a low conductivity, and the oil flow rate at the later
stage is gradually greater than that of reservoirs with high con-
ductivity of hydraulic fractures.

The early oil flow capacity is strong in reservoirs with large
hydraulic fracture conductivity, which leads to a rapid decrease in
reservoir pressure, resulting in the loss of permeability both of the
induced fractures and the matrix. Moreover, the matrix perme-
ability is small, and the oil supply rate is much smaller than the
production rate, so the later production will decline rapidly.

3.3.2. Fractal dimension of induced fractures
Oil flows horizontally in this model without vertical flow. In

two-dimensional space, fractal dimension is 1 to 2. Large fractal
dimension indicates better porosity and permeability, as well as
denser fractures. Fig. 10 illustrates the influence of fractal dimen-
sion on pressure and production.

As can be seen in Fig.10(a) and (b), the dimensionless pressure is
smaller and the dimensionless production is much higher when the
fractal dimension is large. The induced fracture spacing is deter-
mined by the fractal dimension. The SRV with small spacing has
more flow channels, making them more conducive to production.

3.3.3. Half width of SRV
The half width of SRV represents the effective hydraulic frac-

turing range. With increasing SRV half width, production benefits
as well. The effect on pressure and production can be seen in Fig. 11.

Fig. 11(a) illustrates that as the SRV half width decreases, the
dimensionless pressure increases. Additionally, during the early
stages, the pressure difference among different half width is rela-
tively small. Increasing the SRV half width from 4 to 6 m, the
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reduction in pressure is significantly greater than by increasing the
SRV half width from 6 to 8 m. It can be seen from Fig. 11(b) that the
greater the SRV half width, the larger the production in the middle
stages, and the greater the impact on this stage of production.

A large SRV half width, that is, a large effective SRV, will result in
a wider fracture network, expanding shale oil flow channels, which
will lead to higher production.
4. Conclusions

In this paper, a multi-scale coupled flow mathematical model
considering the stress sensitive characteristics of multi-scale media
is proposed, which fully combines the fractal characteristics of
nanopores and induced fractures after fracturing to more accu-
rately characterize shale oil flow and realize rapid productivity
evaluation. The accuracy of the model is verified by numerical so-
lution and production data from actual field. The pressure, pro-
duction, permeability loss of different media and interporosity flow
coefficient in different stress-sensitive reservoirs are analyzed.
Finally, the stress sensitivity analysis is carried out. The main con-
clusions are as follows:

(1) The numerical solution is used to verify the accuracy of the
model, but it is also worthwhile mentioning that the model
can significantly shorten calculation time and enable rapid
evaluation of productivity.

(2) Induced fractures exhibit low stress sensitivity when prop-
pant provides strong support to them, and their permeability
loss is about 30%. High stress sensitivity will inhibit inter-
porosity flow from the matrix to fractures, which will have a
significant negative impact on shale oil production.

(3) Sensitivity analysis shows that higher conductivity of hy-
draulic fractures benefits initial production, and the effect of
fracturing will have a decisive impact on production.
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Appendix A

Permeability and porosity of organic/inorganic matrix consid-
ering stress sensitivity, and those of organic matrix are as follows:

fom ¼ fom;ie
�Cmðpi�pmÞ; (A1)

kom ¼ kom;ie
�gmðpi�pmÞ: (A2)

Similarly, the permeability and porosity of inorganic pores can
be obtained

fim ¼ fim;ie
�Cmðpi�pmÞ; (A3)

kim ¼ kim;ie
�gmðpi�pmÞ: (A4)

The permeability of organic pores can be calculated using HP
equation:

kom;i ¼
fom;iR2om;i

8tom;i
; (A5)

kom ¼ fomR2om
8tom

: (A6)

Additionally, the permeability and porosity of inorganic pores
are determined

kim;i ¼
fim;iR2im;i

8tim;i
; (A7)

kim ¼ fimR2im
8tim

: (A8)

The relationship between tortuosity and nanopore size in shale
is as follows:

tim ¼ð2RimÞ1�DtLDt�1
s : (A9)

By combining Eqs. (A1), (A2), (A5) and (A6), we can determine
the pore radius of organic matter,

Rom ¼Rom;ie
1

Dtþ1 ðCm�gmÞðpi�pmÞ: (A10)

Inorganic pore radius can also be calculated using the Eqs. (A3),
(A4), and (A7)e(A9):

Rim ¼Rim;ie
1

Dtþ1 ðCm�gmÞðpi�pmÞ: (A11)

The velocity of near wall oil (Eq. (A12)) and bulk oil (Eq. (A13)) in
an inorganic nanopore is expressed as follows (Zhang et al., 2017):

vnwðrÞ ¼ vpm
vx

R2im � r2

4mim
þ C1 ðRim � dim < r<RimÞ; (A12)

vbðrÞ ¼
vpm
vx

R2im � r2

4mm
þ C2 ð0< r<Rim � dimÞ: (A13)

Using the continuous velocity and the slip boundary, the inter-
nal and external boundary conditions can be obtained as follows:

8>>>>>><
>>>>>>:

vvb
vr

����
r¼0

¼ 0

�lim
vvnw
vr

����
r¼0

¼ vnwjr¼Rim

vnwjr¼Rim�dim
¼ vbjr¼Rim�dim

:

339
By solving the flow equations subject to the boundary condition,
velocity profiles of bulk and near-well oil transport in the inorganic
nanopore are described in Eqs. (A14) and (A15), respectively:

vbðrÞ¼

0
B@R2im � mim

mm
r2

4mim
�ðmm � mimÞðRim � dimÞ2

4mmmim
þ lim

Rim
2mim

1
CA vpm

vx
:

(A14)

vnwðrÞ¼
 
R2im � r2

4mim
þ lim

Rim
2mim

!
vpm
vx

: (A15)
Appendix B

The dimensionless variables are defined as:

pD ¼ pi � pn
pi � pwf

; (B1)

xD ¼ x
xf

; (B2)

yD ¼ y
xf

; (B3)

y0D ¼ y0

sfiðyÞ
; (B4)

tD ¼ kwt
ðfCtÞmmx2f

; (B5)

aiD ¼ ai
�
pi � pwf

�
; (B6)

qD ¼ mB

kwh
�
pi � pwf

� q: (B7)

Pedrosa transform and Perturbation transform are described as
follows:

pmD ¼ � 1
cmD

lnð1�cmDxmDÞ; (B8)

1
1� cmDxmD

¼1þ cmDxmD þ c2mDx
2
mD þ/; (B9)

pfD ¼ � 1
gfD

ln
�
1�gfDxfD

�
; (B10)

1
1� gfDxfD

¼1þ gfDxfD þ g2
fDx

2
fD þ/: (B11)
Appendix C

The solution of the governing equation in the SRV is as follows:

Bj ¼
bþj þ b�j
2wq

fD

; (C1)
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An equal pressure exists at the interface between the hydraulic
fracture and induced fractures:

xfD1 ¼ x1D: (C8)
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