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a b s t r a c t

Seismic migration and inversion are closely related techniques to portray subsurface images and identify
hydrocarbon reservoirs. Seismic migration aims at obtaining structural images of subsurface geologic
discontinuities. More specifically, seismic migration estimates the reflectivity function (stacked average
reflectivity or pre-stack angle-dependent reflectivity) from seismic reflection data. On the other hand,
seismic inversion quantitatively estimates the intrinsic rock properties of subsurface formulations. Such
seismic inversion methods are applicable to detect hydrocarbon reservoirs that may exhibit lateral
variations in the inverted parameters. Although there exist many differences, pre-stack seismic migration
is similar with the first iteration of the general linearized seismic inversion.

Usually, seismic migration and inversion techniques assume an acoustic or isotropic elastic medium.
Unconventional reservoirs such as shale and tight sand formation have notable anisotropic property. We
present a linearized waveform inversion (LWI) scheme for weakly anisotropic elastic media with vertical
transversely isotropic (VTI) symmetry. It is based on two-way anisotropic elastic wave equation and
simultaneously inverts for the localized perturbations ðDVp0 =Vp0;DVs0 =Vs0;De;DdÞ from the long-
wavelength reference model. Our proposed VTI-elastic LWI is an iterative method that requires a for-
ward and an adjoint operator acting on vectors in each iteration. We derive the forward Born approxi-
mation operator by perturbation theory and adjoint operator via adjoint-state method. The inversion has
improved the quality of the images and reduces the multi-parameter crosstalk comparing with the
adjoint-based images. We have observed that the multi-parameter crosstalk problem is more prominent
in the inversion images for Thomsen anisotropy parameters. Especially, the Thomsen parameter d is the
most difficult to resolve. We also analyze the multi-parameter crosstalk using scattering radiation
patterns.

The linearized waveform inversion for VTI-elastic media presented in this article provides quantitative
information of the rock properties that has the potential to help identify hydrocarbon reservoirs.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Seismic migration locates subsurface reflectors where the Earth
properties are rapidly changed, which can be used to make in-
ferences about the location and quantity of hydrocarbons. Reverse
y Elsevier B.V. on behalf of KeAi Co
time migration (RTM) continues a wave from source forward in
time and continues reflection data backward in time and estimates
the reflectivity function by zero-lag cross-correlating the two
wavefields. Modern RTM algorithms have also incorporated elas-
ticity for imaging complex subsurface structures (Du et al., 2012;
Zhang and Shi, 2019; Zhong et al., 2021). In elastic RTM, P- and S-
wave separation is an important step to reduce wave-mode cross-
talk in migrated images (Yan and Sava, 2008; Cheng and Fomel,
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2014; Li et al., 2016; Yang et al., 2018a). Unconventional reservoirs
such as shale or tight sand formation has notable anisotropic
property. The anisotropic constitutive model means that properties
of the earth at any spatial point are directionally dependent. The
mechanism of macroscopic scale anisotropy includes preferred
orientation of crystals, periodic-thin layering, and aligned cracks/
pores/impurities (Musgrave, 2003). Considering anisotropy poses
new complexities and challenges to seismic imaging (Lu et al.,
2019; Wang and Zhang, 2022; Zuo et al., 2022; Zhong et al.,
2022). The main bottleneck in anisotropic elastic RTM is how to
efficiently separate P- and S-wave to avoid wave-mode crosstalk in
images (Zhang and McMechan, 2010; Cheng and Fomel, 2014;
Wang et al., 2016, 2021; Yang et al., 2019a; Zhang et al., 2022).

Seismic migration solves the reflectivity function at each sub-
surface point by applying linear operator on seismic reflection data.
Note that, the reflectivity is not an intrinsic Earth property but a
function of both rock mechanical properties and the directions of
incident/reflected waves. On the other hand, linearized inversion
quantitatively estimates the intrinsic rock mechanical properties
(Tarantola, 1984; Bourgeois et al., 1989; Lambar�e et al., 1992; Østmo
et al., 2002). The perturbations of velocity, slowness or acoustic
impedance are parameters inverted from the seismic reflection
data. Later, the linearized inversion theory is further developed
under the name of least-squares migration (Nemeth et al., 1999;
Kuehl and Sacchi, 2003; Huang et al., 2013; Yao and Jakubowicz,
2016; Yang et al., 2016; Lu et al., 2017; Li et al., 2018). In acoustic
media, the terminology of linearized inversion and least-squares
migration are interchangeably used because the inverted model
parameter perturbation and the inverted stacked images have a
one-to-one mapping relationship. However, the two techniques are
essentially different that their results have different physical
meanings. The angle/source/offset dependent image volume esti-
mated in least-squares migration is a combination of both model
parameter perturbations and spatial differential operators (or local
wavenumber vectors).

For isotropic elastic media, linearized inversion simultaneously
inverts for multiple elastic parameters such as P- and S-wave
impedance/velocity perturbations or Lam�e parameter perturba-
tions, may or may not include density perturbation (Anikiev et al.,
2013; Feng and Schuster, 2017; Duan et al., 2017; Chen and Sacchi,
2017, 2018; Ren et al., 2017; Gu et al., 2017; Qu et al., 2019; Sun et al.,
2018; Fang et al., 2019). In these studies, the intrinsic rock me-
chanical properties are estimated instead of the angle-dependent
reflectivity. On the other hand, Stanton and Sacchi (2017) pre-
sented an elastic least-squares one-way wave equation migration
method based on Helmholtz decomposition to estimate PP and PS
images from multicomponent seismic data (Xu et al., 2016). Gu
et al. (2019, 2021) presented an elastic least-squares reverse time
migration (LSRTM) based on elastic wavefield decomposition to
simultaneously map the PP and PS images. In those studies, the PP
and PS wave images are estimated from the reflection seismic data
that represent angle-dependent reflectivity coefficients. For
isotropic elastic media, the linearized inversion and least-squares
migration are essentially different. However, the difference is
often overlooked in literatures of seismic imaging and inversion.

The exploration and exploitation of complex oil and gas reser-
voirs requires the development of high-resolution imaging tech-
nique for anisotropic elastic media. Considering anisotropy in
seismic imaging and inversion techniques provides potentials to
reveal information related tomineral orientation, fine stratification,
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stress state and fracturing. This article deals with linearized
waveform inversion in the presence of anisotropy in elastic media.
In previous works, Yang et al. (2019b) proposed an elastic LSRTM
method in VTI media by solving the elastic stiffnesses perturbations
(DC33 and DC55) as PP and PS images. In a similar vein, Yang et al.
(2020) investigated an elastic LSRTM in tilted transversely
isotropic (TTI) media using elastic stiffnesses perturbations Dln C33
and Dln C55 as PP and PS images, respectively. From a different
point of view, Chen et al. (2023) proposed a VTI-elastic LSRTM
based on elastic wavefield vector decomposition which simulta-
neously inverts for PP, PS, SP and SS reflectivity images. Mu et al.
(2020) studied a LSRTM algorithm for TTI-acoustic media based
on TTI pure qP-wave equation.

In this article, we develop a linearizedwaveform inversion (LWI)
for VTI-elastic media based on anisotropic elastic wave equation
and Born approximation. Different from seeking for PP, PS, SP and
SS reflectivity images (Chen et al., 2023), our method inverts for the
distribution of localized perturbations from the background rock
mechanical property model (DVp0=Vp0; DVs0=Vs0; De; Dd). Our
method is also different from Yang et al. (2019b) in that we
simultaneously invert for the velocities and anisotropic parameters
and analyze the multi-parameter crosstalk in anisotropic elastic
waveform inversion based on ray-Born approximation. In addition,
we point out the differences and connections between least-
squares migration and linearized waveform inversion which is
commonly overlooked in seismic imaging/inversion community.
We observe that the multi-parameter crosstalk issue is more
prominent in the inversion results for anisotropy parameters. And
the Thomsen parameter d is the most difficult one to resolve. The
inversion results of anisotropy parameters are also more easily
influenced by observation data noise and reference model error.
The multi-parameter crosstalk analysis based on ray-Born
approximation partially explain this phenomenon.

We summarize the novelty of the paper and our contributions as
follows: First, we develop the mathematical basis for linearized
waveform inversion in anisotropic elastic media based on full
anisotropic elastic wave equation. Second, we formally point out
the differences and connections between least-squares migration
and linearized waveform inversion. Third, we simultaneously
invert for localized perturbations of petrophysical parameters
(DVp0=Vp0;DVs0=Vs0;De;Dd) instead of seeking for the PP, PS, SP and
SS reflectivity images. Fourth, we utilize the ray-Born approxima-
tionmethod to estimate the scattering radiation patterns to analyze
the multi-parameter crosstalk in LWI for VTI-elastic media.

This paper is organized as follows: First, we review the aniso-
tropic elastic wave equation and derive its Born approximation
formulations. Subsequently, we pose a linear least-squares inverse
problem based on the linearized Born approximation operator. The
solution of the inversion is sought using the conjugate gradient
method. Finally, we present a series of numerical tests using syn-
thetic data. In Appendices, we present the derivation of the adjoint
operator and multi-parameter crosstalk analysis based on scat-
tering radiation patterns of anisotropic elastic parameters.
2. Method

2.1. The linearized forward problem in VTI-elastic media

We start the derivation of the method from a general forward
problem for seismic waves in a VTI-elastic media. The propagation
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of seismic wave satisfies the equations of motion, subject to
appropriate boundary conditions:

r
vv1
vt

�
�
vs11
vx1

þ vs13
vx3

�
¼ f1;

r
vv3
vt

�
�
vs13
vx1

þ vs33
vx3

�
¼ f3;

vs11
vt

� C11
vv1
vx1

� C13
vv3
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� C33
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¼ 0;

vs13
vt
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�
vv1
vx3

þ vv3
vx1

�
¼ 0;

(1)

here, ðv1; v3Þ are horizontal and vertical particle velocities, ðs11;s33;
s13Þ are stress components, ðf1; f3Þ are body forces, r is the density,
Cij are elements of the stiffness matrix. This paper is concerned
with weak elastic anisotropy (Thomsen, 1986), and elastic stiff-
nesses can be expressed as

C33 ¼ rV2
p0;C55 ¼ rV2

s0;C11 ¼ ð1þ 2eÞC33;

C13 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ 2dÞC33 � C55�ðC33 � C55Þ

q
� C55;

(2)

where Vp0 and Vs0 are vertical velocities for P- and S-waves, e and d

are Thomsen anisotropy parameters. We reformulate the elastic
wave equation (Eq. (1)) to the following system of equations (Yang
et al., 2018b):8>><>>:

r
vv
vt

� Ds ¼ fa;

vs

vt
� CDTv ¼ 0;

(3)

where

v ¼
�
v1
v3

�
; s ¼

0@s11
s33
s13

1A; C ¼
0@C11 C13 0

C13 C33 0
0 0 C55

1A;

D ¼

0BBB@
v

vx1
0

v

vx3

0
v

vx3

v

vx1

1CCCA:

(4)

In the above equation, vector v represents particle velocity,
vector s indicates stress, matrix C denotes the stiffness matrix and
matrix D contains spatial partial differential operators of the wave
equation. Finally, fa is the source vector applied on particle accel-
erations. More concisely, we can express the anisotropic elastic
wave equation (Eq. (3)) as

A u¼ f; (5)

with

A ¼

0BB@
rI 0

0 I

1CCA v

vt
�

0BB@
0 D

CDT 0

1CCA;

u ¼
 
v

s

!
; f ¼

 
fa

0

!
:

(6)

Note that, the elastic wave operator A depends on the model
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parameters r and C (i.e. A ¼ A [r, C]). The seismic data recorded at
the locations of seismic sensors are obtained by extracting seis-
mograms from seismic wavefield via a sampling operator:

d¼R u; (7)

where d denotes the observed seismic data and operator R rep-
resents the sampling operator. The seismic inverse problem entails
inferring subsurface model parameters from the seismic data
recorded at the earth surface. In mathematical jargon, the seismic
inverse problem is to optimize the coefficients of the partial dif-
ferential equations (PDEs) from the boundary measurements. This
is the well-known full-waveform inversion (FWI) problem in
geophysics community. High computational cost, local minima and
multi-parameter crosstalk are among the main challenges for FWI
(Virieux and Operto, 2009; Kohn, 2011). A less ambitious approach
is the linearized waveform inversion (or Born inversion) that re-
places the nonlinear wave equation modeling operator by the
linearized Born approximation modeling operator and solves for
localized perturbations with respect to the reference model
(Tarantola, 1984; Bourgeois et al., 1989). It does not seek to resolve
the entire wavelength spectrum of the absolute model parameters.
In this article, we present a linearized waveform inversion for VTI-
elastic media and analyze the multi-parameter crosstalk in the
inversion.

We derive the Born approximation by applying the perturbation
theory to the anisotropic elastic wave equation.We assume that the
values for reference model of elastic parameters are known and are
required to be relatively smooth and continuous. Elastic wave
propagation in the reference media (r0, C0) is described by

A 0u0 ¼ f; (8)

where A 0 and u0 ¼ ðv0;s0ÞT are reference elastic wave operator
and reference elastic wavefield, respectively. Expanding the elastic
wave operator using Eq. (6), we have8>>><>>>:

r0
vv0

vt
� Ds0 ¼ fa;

vs0

vt
� C0DTv0 ¼ 0;

(9)

where ðr0;C0Þ represents the reference background model. The
process of linearization of elastic wave operator is achieved as
follows. We assume a perturbation of the model with respect to a
reference medium:

r0/r0 þ Dr;
C0/C0 þ DC;

(10)

with ðDr;DCÞ as model perturbation. The seismic wavefield
disturbed by model parameters perturbation is

u0 /u0 þ Du: (11)

Due to model perturbation, the elastic wave Eq. (8) changes to�
A 0 þDA

��
u0 þDu

�
¼ f; (12)

where DA and Du are the scattering potential and the scattered
wavefield, respectively. The scattering potential is defined as the
difference between the exact and reference wave operators (Stolt
and Weglein, 2012). To only consider single scattering, we neglect
second-order terms of small perturbations and apply the rela-
tionship A 0u0 ¼ f to arrive
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A 0Du¼ � DA u0: (13)

As mentioned above, the seismic seismograms are retrieved by
sampling the wavefield at receiver locations. The scattered seismic
data can be expressed as

Dd ¼ R Du ¼ �R
�
A 0
��1

DA u0 ¼ �R
�
A 0
��1vA

vm
u0Dm;

(14)

where
�
A 0
��1

is the inverse elastic wave operator, Dm is the

model vector perturbation, the derivative of elastic wave operator
with respect to model parameter (vA =vm) indicates the radiation
pattern of the parameter (Kamath and Tsvankin, 2016).

Eq. (13) is abstract representation of the Born approximation for
general wave equation. Inserting the expression for the elastic wave
operator A 0 and scattering potential DA into Eq. (13), one can
arrive the following system of partial differential equations:8>><>>:

r0
vDv
vt

� DDs ¼ �Dr
vv0

vt
;

vDs
vt

� C0DTDv ¼ DCDTv0;

(15)

where

Dv ¼
�
Dv1
Dv3

�
; Ds ¼

0@Ds11
Ds33
Ds13

1A;

DC ¼
0@DC11 DC13 0

DC13 DC33 0
0 0 DC55

1A:

(16)

Eq. (15) represents the first-order Born approximation for an
anisotropic elastic wave equation. In the derived Born approxima-
tion equation, the model parameters are perturbations relative to
the background medium in terms of elastic stiffnesses and density.
This parameterization arises naturally from the way in which the
forward Eq. (1) is formulated. However, it is not necessary the most
optimal parameterization for seismic inversion. We parameterize
our VTI-elastic LWI in terms of relative perturbations of elastic
parameters ðDr =r;DVp0 =Vp0;DVs0 =Vs0;De and DdÞ (Podgornova
et al., 2018). We obtain the parameter transformation matrix
from chain rule in calculus:
0BBBB@
Dr
DC11
DC13
DC33
DC55

1CCCCA ¼

0BBBBBBBBBBB@

r 0 0 0

ð1þ 2eÞrV2
p0 2ð1þ 2eÞrV2

p0 0 2rV2
p0

rM � rV2
s0

M1

M
M2

M
� 2rV2

s0 0
M
M

rV2
p0 2rV2

p0 0 0

rV2
s0 0 2rV2

s0 0
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where

M1 ¼ 2rð2dþ 1ÞV4
p0 � 2rðdþ 1ÞV2

p0V
2
s0;

M2 ¼ �2rðdþ 1ÞV2
p0V

2
s0 þ 2rV4

s0;

M3 ¼ rV4
p0 � rV2

p0V
2
s0;

M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dV2

p0

�
V2
p0 � V2

s0

�
þ
�
V2
p0 � V2

s0

�2r
:

(18)

The first-order Born approximation is a linear mapping from
multi-parameter images to multicomponent seismic data:

Dd¼L Dm; (19)

where L is the Born approximation modeling operator (L ¼ �
R ðA 0Þ�1vA

vmu0), Dd is scattered seismic data and Dm is the model
vector.

2.2. The linearized inverse problem

The inversion is to find the model vector Dm from the seismic
reflection data Dd. However, the inverse problem is often ill-posed
because of the imperfect sampling of the seismic acquisition ge-
ometry. Besides, the observations are usually contaminated with
noise that can not be explained by the forward operator. We pose
the following linearized waveform inversion for VTI-elastic media:

minimize
Dm

cðDmÞ :¼k W d

�
LDm� Ddobs

�
k22 þ m k W mDmk22;

(20)

where L is the linearized forward modeling operator, Ddobs rep-
resents the multicomponent reflection data, Dm denotes model
vector, k�k2 represents the L2 norm of vector, m is the trade-off
parameter, W d and W m are a priori weighting operators for data
and model, respectively. We use the conjugate gradient method
(Paige and Saunders, 1982) to solve optimization problem Eq. (20).
It is a semi-iterative technique that requires the application of L
and L y to vectors in each iteration. The adjoint operator is given by

L y ¼ �
�
vA
vm

u0
�yh�

A 0
�yi�1

R y; (21)

where R y is the adjoint of sampling operator that inserts seismic
0

0

3

0

0

1CCCCCCCCCCCA

0BBBBBBBBBBBB@

Dr
r

DVp0

Vp0

DVs0

Vs0

De

Dd

1CCCCCCCCCCCCA
; (17)
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data at receiver locations and zeros at other locations in the
computational domain, u0 is the source-side incident wavefield,
and ðA 0Þy is the adjoint elastic wave operator. The adjoint operator
L y maps from data space to model image space. The first step in
the linearized waveform inversion is functionally similar (but not
the same) to pre-stack seismic migration. The detailed derivation of
the adjoint operator L y is shown in Appendix A.
2.3. Computational cost analysis

In our proposed VTI-elastic LWI, we do not need to explicitly
store and invert the Hessian operator ðH ¼ L yL Þ. Instead, we
apply the conjugate gradient method for solving the linear system
of equations. Each iteration requires the application of L and L y

on vectors. The forward operator L needs two forward simulations
Fig. 1. Layer-inclusion VTI-elastic model. (a) Vertical P-wave velocity Vp0 model. (b) Vertica
anisotropy parameter d model.

Fig. 2. Smoothed layer-inclusion VTI-elastic model. (a) Vertical P-wave velocity Vp0 model.
Thomsen anisotropy parameter d model.
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via finite-difference (FD): one for source-side wavefield and
another for Born modeling. The adjoint operator L y requires two
FD simulations including forward propagation of source-side
wavefield and backward propagation of receiver-side wavefield.
The application of forward and adjoint operators are repeated for
each shot and iteration. The total computational cost of the pro-
posed inversion algorithm is 4NsNi forward simulations, whereNs is
the number of shots and Ni is the number of iterations. Therefore,
the order of operations of VTI-elastic LWI is O ðNsNiNx1Nx3NtNoÞ,
where Nx1 and Nx3 are the number of grids in x1 and x3 directions,
Nt is the number of time samples, and No is the FD order. The
computer program mainly allocates memory for elastic parameter
models and time slice of wavefields. Therefore, the memory storage
cost of the LWI is proportional to the size of the model O ðNx1Nx3 Þ.
l S-wave velocity Vs0 model. (c) Thomsen anisotropy parameter e model. (d) Thomsen

(b) Vertical S-wave velocity Vs0 model. (c) Thomsen anisotropy parameter e model. (d)
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3. Examples

We present a series of numerical examples to illustrate the
performance of the proposed VTI-elastic LWI algorithm. The syn-
thetic numerical examples are also used to investigate the resolving
power of seismic data for different elastic parameters. For appli-
cations in field data, advance data preprocessing such as direct
wave muting, surface wave and multiples removal are required to
obtain amplitude-preserving primary reflections.

3.1. Layer-inclusion VTI-elastic model example

As a first example, we consider a layer-inclusion VTI-elastic
model. This example illustrates the performance of LWI for multi-
parameter decoupling. Fig. 1 shows the vertical velocities and
Thomsen anisotropy parameters for the layer-inclusion model.
Fig. 3. True model perturbations of layer-inclusion VTI-elastic model. (a) Relative perturbat
DVs0
Vs0

. (c) Perturbation of Thomsen parameter De. (d) Perturbation of Thomsen parameter Dd

Fig. 4. Model perturbations estimated by adjoint operator (first iteration of LWI). (a) Rela
vertical velocity DVs0

Vs0
. (c) Perturbation of Thomsen parameter De. (d) Perturbation of Thoms
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We have assumed that the density is constant at 1500 kg/m3.
The size of the model is 1001 � 251 grid points with spatial sam-
pling of 5 m. We simulate a synthetic seismic profile with 101 shot
locations uniformly distributed along the surface of the model. The
geophones are uniformly distributed every 5 m, from x ¼ 0 to
x ¼ 5000 m. The source is a point source modulated in time by a
Ricker function with a peak frequency of 20 Hz. Fig. 2 shows the
smoothed reference model for inversion and Fig. 3 shows the true
velocity and Thomsen parameter perturbations with respect to
reference model.

The elastic images obtained by applying the adjoint-based
migration operator (first iteration of LWI) to shot gathers are
shown in Fig. 4. The images contain remnant low-frequency arti-
facts after Laplacian filtering (Kang and Cheng, 2012). Moreover, the
images contain notable multi-parameter crosstalk, because the
different parameter are intrinsically coupled. We can also note that
ion of P-wave vertical velocity DVp0

Vp0
. (b) Relative perturbation of S-wave vertical velocity

.

tive perturbation of P-wave vertical velocity DVp0

Vp0
. (b) Relative perturbation of S-wave

en parameter Dd.



Fig. 5. Model perturbations estimated by proposed VTI-elastic LWI. (a) Relative perturbation of P-wave vertical velocity DVp0

Vp0
. (b) Relative perturbation of S-wave vertical velocity DVs0

Vs0
.

(c) Perturbation of Thomsen parameter De. (d) Perturbation of Thomsen parameter Dd.

Fig. 6. Data prediction of imaging and inversion results for layer-inclusion VTI-elastic model. (a) Observed horizontal component data. (b) Predicted horizontal component data by
VTI-elastic LWI. (c) Predicted horizontal component data by adjoint operator (first iteration of LWI). (d) Observed vertical component data. (e) Predicted vertical component data by
VTI-elastic LWI. (f) Predicted vertical component data by adjoint operator (first iteration of LWI).
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Fig. 7. Convergence curve of VTI-elastic LWI for layer-inclusion VTI-elastic model.
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the multi-parameter images have unbalanced amplitude response
due to geometric spreading and uneven illumination of the
wavefields.

Fig. 5 shows the inversion results obtained by our proposed VTI-
elastic LWI. The iterative inversion reduces the low-frequency ar-
tifacts and acquisition footprint in the images. Comparing with the
adjoint-based images, both vertical and horizontal resolutions are
enhanced and the amplitude response is improved by the inver-
sion. More important, the VTI-elastic LWI attenuates the multi-
parameter crosstalk through iterative data fitting. The results by
linearized waveform inversion are not perfect due to the ill-
conditioned nature of the inverse problem. The isotropic
Fig. 8. Hess VTI-elastic model. (a) Vertical P-wave velocity Vp0 model. (b) Vertical S-wave v
parameter d model.
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parameters (Vp0 and Vs0) are better resolved than the anisotropic
parameters (e and d). The Thomsen anisotropy parameters are more
prone to multi-parameter coupling. Especially, the parameter d is
the most difficult parameter to recover. The reason for this phe-
nomenon is that Thomsen parameter d has less impact on the
reflection seismic data comparing with other elastic parameters
(Podgornova et al., 2018). We analyze the multi-parameter cross-
talk using ray-Born approximation in Appendix B. We plot the ra-
diation patterns of VTI-elastic scatters for PeP, PeS, SeP, and SeS
wave in Fig.19. The radiation pattern of d resembles the parameter e
and has smaller scattering response.

In Fig. 6, we evaluate the data fitting property of adjoint-based
migration and linearized waveform inversion. It confirms that the
data fitting by inversion-based images is much better than that of
adjoint-based images. Finally, Fig. 7 shows the normalized cost
function versus iteration number for the proposed VTI-elastic LWI
method. The latter demonstrates that the proposed VTI-elastic LWI
algorithm converges properly.
3.2. Hess VTI-elastic model example

For a more complicated example, we next consider a modified
version of the VTI-elastic Hess model. We design the VTI-elastic
Hess model based on the original VTI-acoustic version (Fig. 8).
This model contains a salt structure with high-velocity contrasts
that challenges the seismic imaging and inversion algorithms. Note
that the anisotropy parameters are uncorrelated with the velocities
in the region near horizontal distance of 5000m and depth 1500m.
The model grid increments are dx ¼ dz ¼ 10 m. There are 181 shots
and 901 receivers evenly distributed on the surface of the earth. The
source function used to excite the wavefield is a 15 Hz peak fre-
quency Ricker wavelet. Figs. 9 and 10 show the referencemodel and
the true model perturbation with respect to the reference model,
respectively.

Fig. 11 presents the elastic images estimated by adjoint-based
migration operator (first iteration of LWI). Despite Laplacian
filtering, the adjoint-based images contain strong low frequency
artifacts overwhelming the shallow layers. Because of geometric
elocity Vs0 model. (c) Thomsen anisotropy parameter e model. (d) Thomsen anisotropy



Fig. 9. Smoothed Hess VTI-elastic model. (a) Vertical P-wave velocity Vp0 model. (b) Vertical S-wave velocity Vs0 model. (c) Thomsen anisotropy parameter e model. (d) Thomsen
anisotropy parameter d model.
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spreading effects, the image amplitude is weaker in the deep part
than in the shallow part. The adjoint-based images do not reveal
accurate quantitative information about the heterogeneity. The
results of inversion-based VTI-elastic LWI are shown in Fig. 12.
Compared with adjoint-based images, the inversion improves the
horizontal and vertical spatial resolution throughout the images. It
also corrects the geometric spreading effects that boosting up the
image amplitude in the deeper part. Besides, the linearized inver-
sion remarkably attenuates low-frequency artifacts in images via
iterative data fitting.

Fig. 13 shows the data prediction of results obtained by adjoint
operator and results from inversion-based VTI-elastic LWI. The data
Fig. 10. True model perturbations of Hess VTI-elastic model. (a) Relative perturbation of P-
Perturbation of Thomsen parameter De. (d) Perturbation of Thomsen parameter Dd.
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predicted by VTI-elastic LWI results are much better than the ones
by adjoint operator. The normalized data misfit curve in Fig. 14 also
demonstrates that the inverted elastic images fit the observed data.
3.3. The influence of observation noise

We add noise to the data to test the robustness of the proposed
VTI-elastic LWI to observation noise. Noise is simulated using
random numbers drawing from a normal distribution. Then, we
filter the noise trace to the same frequency range of the clean signal.
Last, we scale the noise trace to a signal-to-noise ratio (SNR) and
add it to the clean signal. In our study, the SNR is defined as follows:
wave vertical velocity DVp0

Vp0
. (b) Relative perturbation of S-wave vertical velocity DVs0

Vs0
. (c)



Fig. 11. Model perturbations estimated by adjoint operator (first iteration of LWI). (a) Relative perturbation of P-wave vertical velocity DVp0

Vp0
. (b) Relative perturbation of S-wave

vertical velocity DVs0
Vs0

. (c) Perturbation of Thomsen parameter De. (d) Perturbation of Thomsen parameter Dd.
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SNR¼10 log10

�
As

An

�2

: (22)

here, As and An are the root-mean-square (RMS) values of seismic
signal and noise, respectively. Fig. 15 displays one of the noisy data
gathers under different noise conditions. We perform the proposed
LWI on this noisy dataset. As expected, the presence of data noise
Fig. 12. Model perturbations estimated by proposed VTI-elastic LWI. (a) Relative perturbati
DVs0
Vs0

. (c) Perturbation of Thomsen parameter De. (d) Perturbation of Thomsen parameter Dd
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deteriorates the estimated model perturbations as shown in Fig. 16.
The inversion results of velocity perturbations from noisy data are
roughly similar with the ones from noise-free data. The results of
Thomsen anisotropy parameters are more prone to observation
noise in data. There are noise artifacts in the recovered results for
Thomsen anisotropy parameter perturbations. However, the main
features of the inverted model are still valid.
on of P-wave vertical velocity DVp0
Vp0

. (b) Relative perturbation of S-wave vertical velocity
.



Fig. 13. Data prediction of imaging and inversion results for Hess VTI-elastic model. (a) Observed horizontal component data. (b) Predicted horizontal component data by VTI-
elastic LWI. (c) Predicted horizontal component data by adjoint operator (first iteration of LWI). (d) Observed vertical component data. (e) Predicted vertical component data by
VTI-elastic LWI. (f) Predicted vertical component data by adjoint operator (first iteration of LWI).

Fig. 14. Convergence curve of VTI-elastic LWI for Hess VTI-elastic model.

K. Chen, L. Liu, L.-N. Xu et al. Petroleum Science 21 (2024) 252e271

262
3.4. The influence of reference model error

The error in reference model will influence inversion results. In
this section, we test the sensitivity of the VTI-elastic LWI to inac-
curacy of the reference model (vertical velocities and anisotropic
parameters). We heavily smooth the reference model using 2D
Gaussian functions of width 100 � 100 m (20 � 20 grids) and
150 � 150 m (30 � 30 grids). Fig. 17 shows the smoothed reference
model and true model perturbations for vertical velocities and
Thomsen parameters. The other setup of the numerical example is
the same with the one used in Fig. 5. Fig. 18 shows the inversion
results using the reference model with different degree of
smoothing. With larger model error, the inversion results of VTI-
elastic LWI show less quality with more uncollapsed artifacts.
More importantly, inversion results show more multi-parameter
crosstalk artifacts when reference model is less accurate. Simi-
larly, we observe that Thomsen anisotropic parameters are more
seriously deteriorated by the model error.
4. Discussion

The seismic imaging entails inferring the spatial locations of
rapid variations of subsurface mechanical properties (reflectivity
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function). Whereas, the seismic inversion is to quantitatively esti-
mate the size of changes in subsurface mechanical properties (Stolt
and Weglein, 2012). In exploration seismology, the term “least-
squares migration” has been used interchangeably to refer to
“imaging” or “inversion” for a long time. In constant-density
acoustic case, the PP reflectivity is a function of P-wave velocity
perturbation and opening angle between incident and reflected
waves. However, in elastic case, there exists multi-component
images (e.g. PP, PS, SP, SS) and multi-parameter model perturba-
tions (e.g. Dr, DCij). The difference between “imaging” and “inver-
sion” is more remarkable. In “elastic least-squares imaging”, the PP,
PS, SP, SS images are retrieved from reflection seismic data. The PP,
PS, SP, SS images can be stacked images or angle-domain image
volumes. In “elastic linearized waveform inversion”, the elastic
model parameter perturbations are inverted from the seismic data
Fig. 15. Noisy data with different SNRs for layer-inclusion VTI-elastic model. (a) Horizontal co
(c) Vertical component noisy data (SNR ¼ 0 dB). (d) Vertical component noisy data (SNR ¼
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that reveal the intrinsic rock properties. In this article, we develop a
VTI-elastic linearized waveform inversion method that simulta-
neously inverts for the vertical velocity perturbations and Thomsen
parameter perturbations ðDVp0 =Vp0; DVs0 =Vs0; De and DdÞ. The
method falls in the scope of “inversion” that quantitatively esti-
mates localized model perturbations from the long wave-length
reference model of subsurface mechanical properties. Besides, the
inverted subsurface properties can also serve as images for seismic
interpretation to help locate hydrocarbon reservoirs. We have
compared the images obtained by adjoint operator and inversion-
based VTI-elastic LWI. We have observed that the multi-
parameter crosstalk issue in Thomsen parameters is more promi-
nent than in velocities. The Thomsen parameter d is the most
difficult to resolve. Liu et al. (2019) made a similar observation in
the frequency-domain Gauss-Newton VTI-elastic full-waveform
mponent noisy data (SNR ¼ 0 dB). (b) Horizontal component noisy data (SNR ¼ �1 dB).
�1 dB).



Fig. 16. Model perturbations estimated by proposed VTI-elastic LWI using noisy data. Estimated DVp0

Vp0
using noisy data with SNR 0 dB (a) and noisy data with SNR �1 dB (b).

Estimated DVs0
Vs0

using noisy data with SNR 0 dB (c) and noisy data with SNR �1 dB (d). Estimated De using noisy data with SNR 0 dB (e) and data with SNR �1 dB (f). Estimated Dd
using noisy data with SNR 0 dB (g) and data with SNR �1 dB (h).
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inversion experiments. Note that, the VTI-elastic FWI by Liu et al.
(2019) is a frequency-domain approach. It is based on the
improved scattering-integral method that needs to explicitly
compute the wavefields for each source and the Green’s function
for each receiver, and then store them in computer memory. Our
VTI-elastic linearized waveform inversion is a time domain
approach and is based on adjoint-state method that applies for-
ward and adjoint operators “on the fly” to vectors. Podgornova et al.
(2018) analyzed the resolution limits of weakly VTI elastic multi-
parameter inversion based on singular value decomposition
(SVD) of analytical Fr�echet derivative (sensitivity) matrix. They
observed that PP scattering wave resolves no more than three
elastic parameters and PS scattering waves resolves no more than
four elastic parameters. In the latter case, the fourth parameter is
less resolvable and has narrower sensitive wavenumber band. We
264
have analyzed the multi-parameter crosstalk in linearized wave-
form inversion for VTI-elastic media based on the analytical for-
mulas for the radiation patterns derived in Appendix B. The
radiation patterns are derived using the Born approximation and
high-frequency, far-field asymptotic Green’s function (or called ray-
Born approximation). The radiation patterns for PeP, PeS, SeP, and
SeS wave are plotted as Fig. 19. Optimal parameterization for VTI
anisotropic elastic multi-parameter full-waveform inversion is
complicated and still an open question for further investigation
(Kamath and Tsvankin, 2016; Pan et al., 2016, 2020; Kamath et al.,
2017; Guitton and Alkhalifah, 2017; He et al., 2018).

Successful application of the proposed method to real seismic
data has some prerequisite conditions. First, one needs the access to
relatively accurate background reference model for vertical P- and
S-wave velocities and Thomsen anisotropic parameters. This can be



Fig. 17. Layer-inclusion VTI-elastic model with different degree of smoothing. Smoothed vertical P-wave velocity Vp0 model with Gaussian function of width W ¼ 100 m (a) and
W ¼ 150 m (b). Smoothed vertical S-wave velocity Vs0 model with Gaussian function of width W ¼ 100 m (c) andW ¼ 150 m (d). Smoothed Thomsen anisotropy parameter emodel
with Gaussian function of width W ¼ 100 m (e) and W ¼ 150 m (f). Smoothed Thomsen anisotropy parameter d model with Gaussian function of width W ¼ 100 m (g) and
W ¼ 150 m (h).
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achieved through well-logging and travel-time tomography tech-
niques. Second, the LWI requires relatively high-quality of seismic
data. Advance data preprocessing techniques are needed to atten-
uate seismic noise, remove direct wave and multiples from the
seismic data.
5. Conclusion

We study a linearized waveform inversion method for VTI-
elastic media and analyze the multi-parameter crosstalk utilizing
scattering radiation patterns. The proposed scheme simultaneously
inverts for the localized model perturbations
ðDVp0 =Vp0;DVs0 =Vs0;De and DdÞ with a prior knowledge of the
long-wavelength reference model. Our proposed scheme is an
iterative algorithm that requires a forward and an adjoint operator
acting on vectors in each iteration. We derive the forward Born
modeling operator by perturbation theory and adjoint operator via
265
adjoint-state method. The linearized inversion improves the spatial
resolution, reduces image artifacts and multi-parameter crosstalk
and improves amplitude response of the elastic images comparing
with the adjoint-based images. We have observed that the multi-
parameter crosstalk problem is more prominent in the inversion
images for Thomsen anisotropy parameters. Especially, the Thom-
sen parameter d is the most difficult to resolve. We also analyze the
multi-parameter crosstalk using scattering radiation patterns.
Moreover, we draw connections and classify differences between
least-squares migration and linearized waveform inversion that are
often overlooked in seismic imaging/inversion community. The
linearized waveform inversion for VTI-elastic media presented in
this article provides quantitative information of the rock properties
that may help identify oil and gas sweet spot. The high-resolution
imaging technique for anisotropic elastic media developed in this
article is potentially useful for exploration and exploitation of
complex oil and gas reservoirs.



Fig. 18. Results of VTI-elastic LWI with different degree of reference model error. Estimated P-wave velocity relative perturbation DVp0

Vp0
(a), S-wave velocity relative perturbation DVs0

Vs0

(c), Thomsen parameter perturbation De (e) and Thomsen parameter perturbation Dd (g) using reference model smoothed with Gaussian function of widthW ¼ 100 m. Estimated P-
wave velocity relative perturbation DVp0

Vp0
(b), S-wave velocity relative perturbation DVs0

Vs0
(d), Thomsen parameter perturbation De (f) and Thomsen parameter perturbation Dd (h) using

reference model smoothed with Gaussian function of width W ¼ 150 m.
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Fig. 19. Radiation patterns for VTI-elastic scatters. (a) PeP radiation patterns, (b) PeS radiation patterns, (c) SeP radiation patterns, (d) SeS radiation patterns.
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Appendix A

Derivation of the adjoint operator

The adjoint operator (L y) of Born approximation modeling
operator is derived as follows. The forward Born approximation and
adjoint operators satisfy the following inner product condition:

CDd;L DmDD ¼ CDm;L yDdDM: (A-1)

In the above equation, symbol y represents taking the adjoint of
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an operator and C�; �D means the inner product in data domain (D)
or model domain (M). The adjoint operator is given by

Dm* ¼ L yDd ¼ �
�
vA
vm

u0
�y��

A 0
��1

�y
R yDd

¼ �
�
vA
vm

u0
�yh�

A 0
�y i�1

R yDd: (A-2)

The adjoint operator in LWI resembles the RTM algorithm for
reflection seismic data. We introduce an auxiliary adjoint-state

variable l ¼ ½ðA 0Þy��1R yDd to simplify Eq. (A-2):

Dm*¼ �
�
vA
vm

u0
�y

l: (A-3)

The above equation means that the adjoint process entails
zeros-lag cross-correlation of the source-side wavefield and auxil-
iary wavefield. The auxiliary wavefield l is the solution of the
adjoint formulation of the anisotropic elastic wave equation (Eq.
(9)):�
A 0
�y
l¼R yDd; (A-4)

with

�
A 0
�y ¼ � r0I 0

0 I

�y� v

vt

�y
�
�

0 D
C0DT 0

�y
;l¼

�
4

t

�
: (A-5)

Symbol ðA 0Þy denotes the adjoint elastic wave operator, 4 and t

are adjoint particle velocity field and stress field, respectively, and
R yDd is the adjoint source. Reformulating Eq. (A-4), one can have
the following result:8>><>>:

�r0
v4

vt
þ D

�
C0
�T

t ¼ R yDdv;

�vt

vt
þ DT4 ¼ R yDdp;

(A-6)

where Ddv and Ddp denote the multicomponent particle velocity
data and pressure data, respectively. The first-order particle
velocity-stress wave equation system is not strictly self-adjoint. We
apply a transformation of variables to reformulate the adjoint
equation system:

~4¼4; ~t ¼ C0t; (A-7)

where ~4 and ~t are the transformed adjoint particle velocity vector
and stress vector, respectively. Inserting Eq. (A-7) into Eq. (A-6) and
applying some basic matrix operations lead to the following
adjoint-state equation:8>><>>:

�r0
v~4

vt
þ D~t ¼ R yDdv;

�v~t

vt
þ C0DT~4 ¼ C0R yDdp:

(A-8)

Now, the adjoint-state equation resembles the state Eq. (9). The
advantage of this reformulation is that it allows us to reuse the
forward wave equation solver to solve the adjoint wave equation.
The adjoint variables in the original coordinate system are obtained
by

4¼ ~4; t¼
�
C0
��1

~t: (A-9)
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According to Eq. (A-3), the gradient in LWI can be computed by
the zeros-lag cross-correlation of forward and adjoint wavefields:

DrðxÞ ¼ �
ðT
0

vv0

vt
$4dt;

DCijðxÞ ¼
ðT
0

 
vC
vCij

DTv0
!
$tdt ¼

ðT
0

 
vC
vCij

DTv0
!
$
�
DTj

�
dt;

(A-10)

where j ¼ R tT 4dt is the adjoint particle displacement field. The
model perturbation for density and stiffness matrix elements can
be explicitly expressed as

DrðxÞ ¼ �
ðT
0

vv01
vt

41 þ
vv03
vt

43dt;

DC11ðxÞ ¼
ðT
0

vv01
vx1

vj1
vx1

dt;

DC13ðxÞ ¼
ðT
0

vv01
vx1

vj3
vx3

þ vv03
vx3

vj1
vx1

dt;

DC33ðxÞ ¼
ðT
0

vv03
vx3

vj3
vx3

dt;

DC55ðxÞ ¼
ðT
0

 
vv01
vx3

þ vv03
vx1

!�
vj1
vx3

þ vj3
vx1

�
dt;

(A-11)

where j1 and j3 are horizontal and vertical components of the
adjoint particle displacement field:

j1ðx; tÞ ¼
ðt
T
41ðx; tÞdt;

j3ðx; tÞ ¼
ðt
T
43ðx; tÞdt:

(A-12)

We parametrize the LWI in terms of relative perturbations of
vertical velocity and Thomsen parameter (Dr=r;DVp0=Vp0;DVs0=Vs0;

De;Dd) with respect to reference model (Podgornova et al., 2018).
We transform the model parameter perturbations using the
following equations derived from chain rule in calculus:

0BBBBBBBBBBBB@

Dr
r

DVp0

Vp0

DVs0

Vs0

De

Dd

1CCCCCCCCCCCCA
¼

0BBBBBBBBBBBBBBB@

r ð1þ 2eÞrV2
p0 rM � rV2

s0 rV2
p0 rV2

s0

0 2ð1þ 2eÞrV2
p0

M1

M
2rV2

p0 0

0 0
M2

M
� 2rV2

s0 0 2rV2
s0

0 2rV2
p0 0 0 0

0 0
M3

M
0 0

1CCCCCCCCCCCCCCCA

�

0BBBB@
Dr
DC11
DC13
DC33
DC55

1CCCCA;

(A-13)

where M1, M2, M3 and M are defined in Eq. (18).
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Appendix B

Radiation patterns of VTI-elastic scatters

In this section, we derive the expressions of radiation patterns of
VTI-elastic scatters using the Born approximation and high-
frequency, far-field asymptotic Green’s function. To make the no-
tations more concise, we will derive the following equations in
frequency domain. However, one should note that the imple-
mentation of our algorithm is in time domain. The equation of
motion in general anisotropic elastic media is as follows (Aki and
Richards, 2002):
Dunðxr;uÞ ¼
X
U

ð
V

fmu2gm~gn
ð4prÞ2	VgrV


	
~Vg~r~V


jKj
�
DrV ~Vgi~gi þ Dcijklgk~gipl~pj

�
eiutdVðxÞ (B-7)
ru2ui þ
�
cijkluk;l

�
;j
¼ �fi; i; j; k; l ¼ 1;2;3 (B-1)

with appropriate boundary conditions. In the above equation, ui is
the particle displacement, cijkl is stiffness tensor, fi is source term, u
is the circular frequency, subscript ð; jÞ denotes the partial deriva-
tive v=vxj, and Einstein’s summation convention is used. The elas-
todynamic Green’s function is a solution of the equation:

ru2Gin þ
�
cijklGkn;l

�
;j
¼ � dindðx � x0Þ; (B-2)

where Green’s function Ginðx;x0;uÞ represents the i th component
of the displacement vector at location x dues to the unit impulse
applied at x0 in the n-direction, dðxÞ is Dirac delta function, din is
Kronecker symbol. The particle displacement can be expressed in
terms of Green’s function using the representation theorem:

unðx;uÞ¼
ð
V
Gniðx; x0;uÞfiðx0;uÞdVðx0Þ: (B-3)

The Born approximation for general anisotropic elastic wave
equation can be written as

r0u2Dui þ
�
c0ijklDuk;l

�
;j
¼ � Dru2u0i �

�
Dcijklu

0
k;l

�
;j
; (B-4)

where r0, c0ijkl are reference density and stiffness coefficient, u0i is

particle displacement in reference model, Dr and Dcijkl are the
density and stiffness coefficient perturbations and Dui is the par-
ticle displacement perturbation. Using the representation theorem,
the data perturbation can be written as

Dunðxr;uÞ¼
ð
V
fmðxs;uÞDrðxÞu2G0

miðxs; x;uÞ~G
0
niðxr; x;uÞdVðxÞ

�
ð
V
fmðxs;uÞDcijklðxÞG0

mk;lðxs; x;uÞ~G
0
ni;jðxr; x;uÞdVðxÞ;

(B-5)

where G0
miðxs; x;uÞ and ~G

0
niðxr; x;uÞ are the source-side and

receiver-side Green’s function in reference media, respectively.
From now on, the tilde (e) superscript is used to indicate quantities
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associated with scattered wavefield (receiver-side). The source-
side, high-frequency, far-field asymptotic Green’s function for
anisotropic elastic media can be written as (�Cervený, 2001):

G0
mkðxs;x;uÞ ¼

X
U

gmgk
4prVgr

ffiffiffiffiffiffijKjp eiup$r=V ; (B-6)

where Vg is group velocity, K is the Gaussian curvature of the
slowness surface, g is unit polarization vector, V is the phase ve-
locity, p is the unit slowness vector, r ¼ ðxs � xÞ , r¼ jrj and U in-
dicates the type of body wave. Inserting Eq. (B-6) into scattering
integral Eq. (B-5), one can arrive
where t ¼ ðp � r =V þ~p � ~r =~VÞ is traveltime from source to receiver,
the summation overU is for different scatter wave types (nine types
for 3D case and four types for 2D case). The terms inside the pa-
rentheses of the integrand are the scattering function for an arbi-
trarily anisotropic scatter embedded in a homogeneous anisotropic
background model:

R¼DrV ~Vgi~gi þ Dcijklgk~gipl~pj; (B-8)

The scattering function equals to the product of radiation
pattern and model perturbation. We consider scattering radiation
patterns due to perturbations of elastic stiffnesses in vertical
transversely isotropic medium. Without losing generality, we
consider coordinate system with x3 axis aligned with the vertical
symmetric axis and the x1 axis coplanar with the sources and re-
ceivers. The Voigt notation can be used to rewrite the elastic stiff-
ness tensor cijkl to reduced order stiffness matrix Cij. In 2D case, the
P and SV waves are polarized in x1 � x3 plane and quantities in x2
direction are equal to zero:

p2 ¼ ~p2 ¼ 0; g2 ¼ ~g2 ¼ 0: (B-9)

Then, the 2D scattering radiation patterns can be written as

8>>>>>>>>>>>><>>>>>>>>>>>>:

GAB
Dr ¼ VA ~V

B�
gA1 ~g

B
1 þ gA3 ~g

B
3

�
;

GAB
DC11

¼ pA1~p
B
1g

A
1 ~g

B
1;

GAB
DC13

¼ pA1~p
B
3g

A
1 ~g

B
3 þ pA3~p

B
1g

A
3 ~g

B
1;

GAB
DC33

¼ pA3~p
B
3g

A
3 ~g

B
3;

GAB
DC55

¼
�
pA1g

A
3 þ pA3g

A
1

��
~pB1~g

B
3 þ ~pB3~g

B
1

�
;

(B-10)

where G is radiation pattern of a particular parameter, A and B are
wavemode type indices (P or SVwave). The polarization vector and
slowness vector are dependent on the Green’s function in reference
model and can be computed numerically. To obtain analytical
scattering radiation patterns, we further assume that the elastic
referencemedium is isotropic. The unit slowness vector p is parallel
to the ray direction, and the polarization vector g is parallel or
perpendicular to the ray direction. For PeP reflectionwave, the unit
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slowness vector and unit polarization vector can be expressed us-
ing the incident and reflection angle of PeP wave:

pP1 ¼ �sin qp; pP3 ¼ cos qp; ~p
P
1 ¼ sin qp; ~p

P
3 ¼ cos qp;

gP1 ¼ pP1; g
P
3 ¼ pP3; ~g

P
1 ¼ ~pP1; ~g

P
3 ¼ ~pP3;

(B-11)

where qp is the incident angle of P-wave (the angle that the di-
rection of incident P-wave makes with the x3 axis). The radiation
patterns of VTI-elastic scatters for PeP reflection wave are

8>>>>>>>>>>>><>>>>>>>>>>>>:

GPP
Dr ¼ V2

p0

�
� sin2qp þ cos2qp

�
;

GPP
DC11

¼ sin4qp;

GPP
DC13

¼ 2 sin2qp cos2qp;

GPP
DC33

¼ cos4qp;

GPP
DC55

¼ �4 sin2qp cos2qp;

(B-12)

and

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

GPP
Dr=r ¼ 2� 2 sin2qp � 2V2

sp sin2 2qp;

GPP
DVp0=Vp0

¼ 2;

GPP
DVs0=Vs0

¼ �4V2
sp sin2 2qp;

GPP
De ¼ 2 sin4qp;

GPP
Dd ¼

1
2
sin2 2qp;

(B-13)

where Vsp ¼ Vs0=Vp0 is the ratio of vertical S- and P-wave velocities
in the reference medium. The radiation patterns of
ðDr =r;DVp0 =Vp0;DVs0 =Vs0;De;DdÞ are obtained from radiation
patterns of ðDr;DC11;DC13;DC33;DC55Þ via parameter trans-
formation using Eq. (A-13). For PeS reflection wave, the unit
slowness vector and unit polarization vector can be written using
the incident and reflection angle of PeS wave:

pP1 ¼ �sin qp; pP3 ¼ cos qp; ~p
S
1 ¼ sin qs; ~p

S
3 ¼ cos qs;

gP1 ¼ pP1; g
P
3 ¼ pP3; ~g

S
1 ¼ ~pS3; ~g

S
3 ¼ �~pS1;

(B-14)

where qs is the scattering angle of S-wave (the angle that the di-
rection of scattered S-wave makes with the x3 axis). The radiation
patterns of VTI-elastic scatters for PeS reflection wave are

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

GPS
Dr ¼ �Vp0Vs0 sin

	
qp þ qs



;

GPS
DC11

¼ 1
2
sin 2qs sin

2qp;

GPS
DC13

¼ 1
2
sin 2qs cos 2qp;

GPS
DC33

¼ �1
2
sin 2qs cos2qp;

GPS
DC55

¼ �sin 2qp cos 2qs;

(B-15)

and
270
8>>>>>>>>>>>>><>>>>>>>>>>>>>:

GPS
Dr=r ¼ �sin

	
qp þ qs


� Vsp sin 2
	
qp þ qs



;

GPS
DVp0=Vp0

¼ 0;

GPS
DVs0=Vs0

¼ �2Vsp sin 2
	
qp þ qs



;

GPS
De ¼ Vps sin 2qs sin

2qp;

GPS
Dd ¼

1
2
Vps cos 2qp sin 2qs;

(B-16)

where Vps ¼ Vp0=Vs0. For SeS reflection wave, the unit slowness
vector and unit polarization vector have the following relationship:

pS1 ¼ �sin qs; pS3 ¼ cos qs; ~p
S
1 ¼ sin qs; ~p

S
3 ¼ cos qs;

gS1 ¼ pS3; g
S
3 ¼ �pS1; ~g

S
1 ¼ ~pS3; ~g

S
3 ¼ �~pS1;

(B-17)

The radiation patterns of VTI-elastic scatters for SeS reflection
wave are8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

GSS
Dr ¼ �V2

s0 cos 2qs;

GSS
DC11

¼ �1
4
sin2 2qs;

GSS
DC13

¼ 1
2
sin2 2qs;

GSS
DC33

¼ �1
4
sin2 2qs;

GSS
DC55

¼ cos2 2qs;

(B-18)

and8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

GSS
Dr=r ¼ cos 2qs þ cos 4qs;

GSS
DVp0=Vp0

¼ 0;

GSS
DVs0=Vs0

¼ 2 cos 4qs;

GSS
De ¼ �1

2
V2
ps sin

2 2qs;

GSS
Dd ¼

1
2
V2
ps sin

2 2qs:

(B-19)

In Fig. 19, we plot the scattering radiation patterns of perturba-
tions of VTI-elastic parameters ðDr =r;DVp0 =Vp0;DVs0 =Vs0;De;DdÞ
in isotropic elastic reference medium. The scattering radiation pat-
terns are plotted in polar coordinates as a function of the scattering
angle (open angle between incident and scattered wave). Scattering
radiation patterns for different elastic parameters overlap and cause
the so-called crosstalk artifacts in waveform inversion. The scat-
tering radiation patterns of Thomsen anisotropy parameters have
smaller amplitude comparingwith the ones of vertical velocities. The
Thomsen anisotropy parameters are mainly sensitive to intermedi-
ate to large scattering angles.
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