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ABSTRACT

Optimal operation of a compressor station is important since it accounts for 25% to 50% of a company's
total operating budget. In short-term management of a compressor station, handling demand uncer-
tainty is important yet challenging. Previous studies either require precise information about the dis-
tribution of uncertain parameters or greatly simplify the compressor model. We build a two-stage robust
optimization framework of power cost minimization in a natural gas compressor station with non-
identical compressors. In the first stage, decision variables are the ON/OFF state of each compressor
and discharge pressure. The worst-case cost of the second stage is incorporated in the first stage. First-
stage decision variables feasibility is discussed and proper feasibility cuts are also proposed for the first
stage. We employ a piece-wise approximation and propose accelerate methods. Our numerical results
highlight two advantages of robust approach when managing uncertainty in practical settings: (1) the
feasibility of first-stage decision can be increased by up to 45%, and (2) the worst-case cost can be
reduced by up to 25% compared with stochastic programming models. Furthermore, our numerical
experiments show that the designed accelerate algorithm has time improvements of 1518.9% on average
(3785.9% at maximum).

© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).

1. Introduction

It is predicted that natural gas production of China will maintain
arapid growth (Liang et al., 2019) with peak gas of 323 billion cubic
meters a year coming in 2036 (Li et al., 2016). Oil and gas tend to
still play an important role in the coming three decades (Pan et al.,
2020; Zhao et al., 2019; Huang et al., 2019). With a 4.6% increase in
consumption in 2018, it accounted for nearly half of the increase in
global energy demand according to the report of International
Energy Agency (2019). Natural gas pipeline transmission is one
important way to transmit natural gas. As natural gas travels along
a pipeline over long distances, its pressure is reduced by the friction
between itself and the pipeline wall. To compensate for the pres-
sure loss, natural gas pressure is increased by compressing in a
compressor station.

The optimal operation of a compressor station is important,
since its operating cost accounts for 25% to 50% of a company's total
operating budget (Luongo et al., 1989). We refer the reader to Rios-
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Mercado and Borraz-Sanchez (2015) for a state-of-the-art survey
on natural gas fuel cost minimization problems. In particular, the
authors mentioned that one of the research challenges is to design
stochastic models to handle cases when the variation of demand
and supply is significant.

We consider operation management of a single compressor
station facing short-term demand uncertainties. Many short-term
factors may cause uncertainty in the total flow passing through
the compressor station. For example, on the customer demand side,
natural gas consumption can be largely influenced by weather, fuel
switching, price and market variability. Thus, customer demand
often exhibits large daily variations (Hellemoet al. 2012) that are
difficult to predict accurately. Other factors include unpredictable
events due to malfunctions and failures and shortfall in upstream
and downstream capacity (Rios-Mercado and Borraz-Sdnchez,
2015).

To cope with the uncertainty issue in natural gas networks, in
most of the current studies, assumptions are made about the
probability characteristics. Methods such as stochastic program-
ming (Padberg and Haubrich, 2008; Ding et al., 2017) and chance-
constrained programming (Wintergerst, 2017; Behrooz, 2016) are
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utilized. In stochastic programming, the uncertainty is assumed to
have a probabilistic description. Chance-constrained programming
allows constraints to be violated with a specific probability. Both
streams of work require heavily on the characteristics of the un-
certain parameters. A third method is to characterize the load un-
certainties in natural gas networks with multiple scenarios
(Behrooz and Boozarjomehry, 2017).

We adopt a two-stage robust optimization method for the
following two reasons. First, uncertain parameters are assumed to
belong to one uncertainty set. Therefore, it is more applicable in
practical scenarios where the full distributional information of
uncertain parameters is unknown or very difficult to determine
accurately. Second, two-stage robust optimization overcomes the
shortcomings of over-conservatism in single-stage robust optimi-
zation. This method has been widely applied to electricity power
system, refinery, chemical, but has few applications in the natural
gas field.

The model has two stages. In the first stage, the discharge
pressure and ON/OFF state of each compressor are decided. Then
the uncertainty is revealed. The uncertainty mainly refers to the
flow rate passing through the compressor station. Also, suction
pressure of the compressor station is uncertain, since it depends on
the flow rate realization and the parameters of the previous station.
Based on the realized uncertainty, the second stage decides the
rotational speed of each compressor. The objective is to minimize
the compressor station's worst-case power cost in the second stage.

To solve the problem, column-and-constraint generation
(C&CG) algorithm (Zeng and Zhao, 2013) is utilized, which is
proved to be efficient for two-stage robust optimization problem. It
composes of a master problem and a sub-problem. We combine it
with a gradient-ascent searching scheme in solving the bi-level
sub-problem.

We contribute the literature in four ways:

1. We formulate a two-stage robust power cost minimization
model in a compressor station. To the best of our knowledge, we
provide one of the first studies on robust optimization with
detailed natural gas compressor model formulation. Natural gas
managers strongly suggest that when the solution directs the
operation, the model should be as accurate to the real case as
possible (Deng, 2015).

2. The convexity/concavity of the constraints are examined. We
provide conditions under which the first-stage decisions are
feasible. The condition is then formulated as a feasibility cut to
reduce search space. For the sub-problem, a gradient-ascent
algorithm combined with mixed-integer linear programming
models is proposed. As for the master problem, an accelerate
algorithm for original piecewise linear approximation with
same optimal value is provided, which is also applicable in two-
stage stochastic programming model.

3. We conduct a set of numerical experiments to verify the benefits
of the robust model compared to the deterministic one. The
results show that feasible possibility of first-stage decision
variables is significantly increased and worst-case cost is
reduced. However, extra power cost is the price to gain
robustness and the price increases with uncertainty set size.

4. The proposed robust approach and analysis can offer insights on
the trade-off between robustness and operational cost. Ac-
cording to the feedback of natural gas managers, adjustment of
key parameters such as rotational speed of each compressor as
flow rate changes is reasonable and necessary. Other less critical
parameters should avoid frequent adjustments. Current
adjustment strategy is mainly qualitative and lacks quantitative
analysis. The proposed model can help them find better strategy
through quantitative analysis.
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In Section 2, we review the relevant literature. Section 3 de-
scribes the deterministic and robust optimization model. In Section
4, we discuss solution approaches for the robust optimization
problem. Numerical experiments are studied in Section 5 to eval-
uate the algorithm and compare the robust optimization results
with the deterministic ones. In Section 6, we summarize our
conclusions.

2. Literature review

The deterministic model has nonconvex objective function and
feasible region, making this problem difficult to solve. Methods to
solve the deterministic fuel cost minimization problem include
dynamic programming, gradient search, geometric programming,
particle swarm optimization algorithm (Zheng and Wu, 2012) and
linear approximation. Among these methods, particle swarm
optimization algorithm and gradient search can not guarantee
optimality. Dynamic programming and piecewise linear approxi-
mation of MILP guarantee optimality but often demand computing
resource. Rios-Mercado and Borraz-Sanchez (2015) gave an over-
view of related methods as well as other relevant optimization
problems arising in natural gas networks.

Approximation with a piecewise linear function is widely
researched in deterministic formulation. De Wolf and Smeers
(2000) approximated the nonlinear relations between flow rate
and pressure and used an extension of the simplex method to solve
the problem. GeilSler et al. (2015) incorporated heat power con-
straints, natural gas-mixing constraints, and detailed physical
compressor working domain constraints. They guaranteed
convergence to a partially optimal value. Martin et al. (2006)
approximated the model without binary variables, and the sub-
polyhedra associated with the model have a computationally
tractable number of vertices.

Another stream in deterministic fuel cost minimization problem
utilizes dynamic programming (DP) methods. Since it guarantees
optimality and meets the requirement of high solution accuracy
from practitioners. Wong and Larson (1968) first applied DP models
to pipeline networks. Borraz-Sanchez and Haugland (2011) enabled
a significant speed-up for the DP formulation as they adopted an
adaptive discretization scheme. Deng et al. (2019) approximated
the solution using state dimension reduction and neighborhood
searching and significantly accelerated the calculation of the DP
model. Zhang et al. (2020) considered the transient-state natural
gas transmission problem in which adjacent periods' natural gas
flow had a relationship. They utilized an approximate dynamic
programming (ADP) method to solve the problem. In this paper, we
mainly focus on the nonlinear programming formulation for
steady-state networks and related methods.

Considering uncertainty in natural gas operation is challenging
since the problem is even more complicated than deterministic
model, which is already quite difficult. Gotzes et al. (2016) took a
step in studying the probability of a feasible load in a passive
network with random demands. Feasibility here means that the
existing flow meets the loads while the pressure in the pipelines is
within given bounds. In addition, there are current three growing
streams of optimization under uncertainty: stochastic program-
ming, chance-constrained optimization and robust optimization.
The first two methods require assumption about probability in-
formation of uncertainty distribution and the probability may
significantly affect the outcome. These methods put high demands
on the accuracy of probability prediction.

At the optimal solution of chance-constrained programming,
constraint violation is allowed to a certain degree. Wintergerst
(2017) applied a chance-constrained optimization methodology
to a natural gas network. He considered uncertain boundary flows
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and nonconstant compressibility factors of the quasi-linear
isothermal Euler equation. He showed that medium-sized
network optimization can be solved in reasonable time. Behrooz
and Boozarjomehry considered the demand uncertainty and uti-
lized a chance-constrainted programming formulation to decide
compressor stations discharge pressure in steady state (Behrooz,
2016) and transient state (Behrooz and Boozarjomehry, 2017).
They characterized the user load with a Gaussian random variable
and assumed the mean and variance were known.

In stochastic programming models, the uncertainties in demand
and supply are represented by several scenarios, and the forecast
quality influences the accuracy of optimal solutions. Padberg and
Haubrich (2008) optimized natural gas portfolios of commercial
enterprises under demand and price uncertainties. They generated
a tree consisting of all possible scenarios with defined probabilities.
Zavala (2014) utilized stochastic optimal control model with sce-
nario based uncertainty formulation. Ding et al. (2017) proposed a
multi-stage stochastic programming model for the expansion
coplanning of natural gas and power networks, and the un-
certainties in demand were considered.

Compared with stochastic optimization and chance-constrained
programming, robust optimization dose not require probability
distribution assumption, which is more applicable in practical
scenarios. Gabrel et al. (2014) and Gorissen et al. (2015) gave
comprehensive overview of recent developments in robust opti-
mization. Two-stage robust optimization allows some decision
variables to be adjusted after the uncertainty realizes. C&CG
method is an efficient algorithm firstly proposed by Zeng and Zhao
(2013) and is widely used in two-stage robust optimization in other
fields.

It is worth pointing out that there are only a few researches
relevant to robust optimization application in natural gas operation
field. In ABmann et al. (2018), they managed to answer whether, for
any possible realization of the uncertainty in demand, there would
be a feasible adjustable second-stage decision that can be satisfied
by the network. They also formulated a two-stage robust optimi-
zation model and exploited the decomposable problem structure
and gained large speedups (ARmann et al., 2019). However, either
the cost function was simplified as linear or the working domain
constraints were not considered. Most details of the original
problem were omitted.

Different with ARBmann et al. (2019), we take into account
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optimization. The work is most closely related to the study by Deng
(2015), who compared dynamic programming and MILP in opti-
mization of single compressor station. Mahmoudimehr and Sanaye
(2014) also considered deterministic optimization in a single sta-
tion. We classify the most relevant literature and our model by
topology (single compressor or network), compressor model
(detailed or simplified, where to consider on-off status of com-
pressors as decision variables), uncertainty (deterministic or un-
certain) and solution approaches in Table 1.

In power system research field, which is similar to natural gas
network, accommodating the uncertainty in demand is widely
studied. Jiang et al. (2014) studied two-stage robust unit commit-
ment problem and solved it by Benders' decomposition based on
exact and heuristic approaches. Dashti et al. (2016) studied a two-
stage robust generation scheduling for a hydrothermal power
system with water inflow uncertainty. Ding et al. (2015) addressed
the uncertainties of wind power output in active distribution net-
works using two-stage robust optimization. Methods to handle
uncertainties in medical field are studied in Liu et al. (2019), Yang
et al. (2019).

3. Model formulation

The two-stage working process under uncertainty in practice is
as follows. Firstly the ON/OFF state of each compressor and
discharge pressure of compressor station are decided, which are
the first-stage decisions. After the uncertainties of volumetric flow
rate and suction pressure realize, the rotational speed of each
compressor is adjusted to meet the set point of discharge pressure
decided in the first stage. Similar process is also introduced in
Behrooz (2016).

In deterministic formulation, fluctuation is not considered. The
problem is to find the optimal flow rate allocation and compressor
rotational speed in a station with given suction pressure and total
volumetric flow rate. The objective is to minimize the power cost.
We start with the deterministic model and the following
assumptions:

(A1) Only one compressor station is considered. It consists of N
nonidentical parallel compressors with the same suction
temperature (T5), suction pressure (p%), and discharge pres-

detailed compressor model in a compressor station with robust sure (pd).

Table 1

Summary of literature review.
Literature Topology Compressor Model Uncertainty Solution Approach

Single Network Simplified Detailed On-Off Deter Uncertain

Mahmoudimehr and Sanaye (2014) v v v v GA* ES*
Deng (2015) v v v v DP* MILP*
Deng et al. (2019) v v v v DP
Zhang et al. (2020) v v v v DP
Martin et al. (2006) v v v v MILP
Borraz-Sanchez and Haugland (2011) v v v DP
Zheng and Wu (2012) v v v PSO*
De Wolf and Smeers (2000) v v v SPE*
Geil3ler et al. (2015) v v v v MILP,ADM*
Wintergerst (2017) v v v CCo*
Behrooz (2016) v v v cco
Zavala (2014) v v v SP
ABmann et al. (2019) v v v RO
The proposed model v v v v RO
*GA: Genetic Algorithm ES: Exhaustive Search
DP: Dynamic Programming MILP: Mixed Integer Linear Programming
PSO: Particle Swarm Optimization SPE: Simplex Method Extension
ADM: Alternating Direction Method CCo: Chance Constrained Optimization
SP: Stochastic Programming RO: Robust Optimization
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Table 2
Notation and symbols.
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Exogenous parameters
~n
a;
~n

Constant values for modeling the surge and stonewall lines of compressor n in the station, 1 <i <6
Constant values for modeling isentropic head and efficiency of compressor n in the station, 1 <i <6

b; -
N = Total number of comperssors in the compressor station
n = Index for compressorn, 1 <n <N
M = A big positive constant
R = Natural gas constant (M]/kg-K)
a = Isentropic exponent
TS = Suction/discharge temperature at the compressor station (K)
Td
ps = Suction pressure at the compressor station (MPa)
Q Total volumetric flow rate passing through the compressor station (m3/s)
Intermediate variables
Qn = Volumetric flow rate passing through compressor n at the compressor station (m3/s)
" = Isentropic efficiency of compressor n at the compressor station
H" = Isentropic head of compressor n at the compressor station (M]/kg)
fr = The mass flow rate of compressor n at the station (kg/s)
Zs = Compressibility factor at the suction side of compressor station

Decision variables

s -
pd =
yn

Rotational speed of compressor n at the compressor station
Discharge pressure at the compressor station (MPa)
Working status of compressor n

(A2) The total natural gas inflow of the station equals its total
outflow. The compressors are not powered by the natural gas
passing through them.

We use superscript n to indicate a compressor, where 1 <n <N.
Each compressor has specific physical parameters and operation-
specific values. These settings determine the mass flow rate range
of each compressor. The aim is to minimize the total power cost
with an optimal combination of discharge pressure, the working
status and rotational speed of each compressor. All the notation and
symbols are listed in Table 2.

3.1. Deterministic model

In this part, we introduce the power cost minimization problem
(PCMP). The objective is the sum of power cost consumed by
working compressor n, which depends on its mass flow rate f7,
isentropic head H" and isentropic efficiency n™:

H" -f"
o
The isentropic head within the compressor station are the same

since compressors are installed in parallel. The isentropic head is
determined by pressure and temperature as follows:

()1

where R is the natural gas constant and m = (¢ — 1)/ ¢, ¢ is the
isentropic exponent, Zs is the compression factor at the suction side
of compressor station, both are related to the suction pressure p® in
complex forms (Mari¢ et al, 2005; Mohring et al, 2004,
Mahmoudimehr and Sanaye, 2014).

Let Q" be the actual volumetric flow rate and S" be the
compressor rotational speed of compressor n. These two variables
need to satisfy:

(1)

WA
S m

Hn

(2)

412

~n ~n ~n
by (S")% + b,Q"S" + b3 (Q")? = H™. (3)

The isentropic efficiency #»™ has a quadratic representation in
terms of Q™ and S":

PO noo_. ny 2
b+ b33y + B (G ) =" (4)

~n . . -
where constants {b; |l =1,2,...,6} are given characteristic param-
eter values. These parameters can be estimated via experiments in
practice. We can infer from equation (3) that

~ ~ 2 N~
—bys" + \/(bgsn) — 4bs (by (sm)* - Hn)

Q"= 7 (5)
The relationship between Q" and ™ is
anS
n_
f " ZsRTS (6)

By combining equations (4)—(6), the isentropic efficiency 7" can
be expressed as a function of rotational speed S", discharge pres-
sure pd and suction pressure pS, therefore, we can express the
consumption power function in equation (1) as P*(S", p%, p9), since
Q" is intermediate variable, we can also use P"(Q", p, p4). The total
power consumption of the station is the sum of all the compressor
power consumption levels.

The working domain of compressor n is given by the following
four constraints. Firstly the constraints on rotational speed S" are:
Sn

n n
minSS <5

max»

(7

where Sf,,, and ST, are the maximum value and minimum value of
the rotational speed of compressor n. Equation (7) gives the upper

and lower rotational speed bounds.
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In addition, we have

@} +a5-S"+ a3 (s")* - Q" <0, (8)

Q" (aj+d5 - S"+dg (s")z) <0, (9)
where {@; |i=1,2,...6} are constants depending on compressor n
and are given. Equation (8) is the surge line constraint limiting the
lower bound of Q" as a quadratic function of S". Equation (9) is the
stonewall line constraint limiting the upper bound of Q" as a
quadratic function of S".

Any violation of these constraints can lead to impractical solu-
tions. Therefore, it is necessary to ensure the feasibility as much as
possible. According to our conversations with natural gas man-
agers, to ensure the feasibility of the operation point is the most
important goal for the operators.

Minimization of the power cost under these constraints with
deterministic total volumetric flow rate Q = Q and suction pressure
p® = pS is denoted as PCMP, which is also referred to as determin-
istic model in the following text:

; pr(sn ps pd).yn
Sg;ggn; ( 0% p )
S.tS"— S —M(1-Y") <0,V1<n<N,

min —S"—-M(1-Y") <0,v1<n<N,

min
a +a5eS"+a3(s")’ Q" -M(1-Y") <0,v1<n<N,
Q" — (@ +d5-S"+d5(s")*) ~M(1-Y") <0, vI<n<N,

Constraints (2) — (6),V1 <n <N,

Q' -q
ne|N]

P =p°

Y'€{0,1},¥V1<n<N,

(10)
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where Y" equals to 1 if compressor n is on and M is a big positive
number. The optimization problem is transformed into a robust
optimization problem in section 3.2. The problem is nonlinear and
nonconvex.

3.2. Uncertainty sets and robust approach

In this section, we discuss how to optimize the power cost under
uncertainty. The natural gas is supplied from upstream storage fa-
cilities, production sites or natural gas import terminals and
delivered to customers. Natural gas may be extracted out of or
injected into the network in an intermediate node. Uncertain
customer loads imposed on the system can be represented by the
change of flow rate in these nodes.

Fig. 1 is a part of typical natural gas pipeline transmission
network in both China (Deng et al., 2019) and Belgium (Bakhouya
and De Wolf, 2007) with at least one intermediate node placed
before the selected compressor station. This frame is applicable in
any kind of network topology including gun-barrel, tree-shaped
and cyclic. In node N2, a customer demand results in volumetric
flow rate Qextract €xtracted from the network, which is uncertain as
well as volumetric flow rate into the network Q;, and Qextract. We
assume that Q;, and Qextract vary independently. Then since the
suction pressure p® can be calculated from pipeline properties W5,
Wo3, Qjp and Q = Qextract — Qjp, We can separate the variation range
of Q and pS.

We consider two main uncertainty sources: demand fluctuation
and suction pressure fluctuation. The pressure loss in the pipeline
can be affected by a number of physical properties and gas mixture
quality. Many of them can be affected by uncertainty or hard to
measure (ABmann et al,, 2019). Assuming the varying range of

demand is r\/[l}2 = [Q, Qu], the varying range of suction pressure is
//1',5 = [p}, py), similar with ABmann et al. (2019), we use an un-
certainty set of the form.#! = /%IQ x .#\5. The minimization of the

worst-case scenario cost under .#! can be formulated as the
following two-stage model:

Demand Qesiract

Flow into the network Q;,

G,

Remaining flow Q= Qi — Qextract

Cs

Station 2

Fig. 1. A typical natural gas pipeline transmission network part with intermediate demand node.
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min max miny P*(S" pS, pd)-y"
min Jmax min} (s%.p%.p%)
stS"—Shax—M(1-Y")<0,V1<n<N,
Spin—S"=M(1-Y")<0,v1<n<N,
Qﬂ
Q" - <ﬁ4+65-5"+62(5”) )
(6),V1<n<N,

a} +a5-s"+ a3 (s")? M(1-Y")<0,¥1<n<N,

-M(1-Y")<0,V1<n<N,

Constraints (2) —

> -
nelN|

P =p°
Y"{0,1},v1<n<N.
(11)

The method to construct .#' in practice is as follow. The
compressor station operators can predict the volumetric flow rate
in the short-term future. Based on the average historical prediction
accuracy, a range of possible realization of Q can be calculated. To
obtain the range of the suction pressure, some analysis from his-
torical records of the value are necessary. We can set p§ as the
maximal value of pS in the most recent time window. The calcula-

tion of p} is similar. In this way, set . is constructed.

4. Solution approaches for the robust optimization problem

In this section, we introduce solution approaches for problem
(11). We first examine the constraint characteristic and find out that
when parameters satisfy some conditions, the constraints are all
convex or concave. In Section 4.2, we present condition under
which relatively complete recourse assumption holds to ensure that
the first-stage decisions are feasible in all possible second stage
uncertainty realizations. In Section 4.3, we give the C&CG algorithm

Petroleum Science 19 (2022) 409—428

(Zeng and Zhao, 2013) and several techniques to solve the problem.
Finally, in Section 4.4 we discuss the reduced formulation under
convexity assumption of the objective function.

4.1. Constraint characteristic

In this section, we assume that all the first-stage decision vari-
ables and uncertainties are given as in the fourth level of (12),
which means that we only focus on the second stage optimization.
We show that the convexity or concavity of constraints (7)—(9)
holds in this stage under certain conditions.

The property can be revealed by equivalent transform of the
model, after we transform decision variable S" to f". The objective
in model (11) is equal to the following optimization objective:

mmmaxmaxmmZP” (S” ps,p ) (12)

pd,yn p°

In the fourth level of problem (12), the first-stage decisions and
the suction pressure, total volumetric flow rate Q are fixed. Thus to
decide S" is equivalent to decide Q™. Since

Q" =k-f", (13)

Z,-R-TS
pS
constraints mentioned above are only functions of mass flow rate f™

by combining equations (2), (3) and (6):

where k = is given in this innermost problem, then the four

B —bykef" + \/(Bg)zkz( m)? — 4b} (b3k2 (fn)” — Hn)

=n

Sn

2 Ny~
k2 (fm)? — 4by (bsk2 (fm)* — Hn)

h3 (") =

min

(_BZk-fn + \/ (by)

2b}

)<07

Bok-fm \/ 5%
—Uakke 2

hg(fn)*al_"ag ( ~n
2

k2 (fm)? — b’ (bsk2 (fm)* — Hn)

+a —h
2b)

. (—ng-f” - \/(53)2
n

k2(fr)? — aby (b3k2 (fm)* — H))

) —k-f"<0,

~n  ~n

By =k

k2(fm)? — aby (b3k2 (fn)* — Hn)

2b}

(EZI<~f" e

k2(fn)? — aby (b3k2 (fn)* — Hn)

_a6 .

. <5§k-f"+\/(53)2

2b}

)
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Proposition 1. If BTE§<0, then constraint hj(f")is convex, and
constraint hi(f")is concave.
Proof of Proposition 1. It follows that

~n

2 N~
2H" ((b;)” - 4byb3)

my () =——
[(b2) K2 (fn)* — 4by (b3k2 (fm)* — Hr)

372"

sz'}EZ <0, then h’}” (f™)>0. Thus h(f") is convex, and constraint
h3(f™) is concave.

~Nn-~n ~N ~N ~N ~ .
Corollary 1. If byb;<0and a5, a5, as,dg>0,then constraint

hi(f™)is convex, and constraint h}j(f")is concave.

Proofof Corollary 1. Because h' (f") = S"(f) — S}, is convex in f",
we can infer that S"(f") is convex in f". In addition, the term (S (f"))?
is convex and non-decreasing in S*(f) when S"(f") > 0, thus (S"(f"))?
is convex in fn which leads to
hI(fM) = @ + a5-S"(f") + a5 (S"(f")? — Q"(f") being convex and
h4(f™) being concave.

In most cases of our data, B? is positive, while B; is negative and
dy, 3, ds, dg > 0, thus making the constraints all convex (or concave).
1’2—‘@2, then con-
i

strainth’l (f") is increasing in f", and constraint h}(f")is decreasing in

Corollary 2. If the mass flow rate f™ >

b, VAT
[ ~t~an a2
k b3(4b1b37<b2> )
decreasing in f", and constraint h}(f")is increasing in f".
Proof of Corollary 2. The first-order derivative function of hi(f") is

fm. Conversely, whenf" < constrainthi (f") is

~n 2 PNIPN ]
12f2((b,) ~4b,b,)
V(62 k(o) a8, (Bye () )

2b}

—kB; +

) =

Solving h¥ (f") = 0, we can get
-~n
byVHR

ky/B3 (45185 — (53)")

It is easy to check that, when the absolute value | f"| is sufficiently
large, we have h¥ (f") > 0 which implies that h?} (f*) is increasing in f™.
Recalling that hi(f™) is convex, we can infer that, when f" is smaller
than the extreme point, the function is decreasing in f".

In this section, we examine the formulation of the working domain
of each compressor and show that under some parameter conditions
the constraints are convex/concave. These conditions are satisfied as
shown in several data settings (Deng, 2015; Mahmoudimehr and
Sanaye, 2014). The findings in this section enable us to calculate the
feasible range of Q" with gradient-based algorithm, which can
simplify the calculation to some extent. Otherwise, two quartic
equations need to be solved (Deng et al., 2019). For example, when
calculating the minimal volumetric flow rate Q1. with given isen-
tropic head H" in Fig. 2, if H3 < H" < Hq, a system of equations needs
to be solved, which is equivalent to the following unary quartic
equation with S" being independent variable:

|-
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Fig. 2. The working domain of a working compressor under uncertainty

H"=by - (5")> + by - " (@] + a5 - " +a5(s")?)
o~ 2
+by- (@) +a5-5" + a5 (s")?) "

Even though there are formulas for finding roots of this type of
equation, the formulas are quite complicated. Numerical methods such
as Newton-Raphson method are utilized to quickly obtain solutions
when analytical solutions are not necessary, which is common in
practical scenarios. The findings can replace the Newton’s method or
combine with it to overcome shortcomings of Newton’s method such as
initial value dependence, solution incompleteness, etc. In the following
text, we denote the minimal and maximal volumetric flow rate at given

suction and discharge pressure as Q[ .. (H(ps,p%)) and QM. (H(ps,p%)).
4.2. First-stage decision feasibility

The first-stage decision variables should ensure that for any
possible realization of the uncertainty, there is always a feasible
second-stage solution. In this section, we manage to answer under
what condition the relatively complete recourse assumption holds,
which is for any given first-stage decision variables pd, Y and any

realization of the uncertainty (Q,ps)<.#", the innermost problem
(14) is feasible. If not, a feasibility cut is required.

y(p*. V7. Q P = min3 P (57 ) v
stS"—Spax —M(1-Y") <0,Vv1<n<N,
nin—ST-M(1-Y")<0,vl1<n<N,

a + a5t +a3(s")’ Q" -M(1-Y") <0,v1<n<N,

Q" - (@3 +as-s"+@g(s")*) ~M(1-Y") <0,vI<n<N,

Constraints (2) — (6),V1 <n <N,
Z Qn :a’
ne|(N|
p°*=p°
Y'=Y" v1<n<N,
pd _d

Y"e{0,1},V1<n<N.
(14)
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Fig. 3. The isentropic head and effects of suction and discharge pressure.

For a compressor with first-stage decision Y" being 1, the

working domain of the compressor is shown in Fig. 2. With ps, pd
given, the isentropic head is given, thus the volumetric flow rate
range can be easily calculated. For any given value of H, algorithm to
calculate minimal and maximal value of volumetric flow rate can be
seen at supplementary materials of Deng et al., (2019).

We propose a method which builds on top of an assumption
about the monotonicity of the isentropic head. The calculation of H
in equation (3) takes a complex form. It is because that both
compression factor Zs and isentropic exponent ¢ are related to
suction and discharge pressure in complicated form. There are ar-
ticles focusing on calculating the isentropic head (Mari¢ et al.,
2005).

There is no analytical form condition against which we can
derive monotonicity. However, we test numerically and find that
the monotonicity holds under a wide range of pressure values. For a
given suction temperature of 293.15 K, we test seven settings of
discharge pressure ranging from 10.6 MPa to 11.8 MPa, suction
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M) Qi (Hu(p4,.#3,)) and QM (Hu(pd,.#}s)). As seen in Fig. 2,
the minimum span of Q" is the minimal range of feasible volu-
metric flow rate under uncertainty, which means that if is within
this range for compressor n, the first-stage decision feasibility is
ensured. Then the minimal available Q" range of each working

.Qpd,.7\,)), where

& (p".-#y) = max{Qin (H (23 ) ) Qi (Ho (2.3 }
QU (PP ) = ] Qg (1 (%, %)) Qo (o (7 w&?

compressor under pd is Qf (1?,///;,5)

Assumption 2. With fixed suction pressure pS, the minimal
volumetric flow rate Q]; is quasi-convex with respect to pd, and
the maximal volumetric flow rate Q[ .,iis quasi-concave with

respect to pd.

Assumption 2 seems to be intuitive in Fig. 2, what's more, it has
been numerically implied by massive literature (Wu et al., 2000;
Deng, 2015; Deng et al., 2019; Behrooz, 2016; Mahmoudimehr and
Sanaye, 2014). Based on this assumption, we discuss the working
domain under uncertainty. We have the following proposition
about the minimum span of Q".

Proposition 2. The lower bound of the minimum span of
Q"under given discharge pressure, uncertainty set of suction
pressure Q' (F,//‘ s)is quasi-convex with respect to F, and Q[ (F,
,/71 )is quasi-concave with respect to pd.

Proof of Proposition 2. According to Assumption 2, Q7. (H( p ,
//' ) and Q[ (Hy pd, #L,)) is quasi-convex with respect to pGl We
prove Proposition 2 with the definition of quasi-convex function. For
any two discharge pressure p_‘f,@ and for any A<10,1], denote p_g =

9+ (1 — W)pd, then we have:

Q' (p§. b ) = max{Qin (Hi (20 + (1 = P37 ) ) Qb (Hu (20§ + (1 = pS, 7)) ) }

< max

max{ Qi (Hi (P75 ) ). Qi (1 (15..41.) )}
max{Qin (Ho (.} ) ). Qia (Hu (#5..75) ) }

pressure ranging from 8.0 MPa to 9.2 MPa. In each curve, suction
pressure is discretized at 0.01 MPa. Fig. 3 suggests that isentropic
head is monotonous in pressure. We introduce the following
assumption.

Assumption 1. For a given suction temperature, the isentropic
head H is decreasing with suction pressure pSand increasing with
discharge pressure pd.

Under Assumption 1, given first-stage decision variables (pd, Y7)
and pse.//és = [p}, pj], the lower bound and upper bound of the
range of isentropic head H(pd,.#}.),Hu(pd,.#}) can be easily
calculated by substituting pj,pj, in equation (3) respectively. For
H(pd,.7.,) and Hu(ﬁ,.///;,s), denote the corresponding minimal
and maximal volumetric flow rate asQ[;, (H, (ﬁ,.//},s)), Q. (H (pd,
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= max {an (p?, ///1135) ,Qf (1)7%7 ///}) }7

where the inequality is due to the definition of quasi-convex. Then we
can have the following proposition:

Proposition 3. For a given first-stage decision (E, Y"), calculate
the range of volumetric flow rate of each compressor as in equation
(15) and denote the uncertainty set of total volumetric flow rate [Q,,

QuJof compressor station as //IQ If

aclgr g )

and
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A< [P (p9), Py (p9) ], (16)

where Pi’"(}?) and PZ’"(F) are the corresponding suction pressure
values of HY,H} respectively in Fig. 2 under fixed pd, then the first-

stage decision (1?, Y™) is feasible under any possible realization of
.#'. What's more, condition (16) is also necessary.

4.3. C & CG algorithm and accelerate method

The column and constraint generation (C&CG) algorithm de-
composes the two-stage robust optimization problem into a master
problem (MP) and a subproblem (SP). Two-stage robust optimiza-
tion problems are usually hard to solve. Ben-Tal et al. (2004) studied
two-stage robust linear programs and showed that the problems in
general were NP-hard.
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For a given first-stage pair of variable (pd,Y"), the SP is solved to
identify the worst-case scenario and load conditions:
y(pe.Y7) =

. dy .
R

which is a bilevel problem. We denote the inner layer problem

under given Q and p® as g(Q, p®). According to Proposition 3, if all

the conditions are satisfied, the problem max g(Q,p°) is feasible
Qp)ers

under any Q and pS in .#!, in that case, the feasible domain of

max g(Q,p%) is a convex set. Without loss of generality, a
Q.ps) e

gradient-ascent algorithm with multiple initial points can be
applied to solve the SP. Otherwise, the SP is infeasible and the SP
returns + oo.

Algorithm 1. Gradient-ascent Algorithm for SP

I: Initialize: O ax < 0,0"™ 0,7 0.2, < 0.95,

while g((Q,,pf)+77*Vg(Q‘.,p:)T)—g(Q,,p,”)2g and (Q>Q|+€0rQ<Qu—€)

(0 +50.p)-2(0.) €(0.p +op)-2(0.p))

Sp

2' for each point (Q,,pf) in starting point set / do
and (pf >pl+eor p<p: —8) do
4 Solve g(Q,p:) under given ?W by MILP:
. n(n s o d
ml/n Zne[;\]Z/eJ,,P (Q/ PioP )'Zm
st Qo (H(pf,pd )) Y < Z/EJ” Qi-z,,, VIsn<N,
Y0z, <O (H(pp7)) ¥, ViasN,
2 20,9 20 = O
Z/EJ z,; :F, Vi<n<N,
z,,€{01}, VjeJ, 1<n<N.
> if §(0.p!)>V,u then
6 P 2(0)
7. 0. <0
8 P < 1)
9: end if
10:
V. D)«
2(0.1) 50
11:

12: end while
13:  end for

(0.21) (0P +1*ve(0) *7)
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At each point, the function g(Q, p%) can be calculated by mixed-
integer linear programming (MILP), dynamic programming (Deng,
2015), genetic algorithm (GA) (Mahmoudimehr and Sanaye,
2014), etc. In this paper, we choose the method of MILP to solve
g(Q) since it is not sensitive to the discretization length and is much
faster than the dynamic programming and GA in smaller intervals
(Deng, 2015). The overall algorithm for solving the SP can be seen in
Algorithm 1.

The C&CG algorithm procedure utilizes a master-subproblem
framework. The SP returns either a finite optimal solution or + co
with some uncertainty realizations if the first-stage decision vari-
ables are infeasible. The MP considers only several selected un-
certainty realizations with index 1 for each realization. The original
formulation of MP is:

(MP) min 7
st. n> ZP”( ?,pls*7pd>-Y",VleL,
ne|(N|
ZQ,” Q. VIEL,
Pl
Hj'- Zg*R-T®

P (st.pi"p%) = vi<n<N,lel

ny 2’
b4+b5 ST +b6(Q’)

d m
<§S*) - 1},v1 <n<N.leL
1

by (SM)? + byQPS! + b3 (QM)* = HP, V1 < n < N,I€L,

Zy*R-T®
m

H =H} =

SP = Shax <M(1-Y"),¥1<n<N,IeL,
Stin =S <M(1-Y"),v1<n<N,I€eL,

a +aseS+ a3 (s’ - Q<M1 -Y"),¥1<n<N,IeL,

Q! - (@3 +as-Sf +dg(s)*) <M(1-Y"),v1<n<NleL

Y"e{0,1},V1<n<N,

which is nonlinear.

We utilize piece-wise linear approximation to reformulate the
problem into a mix-integer linear problem (MILP). The benefit of
this approximation is that the MP can be as accurate as possible,
since the compression factor Z;; and m are related to the decision
variables based on simulation functions which are too complicated
to be expressed in explicit form. We discretize the discharge
pressure pd in the first stage and define Ipa new binary decision

variables X;, with X; = 1 corresponding to E:

> oXi=1, (17)
ielpd

X;€{0,1},Viely, (18)
pd=>"X-p. (19)

ic
i Ipd

Assuming that there are totally k uncertainty realizations, each
denoted as l. For example, an uncertainty realization is (Q,* ,pf* ). For
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discharge pressure 17? in the I, realization of uncertainty, discretize
the working domain of compressor ninto J;; , — 1 parts, each with a

binary variable Z; , ;; corresponding to flow Qj”, uncertain suction
pressure realization pls* and discharge pressure IF. To calculate 7“,
recall that Q1. (H(p§",p{)) and QM. (H(p{",p)) are the minimal
and maximal volumetric flow rate of compressor n under p,s*, p?
respectively. Let {@L/ €{1,2,..J;;n}} denote the set of segment

break points, in which @ takes value of:

Q= Qi (H(r}" 1))

%ax(H(plS*JT?)) - Qr?lin(H<plS*’E>>
+ ]i,l,n -1

-1,

where [J;; ] = {1,2,..J;;} for notational consistency.
Through this modeling method, the discharge pressure can also
be expressed with constraints:

<3 > Zinend VieL1<n <N,

iEIpdjE]i.l.n

S Zingepd < pd +M(1-Y), VIEL T <n<N.

i€l 4j€lin

pd—M(1-Y")

Thus only when compressor n is working, the actual discharge
pressure has relationship with Z;,;,. Similarly, the actual volu-
metric flow rate expressed with Z;, ;; should be within the working
domain only when X; and Y" equal to 1.

We first list the constraints of the approximation model of MP:

p-M(1-YY) <3S Zjpd vIEL T <n <N,
i€l aj€litn

S Zigpd <p? + M- Y"), VIEL1<n <N,

ie Ipdf Elitn

> > Zipj=Y"VIELL1<n<N,

i€l aj€Jitn

Qi (H(pf*,p?» N M(Z —Xi— Yn) = Z Zi,nj,l'@’ Vielpd

J€litn

lel,1<n<N,

> Zinj1rQf) < Qhax (H(p?*,p?)) +M2 =X —Y"), Vicl,,
J€litn

leL,1<n<N,

Z Q= Z Z Z Zi,ﬂjtl'@ =Q/,VIEL,

nelN]  neNjichajl,

Constraints (17) — (19),

Zinj1€{0,1}, Vi€l j€];n,1€L,1 <n <N,
Y"e{0,1},V1<n<N,

(20)

then the whole approximation model of MP is as follow:
(MP-MILP)
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min 7
S5 Zingue P QP pE), ViEL,
neNji€lj€liin

Constraint(20).

s.tnm >

Next, we propose an algorithm to accelerate the calculation
process without sacrificing optimality. We first need to separate the
optimization into two parts. The first part optimizes the worst-case
cost under all uncertainty realizations with given discharge pres-
sure p? and a given combination of working statuses of compres-
sors in a station. The second part determines the optimal discharge
pressure as well as the working statuses.

Let .7 be the set of total combinations of the working statuses of
compressors and Y5, se.” denote whether to choose the s, com-

bination. Also let s! denote the set of compressor n whose status is
turning on under s. We define f(p? ,S, L) as the minimal power cost

under uncertainty realization set L = {( Q p

pressure pi and compressor working status combination s. Similar
with definition of Z;,;;, we discretize the working domain of a
working compressor n into J, parts, each with a binary variable Z;, ;

corresponding to flow @ then:

7(17?,5,L) =min 7

n= ZZPH<QJ'17P1 J?) Zyjn VIEL

nesljej,

>N Q1 Zni = Q' VIEL

nesljej,

Qi (H(pf*,p_?)> <> °Qf\*Zyjy, Vnes' IeL,
J€h

> Q1 Zy < Q,'}mx<H<p,S*7p_?>), vnes! lel,

je_’"
Z,j1€{0,1}, Vi€)pI€L1 <n < N.

s.t.

The problem .7 (p?,s,L) calculates the worst-case cost under
given first-stage decisions. If we enumerate all the possible first-
stage variables and find the minimum, we can get the optimal
first-stage decision. However, simply by separating the problem
and enumerating in this way will not improve the calculation
speed. The key idea to accelerate the calculation is utilizing relaxed
formulation, gaining bounds and cutting feasible domain. By
appropriate cutting, it is possible that only a small parts of feasible
domain needs to be searched.

The acceleration is based on four thoughts. First, with given
first-stage decisions and suction pressure, the feasible volumetric
flow range of each compressor on can be calculated. Thus similar
with the thoughts proposed in Proposition 3, the possible range of
total volumetric flow range is compared with the uncertainty
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realization Ql*. Infeasible first-stage decision can be cut. Second, if
we only consider a realization of uncertainty in problem, we can get

a lower bound of .7 (pCl s,L). If the lower bound is larger than the
current optimal value, there is no need to consider calculating
T (;T?, s, L). Third, similarly, relaxing binary variables Z,;,; into
continuous variables will also return a lower bound. In that case,

problem .7 (pd s,L) turns to a linear programming problem, which
is fast to solve. Last, according to Assumption 1 and 2, as discharge
pressure increases, after a certain point, the feasible volumetric
flow rate range of a compressor starts to shrink, which means that
it's likely that the optimal power cost increases as well. Thus under

given s, if after a point p_f‘ we find the power cost starts to increase,

all the discharge pressure larger than E can be added into the
relaxed formulation to get a lower bound of all left discharge
pressure search space.

We denote the relaxed formulation under uncertainty set L and
discharge pressure range [pd Pd] as ,,z(pl ,Pd.s, L), with binary

variables in .7 (p,. ,s,L) relaxing into continuous variables. The
formulation is:

F o (E,Pd,s,L) =miny

S”’>ZZ ZPn<lepl J;) ing,l viel,

nestiel djej,,,,

pi= > Zpjipd,vnesl lel,

i€laj€liin

Y=y > Z@ inj1=Q  VIEL,

nesl nesﬁe]i,,,nielpd
n 1 :
E (lj,l. ,-:,”-J,Vrles ,IEL,IEIpd

Qgﬂn( (pl E)> J€Jitn

> Q- Zinja=Qax (H(p{"pf) ) +M(1-X;), Vnes! IeLicly,

J€litn

> Xi=1,

ie
1 Ipd

in‘E:Pd7

ie
i Ipd

M(1-X;)<

pd<pd<pd,
X;€[0,1], Vi,

1

Zi.n,j,le{071}7Vi€1pd»j€]nyl€L,”€5 .

When Pd= p?, problem ,7%)(;)7?,Pd,s,L) only considers optimi-

zation under 17?. Let P4, denote the maximal value of discharge
pressure, then the complete process of the algorithm is as follows:

Algorithm 2.
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1:  Initialize: Select a direction to enumerate S , which starts with all compressors on and ends with

all compressors off.

if F, (E,E,S,L,)zczem and FR(E,E,S,LM)>CR;‘ then

and F, (;:‘,E,S,LI)SCR;“ then

2 CR,«M
3: forsin S do
& CR, <M
3 while p' <P’ do
6: v e\ e . . "
L= {(Q/‘ D, )‘ O, «argmax,_, 0, p; < argmin,_; p; }
7 + q .
ity oL (H<pz ,p,d))z O then
8: continue
9: else
10:
1 if Fy(pf,PL.sL)2CR, then
12: break
13: end if
14: elseif Fy (pfps,)>CR,
15: CK}\ =Fy (;dv;,dvsvl‘l)
16: else
17: if F (p_;‘,s,L,)ZCRm then
18: continue
19: end if
20: if F (pls.L)<CR, then
20 CR,.CR, «F (pl.5.1,)
22: o
(Sor Pl ) < (s, ! )
23: end if
24: end if
25: end if
26: end while
27:  end for
28:

. d
return (5. Pl CR, )

Accelerated Downward Algorithm for MP
What's more, we have the following proposition:

Proposition 4. The Algorithm 2 has the same optimal value as MP-
MILP.

Proof of Proposition 4. For a given uncertainty set L, denote 715 =
MiNge o je ha F (pTd,s,L) and the corresponding first-stage decision
variables as (sg, pg). Assuming the optimal solution of MP-MILP for set
Lisn] = Ypes Zje.’i,l*,npn(ﬁ" P, 17‘11) *Zinj+» the corresponding
first-stage decision variables ahd uncertainty realization are (s, p‘li)
and I* respectively. We firstly prove that ny = nj.

We can prove it by contradiction. Assuming 17(*] >3, let 11’7(, in MP-
MILP be {i X,-;T?: p?}‘ Since I;d contains only one element, we can
replace Z; , j » with Z,, j 1« in MP-MILP, then the formulation is equiv-
alentto .7 (p_‘li,s1 ,L). Thus we find a set of first-stage decision variables

with ?(p_‘lj,ﬁ L)< Jf(p_g,so,L), contradicting to the definition of?(p_g,

420

So, L). If ,7(;Tg, S0, L) <n3, then we find another first-stage decision
variable (507;778) whose worst-case cost under set L is less than 77,

contradicting to the definition of 1].
Next, we prove that the Algorithm 2 has the same optimal solution

as problem minSE,]@ielpd .7(17?,5,L). For a given set L, we have:

T (;7?, Pd s, L1> < T (179, pd,s, L1) <F (179, s, L])

g?(p?,s,L).

The first inequality is obvious since the feasible domain of .7 (p_;.{
Pdmax,s, L,) contains that of .7 (E,p?,s,h ). The second inequality is
similar because the only difference between J,%(p?7p?7s7 Ly) and

F (p_?,s,Ll) is all the binary variables are relaxed into continuous
ones. For the last inequality, we can prove by contradiction, Assuming

that for a given first-stage decision (&E), we have n; = .7 (p_?,s,L) <

&7(1)7?, s, Ly). We denote the element in Ly as l; and write all the
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constraints related to I in 7(17?,51):

772 > ZZP”(thll 7131) njl >

nesljej,

> Q Zajn = Q.

nesljej,

%in(H(stf’P_?)) < Z]:@ nil,, Ynest,
i€h
Zoﬂl njh <Qmax< (pfl*,19_?>),Vnesl7

JEH

Z,jn €{0,1},Vj€Jn, 1 <n <N,

which has the same constraint formulation as .7 (pd s,Lq) with 75 <

7 (pi ,S,L1), contradicting to the definition of .7 (pi ,S,Ly). Thus we
have derived a contradiction.

In Algorithm 2, for a given s€.7, CRL, is the lower bound in
enumerating discharge pressure E Thus if 7 (;T?,P%ax,s,Ll) > (R,
for all discharge pressure p, in range [p“l P4 _.], we have 7 (p9,s,L;) >
CRL.. Thus, cutting of discharge pressure larger than p? in this s will not
compromise the optimality. Similarly, if 7, (p$, pd, s, L1) and .7, (pd,

s,Ly) are larger or equal to CRn, there is no need to solve 57(17_;175,L1 ).
Thus we have proved that Algorithm 2 does not compromise the
optimality of the MP-MILP.

Corollary 3. For following scenario-based two-stage stochastic
programming (STSP) formulation:

(STSP) mmZplz Z ZP”(Q_,,, )41 J;) ingjl

leL neNli€l4jE€Jiin

Constraints (20),

where p,is the probability of scenario 1. The procedure of Algorithm
2 is also applicable and the optimal value is same as STSP.

Proof of Corollary 3. Similar with definition of &/’7(17?7571,), we can
define .7 ’(p_?,s,L) for STSP. The key is to prove

T (pd Pd...s L1) 7', (p_;.j,p_f‘,s,Ll) gf?’(p_f‘,s,Ll)
! <pl,s L)

The first two inequalities are similar and obvious. For the last

#
<
inequality, notice that P"(Q! 7p,S* pd) injl > 0,Yi,n,j,L The problem
?’(pif, s,Lq) solves the minimal power cost under single scenario. The
feasible domain of .7 (p$,s,L) contains that of .7 (p,s,Ly) and the
objective function adds non-negative terms. Thus we have .7 ’(p? ,S,L1)

< 7'(pd,s,L).
The steps of C&CG algorithm are:

1. Set LB=—oc0, UB=+oo, iteration index k=0. Add the following
feasibility cuts into the master problem:

(1-Y"-M>pd(p},H}), V1 <n <N,

+
< (1=Y")-M+p(p},Hi),V1<n <N,

p*
p*

where pd(pls, H}) is the discharge pressure corresponding to py, Hy and
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pd(pfl,HT) is the discharge pressure corresponding to py, HY.

2. Solve the master problem approximation and derive the optimal
solution Y7 +1,pk+1,nk+1 as well as the corresponding recourse
decision in all possible realizations Q:‘I,SZI..‘ for all l in the set L
and update LB=n,,_ .

3. Solve the SP and update UB=min(UB, y(Yk+1 pkH))

4. IfUB— LB < ¢, return Yy, 4, pg;; and terminate. Otherwise, do

(a) if y(Yﬂil, pgil) < + oo, create second-stage variables for iter-
ation k+1 and add following constraints to the MP-MILP with
corresponding uncertainty realization Q,: +1*p211 being the

optimal scenario in solution of y(Yg 1,P%: ,):

n= Z Z Z Zinjk+1 -P" (er,lkﬂvpli:lvl??)-,

neNii€laj€iki1n

> > Zi,n‘j.,k+1'p_?7V1 <n<N,

i€l aj€likin

> ZinjiPd <p+M(1-Y"),VI<n<N,

iEIpdjeji.k+1.n

>0 > Zinjrr =Y V1<n<N,

iEIpdje]i.k+1.n
Qin (H(P10P)) M2 - X - ¥") <
Vigle,1<n<N,

Z Zi«,n,i,k+1 'le,1k+1 < Qr?lax (H(pi*ﬂ 7p?)> + M(Z —Xi — Yn)?
J€Jiki1n
Vield,l <n<N,

D Q=2 D > Zinjkir Qi = Qs

nem] nENiSoj€hn

pd-M(1-Y") <

> Zinjrer Qi

J€Jiki1n

which serve as optimality cuts. As for .7 (p_id757 L), the corresponding
constraints are:

nz Z an <er,lk+17pk+1vpl > nj,k+1>

nesljej,

> > Qi1 Znjken

neslje],

Qi (H(pii] ,P_?)) < Z’:%-ZHMH, vnes!,
i€

.
:Qk+1’

Z‘%kﬂ' njk+1 <Qmax< (Pﬂ],}?_?)),‘v’nes1,

.]67!

Znjk1€{0,1},Vj€n, 1 <n<N.

Update L = Lu{k +1} and go to step 2.

(b) if y(Yi,1, P§11) = + oo, create second-stage variables for
iteration k+1 and add following constraints to the MP-MILP:



Y. Meng, R. Chen, K. Zhang et al.

P -M1-Y)< S S Zigjker-pl.VI<n<N,

iEIpdjE]i.kﬂ.n

> Zinjrr P <pY+M(1—Y"), V1 <n <N,

i€l,aj€)ixiin

Z Z Zinjki1 = Y, V1 <n<N,

iEIpdjE.]i.kﬂ.n
Qr?lin (H(Piippfl)) - M(Z - Xi — Yn) <
Z Zinjk 'Q‘rfkﬂ, Viels,1<n<N,

J€iki1n

Z Zi,nj,kﬂ 'm = Qr’;lax (H(pliil’p_?))

J€Jiki1n

+M(2 —X; - Y"),Vi€ly,1<n<N,

Z[]anﬂ = Z Z Z Zi,nj,k+1'QfT,1k+1 = QI:H'
ne|(N

ne [N]iE]pdj Elikiin

As for 7 (;T?,S,L), the corresponding constraints are:

Z Z%’r.lkﬂ 'Zn.j,k+1 = Q];k+]7

nesljef,

Qll111in (H(pZLJT?)) < Zmlm;kﬂ, VI‘IESl7

J€n

ZQ_i?ijrl 'an,k+1 < %ax (H(plS:H 7p?>>7 VTIESI,
JEn
an,k-H e{0,1},vjef;,1 <n<N.

Update L = Lu{k+1} and go to step 2.

4.4. Reduced formulation under convexity assumption

In this section, we discuss Assumption 3 and propose
Proposition 5, under which we can solve an MILP directly and need
not the C&CG algorithm. To use this method, we only need to
replace the uncertainty realizations in MP as.#" = {(Qu,p}),(Q;,}),
(Q1.p3), (Qu,p3)}, which contain only four realizations. Its result is
the optimal solution of the total two-stage robust optimization
problem.

To solve the SP better, we first discuss the assumption about the
convexity of the power cost function firstly proposed in Deng et al.
(2019). For notation convenience, we express P"(S", p$, p4) as P"(Q",
ps,p9), which is the same because the volumetric flow rate Q" can
be decided once the rotational speed S" is set.

Assumption 3. For all types of compressors, fixed suction pres-
sure pSand discharge pressure pd, the power function P"(Q", pS,
pd)is convex in Q™.

The Assumption 3 is discussed thoroughly and verified numer-

ically in Deng et al. (2019). Based on this assumption, we can have
following proposition:

Proposition 5. If Assumption 3 holds, then the SP (14) is convex in
the total volumetric flow rate Q of compressor station.

Proof of Proposition 5. Assuming given pS, pd, for any value of Q;
and Q,, and any A<0,1], let Q3 = AQ; + (1 — 1)Qy, denote the
optimal solution of problem (14) as Q*", Q" and QJ" respectively, and
the corresponding objective function as g(Qy), g(Qz) and g(Q3). First
notice that we have:
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QY =03 =2Q1 + (1-)Q =23 _Q)" + (1-13 QY
and then we have
80Q +(1-1Q) =>_P"(Q", p,p?) - V7
<SP (3Q) + (1- QY B pl) - VT
<> (P (@4 p5.p9) + (1 - WP Q" 5,9 ) ) - 77

= Ag(Q1) + (1 -1)g(Q).

The first inequality is based on the definition of g(Qs), and the
second inequality is a direct result of Assumption 3. The final equality
is based on the definition of g(Q1), g(Q2).

With the conclusion drawn in Proposition 5, the maximal value of
a convex function can be found by comparing the function value in
minimal and maximal Q. To ensure feasibility, the uncertain real-
izationp;, and p} should be considered. According to Wu et al. (2000),
it is typical that the single-compressor power decreases with the
suction pressure pS. If this condition holds, to solve the two-stage
robust optimization model, we only need to solve one time of the
master problem in C&CG Algorithm with four specific scenarios.

In general cases where the monotonicity about p5 and Assumption
3 do not hold, we can not ensure the objective function is convex and
reduced formulation in this section is no longer applicable. For
instance, if the parameter settings are the same with Wu et al. (2000),
the C&CG Algorithm frame mentioned in Section 4.3 is necessary. In
other cases where the convexity of the power cost function is hard to
verify, the C&CG Algorithm is also necessary.

5. Numerical results

In this section, we consider six compressors of four different
types in a station. The physical parameters are the same as in Deng
(2015). We first show the numerical setups and verify the
Assumption 3. Then we conduct experiments by the following
steps: (1) computation results of the proposed MP-MILP model for
the two-stage robust optimization problem under different dis-
cretization scheme and uncertainty sets; (2) simulation results
comparison between the deterministic power minimization
model and the robust model under assumed distribution of un-
certainties; (3) cost with varying uncertainty sizes of suction
pressure and volumetric flow rate. The codes were developed
using C++. We use commercial software Gurobi 9.1.1 for the
models. The experiments were performed on an Intel Core i90-
9900K 3.60 GHz CPU.

5.1. Input parameters and power cost convexity

The input parameters are listed in Table 3. The compressor
station includes one Type A, three Type B, one Type C, and one Type
D compressors. The suction temperature is 293.15 K. We examine
the convexity of the power cost P"(Q", pS, pd) with respect to Q™.
The suction pressure varies from 6.75 MPa to 9.14 MPa, and
discharge pressure varies from 6.80 MPa to 11.95 MPa, both are
discretized at 0.1 MPa. It turns out that for Type A, Type B and Type
C compressors, the convexity hold. For Type D compressor, except
in certain condition, power cost P"(Q", pS, p%) is nonconvex. Actu-
ally, for Type D compressor, in most cases the power cost is non-
convex. We show in Fig. 4 the selected plots convex power cost for
all the four types, respectively. In Fig. 5 we show the selected plots
of nonconvex power cost for Type D compressor with corre-
sponding changing of gradient. In both figures the unit of the
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Table 3

Physical parameters of the four types of compressors.
Parameter Type A Type B Type C Type D
ay 8.35x 10! 1.66 1.72x 1073 5.74x 107!
az 1.007 x 10~> 3.300 x 104 8.490 x 104 2.620 x 1075
as 6.287 x 10-8 9.570 x 108 9.395 x 10-11 3.518 x 10-8
ag 2.26x 1071 3.43 7.78 x 104 ~1.77 x 102
as 6.440 x 104 7.034 x 104 1.675x 103 9.900 x 104
s 5.087 x 10-8 1.940 x 107 4.175x 10~11 2.560 x 10~8
by 2.150 x 10~3 2.430x 103 1270 x 103 1.723x 103
b, 0.515 —491x 102 3.19 1.72
bs — 1564 — 1149 -1826 -2174
by 0.607 0.636 —~3.06 x 104 4.05x 10!
bs 877.0 751.0 1521 1252
bs —7.00 x 10° —6.14x 10° — 6.50 x 10° —8.44x 10°
Smin 3065 3965 3120 3380
Smax 6405 6961 5040 5460

volumetric flow rate is under normal condition, that is, the mass
flow rate over the density under standard conditions.

The results imply that Assumption 3 does not hold. Thus we
need C&CG algorithm to solve the problem. However, even though

. ~n-~n PN RPN PN
the power cost is nonconvex, we find that b, b5 <0, and a5, a3, ds,

g >0, for any compressor n, which means that Corollary 1 holds.
Thus, with given pressure values, we can use gradient-based al-
gorithm to calculate the range of flow rate.

5.2. Computation time and optimality of MP-MILP and Algorithm 2

In this part, we compare the MP-MILP with Algorithm 2 by two
assessment metrics, optimality gaps (Gap) and computation time
improvement (Imp). Suppose 7y and 77 are the optimal values of
MP-MILP and Algorithm 2. The optimal gap of n] with respect to 7
M%B%l' The improvement of computation time of
Algorithm 2 with respect to MP-MILP is calculated by tO;I 4 where t,
and t; are the computation time of MP-MILP and Algorithm 2,
respectively.

We test the performance of MP-MILP and Algorithm 2 under a
varying discretizations, uncertainty sets and number of compres-
sors. To better understand the performance of Algorithm 2, we
delete the ninth to fifteenth lines in Algorithm 2, only when

is defined as

F (0%, pd,5,L1) <CRm we need to continue from sixteenth line.
We denote it as algorithm 3. The performance of algorithm 3 is
recorded so as to test the effects of relaxation related to
7 (8, Pax. 5, L1) on the Algorithm 2.

The suction pressure ranges from 8.2 MPa to 9.0 MPa and the
volumetric flow rate ranges from 32.0m3/s to 36.0m3/s. The search
scope of discharge pressure is 9.0 MPa—12.0 MPa. We set the dis-
cretization interval of suction pressure as 0.05 MPa, the dis-
cretization interval of volumetric flow rate as 0.01m3/s unless
otherwise specified. Default uncertainty set has six scenarios with
suction pressure being {8.2,9.0} MPa and volumetric flow rate
being {32.0,34.0,36.0}m3/s unless otherwise specified.

The results are shown in Tables 4—6. The optimal value of MP-
MILP, Algorithm 2 and algorithm 3 are the same in all numerical
instances. Compared with MP-MILP, algorithm 3 already has sig-
nificant computational time improvements with a minimum speed
improvement of 224.7%. Algorithm 2 further promote the speed to
a certain extent with time improvements of 1518.9% on average
(3785.9% at maximum). The results also imply that among the four
accelerate techniques, the first three techniques excluding cutting
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related to .7 ;/,(p_?,Pgmx,& L,) are crucial to outperform MP-MILP.
We utilize Algorithm 2 in the subsequent calculation.

5.3. Computation results of C&CG algorithm

In this part, we solve the whole two-stage robust model with
C&CG algorithm and show the results. The gradient-ascent algo-
rithm for SP terminates when the gap between upper bound and
lower bound is smaller than 0.001 kW. The C&CG algorithm ter-
minates when the gap between upper bound and lower bound is
smaller than 0.002 kW.

What's more, we also consider a scenario-based two-stage
stochastic programming (STSP) model. The settings of uncertainty
sets, deterministic model and parameters for STSP are listed in
Table 7 and Table 8. For deterministic model, the uncertain
parameter is replaced by average value of the varying range. For
STSP, the selected uncertainty scenarios and probabilities are listed
in Table 8. Similart with Gorissen et al. (2015), for the simulation we
draw suction pressure and volumetric flow rate values uniformly
from the box uncertainty. For each setting, the simulation is run for
500 times. The same input is used for deterministic, robust and
stochastic models.

We record the average cost and worst-case cost during the
simulation in Table 9. The infeasible ratio is the infeasible times
divided by total simulation times. The results show that in simu-
lation, the decision variable of deterministic model has an average
9.9% probability of being infeasible. While the robust model and
stochastic model ensure feasibility in all the simulations. The robust
model has lower worst-case cost compared with stochastic model
and the average cost is also higher. In the first setting, with an in-
crease less than 3% in average cost, a reduction of 5.8%—14.7% in
worst-case cost is obtained. The results also imply that stochastic
programming is highly dependent on the preset scenario proba-
bility, while robust model need not assuming any information
about uncertainty information.

It is worth mentioning that if the customer demand suddenly
changes and the decision variables are infeasible for the new de-
mand, just as shown in the deterministic case in Table 9, we can
only adjust the discharge pressure or the working status of the
compressor. However, due to the long pipelines with large di-
ameters, the changes will take time to react (Behrooz, 2016). Thus
during the adjusting time, failure to satisfy all the constraints may
happen. These sudden changes of the operational conditions may
result in bad economic outcomes.
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5.4. Simulation results under different uncertainty sizes

Next, we examine the effect of uncertainty set size on the re-
sults. We first fix the varying range of volumetric flow rate at [21.4,
26.6)m3/s. The varying range of suction pressure is 1%—10% of
8.6 MPa in Fig. 6. To examine the effect of volumetric uncertainty
set size, we fix the varying range of suction pressure at [7.8,8.8]
MPa. The varying range of volumetric flow rate is 1%—10% of
24m3/s in Fig. 7. As the uncertainty size increases, the objective
value increases. Discharge pressure also has a similar pattern, as the
uncertainty size increases, we need more pressure buffer to ensure
the feasibility in all possible realizations of the uncertainty sets.
Accordingly, the robust optimization model provides results that in
all simulated cases, loads imposed can be met while all the feasi-
bility constraints are respected.

Next, we also compare the robust model results with deter-
ministic model and stochastic model results under varying uncer-
tainty sizes of suction pressure and volumetric flow rate in Fig. 8
and Fig. 9. We first present the ratio of times where the deter-
ministic model result is infeasible in all simulation runs. And then,
we compare the results of robust model with stochastic model from
the perspective of average cost and worst-case cost.

The results show that robust model and stochastic model both
are feasible in simulation. However, deterministic model results
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can be infeasible. What's more, suction pressure variability has a
greater impact than volumetric flow rate variability. The infeasible
ratio of deterministic model with varying suction pressure is be-
tween 15.8% and 45% while the same value for varying volumetric
flow rate is between 6.6% and 9.2%. When the range of volumetric
flow rate is small, robust model and stochastic model has same
results. Generally, the average cost of robust model is slightly
higher than that of stochastic model, but the worst-case cost is
significantly reduced by up to 25%.

In summary, the robust model provides appropriate discharge
pressure and working-status settings for a compressor station in
uncertain cases. A reduction of 6.6%—45% in infeasible ratio is
gained. What's more, robust model has lower worst-case cost with
slightly increased average cost compared with stochastic model.

6. Conclusions

In this study, we develop an innovative two-stage robust
modeling framework in treatment of the inherent natural gas de-
mand uncertainty, considering technical details such as the
stonewall line and surge line constraints. To the best of our
knowledge, little work has been conducted on the topic of natural
gas robust optimization with detailed model.

We prove that when input parameters satisfy some condition,
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Table 4
Computation time and optimality gaps with varying discretization intervals.
Apd(MPa) AQ(m3/s) CPU (seconds) Imp (%) Objective Gap (%)
PO P1? p2° P1 P2 PO P1 P2 P1 P2
0.1 0.01 709.52 26.92 25.74 2535.7 2656.5 127.67 127.67 127.67 0.0 0.0
0.1 0.005 484.06 48.81 45.69 891.7 959.4 127.67 127.67 127.67 0.0 0.0
0.05 0.01 44541 48.02 41.37 827.5 976.6 127.68 127.67 127.67 0.0 0.0
0.05 0.005 1095.03 83.68 70.88 1208.6 1444.9 127.67 127.67 127.67 0.0 0.0

2 PO, P1 and P2 are abbreviations for MP-MILP, Algorithm 3, Algorithm 2, respectively.

Table 5
Computation time and optimality gaps with varying uncertainty set sizes.
IIL| CPU (seconds) Imp (%) Objective Gap (%)
Po* P1? p2° P1 P2 PO P1 P2 P1 P2
2 146.27 45.05 37.55 224.7 289.5 127.70 127.72 127.72 0.0 0.0
445.41 48.02 41.37 827.5 976.6 127.68 127.67 127.67 0.0 0.0
12 1023.34 51.71 44.00 1879.0 2225.8 127.72 127.67 127.67 0.0 0.0
20 1922.36 57.47 49.47 3245.0 3785.9 127.72 127.67 127.67 0.0 0.0

2 PO, P1and P2 are abbreviations for MP-MILP, Algorithm 3, Algorithm 2, respectively.
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Table 6

Computation time and optimality gaps with varying compressor number.
N CPU (seconds) Imp (%) Objective Gap (%)

Po° P1? p2° P1 P2 PO P1 P2 P1 P2

2 84.46 4.14 3.13 1940.1 2598.4 42.66 42.66 42.66 0.0 0.0
4 363.98 43.69 34.54 733.1 953.8 51.61 51.61 51.61 0.0 0.0
6 44541 48.02 4137 827.5 976.6 127.68 127.67 127.67 0.0 0.0
8 483.04 115.58 100.12 317.9 382.5 168.51 168.55 168.55 0.0 0.0

2 PO, P1 and P2 are abbreviations for MP-MILP, Algorithm 3, Algorithm 2, respectively.

Table 7
Values of the uncertain and deterministic sets.

Uncertainty sets Suction pressure (MPa) Volumetric flow rate (m3/s)

A [8.4,8.8] [214, 24.0]
A [7.8,8.8] [24.0, 26.6]
A, [7.8,9.0] [21.4, 26.6]
Det; (8.6} (22.7}

Det; (83} (253)

Det; {8.4) {24)

*Det is an abbreviation for deterministic.

the constraints are convex/concave, making it easier to calculate
the feasible range. We examine the conditions under which the
first-stage decision feasibility holds and form feasibility cuts. To
solve the problem, we utilize the C&CG algorithm. The SP is solved
by gradient-ascent algorithm combined with MILP. As for the

approximation formulations gains considerable computation time
improvement.

We carry out extensive experiments and verify the benefits and
understand the limitations of this approach. It turns out that the
robust model and stochastic model can significantly increase the
feasibility of first-stage decision in our settings. In robust model,
the worst-case cost can be reduced with the price of extra power
cost compared with stochastic model, which is the cost we need to
pay to gain robustness. The operational cost increases averagely
when the uncertainty size increases. The uncertainty size can be
used to “tune” the conservativeness when the compressor station is
operated. A larger uncertainty size provides a more robust opera-
tion, but the price will increase as well. These management insights
can help guide the trade-off between robustness and operational
cost in practice. In order to be less conservativeness, improving the
forecast accuracy will be effective.

Future research directions of this work include expanding the
research object from a single compressor station to a pipeline
network, considering distributed robust optimization methods to

master problem, accelerate algorithm for original linear make better use of historical data information. What's more, the

Table 8

Settings of the STSP.
Uncertainty sets Suction Pressure® Probability Volumetric flow rate® Probability

pi ps p3 pi p5 p3 Q Q Q & 2 )

71 8.4 8.6 8.8 0.2 0.6 0.2 214 22.7 240 0.2 0.6 0.2
12 8.4 8.6 8.8 0.3 0.3 0.3 214 22.7 240 0.3 0.3 0.3
“n 7.8 8.3 8.8 0.2 0.6 0.2 24.0 253 26.6 0.2 0.6 0.2
T2 7.8 8.3 8.8 0.3 0.3 0.3 24.0 253 26.6 0.3 0.3 0.3
31 7.8 8.3 8.8 0.2 0.6 0.2 214 24 26.6 0.2 0.6 0.2
) 7.8 8.3 8.8 0.3 0.3 0.3 214 24 26.6 0.3 0.3 0.3

3 The unit of suction pressure and volumetric flow rate is MPa and m3/s.

Table 9
Computation results of the robust models.

Uncertainty set pd (MPa) Infeasible ratio (%) Worst-case cost (kW) Cost Increase (%) Average cost (kW) Cost Increase (%)
Det} 104 7.6 — — _ _
M 10.63 0.0 90.15 0 79.59 0
11 10.51 0.0 103.45 14.7 77.39 -2.7
712 10.55 0.0 95.36 5.8 77.96 -2.0
Det;, 1041 134 - _ _ —
My 10.96 0.0 132.19 0 112.51 0
o 10.85 0.0 143.93 8.9 109.90 -23
S 10.85 0.0 143.93 8.9 109.90 -23
Det}, 10.64 8.6 — - — —
Ay 11.18 0.0 140.52 0 107.92 0
I3 11.07 0.0 151.17 7.6 105.22 25
S35 11.1 0.0 145.83 3.8 106.18 -1.6
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Fig. 9. Simulation results with varying uncertainty sizes of volumetric flow rate.
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current work considers only steady-state model, the transient-state
model can also be studied in the future.
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