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a b s t r a c t

Dispersion and attenuation analysis can be used to determine formation anisotropy induced by fractures,
or stresses. In this paper, we propose a nonparametric spectrum estimation method to get phase
dispersion characteristics and attenuation coefficient. By designing an appropriate vector filter, phase
velocity, attenuation coefficient and amplitude can be inverted from the waveform recorded by the
receiver array. Performance analysis of this algorithm is compared with Extended Prony Method (EPM)
and Forward and Backward Matrix Pencil (FBMP) method. Based on the analysis results, the proposed
method is capable of achieving high resolution and precision as the parametric spectrum estimation
methods. At the meantime, it also keeps high stability as the other nonparametric spectrum estimation
methods. At last, applications to synthetic waveforms modeled using finite difference method and real
data show its efficiency. The real data processing results show that the P-wave attenuation log is more
sensitive to oil formation compared to S-wave; and the S-wave attenuation log is more sensitive to shale
formation compared to P-wave.
© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Method of dispersion and attenuation analysis has attracted an
increasing attention in geophysical signal processing, especially in
borehole acoustic measurements. Dispersion characteristics of
borehole acoustic modes such as Stoneley mode of monopole
source and flexural mode of dipole source are widely used to invert
the velocity of the boreholewall formation and radial shear velocity
profile of the formation (Burridge and Sinha, 1996; Tang and
Douglas, 2010; Wang et al., 2017; Fang and Cheng, 2017; Wang
and Zhang, 2018; Lebedev, 2021). Dispersion property of cross-
dipole measurement can be used to determine formation anisot-
ropy induced by fractures or stresses (Li et al. 2016, 2020).

Numerous algorithms have been introduced into borehole
acoustic dispersion analysis. These methods can be divided into
two types: model-based and data-driven. For the model-based
methods, the acoustic waveform is considered to be a summation
of a specific number of propagation modes. By defining the prop-
agation parameters for eachmode, the dispersion characteristic can
y Elsevier B.V. on behalf of KeAi Co
be solved from the waveform array. Theses parametric methods
include Prony method, ESPRIT, matrix pencil (MP) (Li et al., 2015),
and extended versions of the above (Zeng et al., 2018; Chen et al.,
2020). These algorithms have good accuracy results while
requiring prior knowledge of the exact number of wave modes
propagated in the signal. Due to this limitation, some data-driven
methods are proposed such as modified maximum-likelihood
(MML) method, weighted spectral semblance (WSS) and ampli-
tude and phase estimation (APES) method (Li et al., 2015). Based on
a coherence maximization technique, WSS method can only iden-
tify the strongest mode at a given frequency when multiple modes.
MML method is equivalent to the minimum variance distortionless
response method (CAPON method). By using short-time Fourier
transform and a normalization technique, this method can identify
separate similar arrivals with heavy computational cost (Wathelet
et al., 2018; Zeng et al., 2021). A phase-based dispersion analysis
method is proposed to calculate the dispersion curve directly
(Assous et al., 2014). The phase velocity of wave mode in every
frequency can be calculated using the phase slope after unwrap-
ping. Its fast processing time and high accuracy make it efficient in
industry application. For these two parametric and nonparametric
dispersion methods, the phase dispersion of the mode wave can be
mmunications Co. Ltd. This is an open access article under the CC BY-NC-ND license
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estimated within reasonable accuracy. Besides the phase velocity of
the wave mode, the attenuation information in acoustic logging
measurements can help evaluate formation effectively. The atten-
uation characteristics of the propagation waveforms can help us
understand the property of the formation which has promising
application in shale gas formation evaluation (Pan et al., 2017; Yang
et al., 2019; Zhuang et al., 2019). But all these dispersion analysis
methods mentioned above cannot get the attenuation estimation
directly.

In this paper, a nonparametric spectrum estimation method is
proposed to get phase dispersion characteristics and attenuation
coefficient. By designing an appropriate vector filter, phase velocity,
attenuation coefficient and amplitude can be inverted from the
waveform recorded by the receiver array. Performance analysis of
this algorithm is carried out through theoretical computation. In
order to investigate the stability of the algorithm, random noises
with different noise to signal ratios are introduced and reasonable
results are thus obtained. At last, application to synthetic wave-
forms modeled using finite-difference method and real data shows
its efficiency.
2. Nonparametric methods for frequency dispersion and
attenuation estimation

Suppose a signal sequence x(n) in space domain is super-
imposed by p complex sinusoidal signal sequences with additive
noise,

xðnÞ ¼
Xp
k¼1

ake
�ðrkþiwskÞdðn�1Þ þ vðnÞ; n ¼ 1;……;N (1)

where rk, sk and ak are the attenuation factor, slowness and
amplitude of the kthmodewith respect to frequencyu, v(n) is noise
signal. Then an FIR filter w with a length of M is designed and
applied into x(n), the output y(n) is

yðnÞ ¼ wHxðnÞ ¼ xHðnÞw (2)

in which, x(n) ¼ [x(n), x(nþ1), …, x(n þ M�1)]T denotes the back-
ward filtering vector, w ¼ [w1, w2, …, wM]T denotes weighting co-
efficient vector of this filter. According to Eq. (1), the signal
sequence x(n) can be written as matrix form:

xðnÞ ¼ AsðnÞ þ vðnÞ2CM�1 (3)

where, s is signal vector, A is the direction vector of the signal and v
is noise vector, which are expressed as

A ¼

2664
aðr1; s1Þ
aðr2; s2Þ
«
a
�
rp; sp

�
3775
T

; sðnÞ ¼

2664
a1e

�ðr1þiws1Þðn�1Þd

a2e
�ðr2þiws2Þðn�1Þd

«

ape�ðrpþiwspÞðn�1Þd

3775; vðnÞ

¼

2664
vðnÞ
vðnþ 1Þ
«
vðnþM � 1Þ

3775 (4)

where, aðr; sÞ ¼ �
1 e�ðrþiwsÞd / e�ðrþiwsÞðM�1Þd �T. The output
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can thus be expressed as

wHxðnÞ ¼ wH

"
aðr1; s1Þa1e�ðr1þiws1Þðn�1Þd

þ
Xp
k¼2

aðrk; skÞake�ðrkþiwskÞðn�1Þd þ vðnÞ
#

(5)

When the constraints (2D CAPON method) of this filter are

1) The filter passes through a decayed sine signal (the signal's
parameter is (a,r,s)) without distortion.

2) The total output power of this filter is the minimum.

The design of the filter can be considered as optimization
problem

min
w

1
L
E
n���wHxðnÞ

���2 o s:t: wHaðr; sÞ ¼ 1 (6)

Let the covariance matrix R be the power of the filter, the above
equation can be rewritten as

min
w

wH bRw s:t: wHaðr; sÞ ¼ 1 (7)

in which, bR ¼ 1
L
PL

n¼1xðnÞxHðnÞ is the approximation of covariance
matrix R, L ¼ NeM þ 1. According to Lagrange multiplier method,
the weighting vector of this filter, or the solution of the constraint
optimization problem is

bwCAPON2Dðr; sÞ ¼
bR�1

aðr; sÞ
aHðr; sÞbR�1

aðr; sÞ
(8)

Given the presence of an attenuated sinusoidal signal compo-
nent with its parameter of (a,r,s), the output of Eq. (8) is

bwH
CAPON2Dðr; sÞxðnÞ ¼ ae�ðrþiwsÞðn�1Þd þ eFðnÞ (9)

where, n ¼ 1, 2,…, N, eFðnÞ is the filter output of noise and all other
sinusoidal signal components. For a given (r, s), the least square
estimation of the complex amplitude a is

baCAPON2Dðr; sÞ ¼
1

LpðrÞ
aHðr; sÞbR�1

gðr; sÞ
aHðr; sÞbR�1

aðr; sÞ
(10)

Lp ¼ 1�e�2rdL

Lð1�e�2rdÞ, and Lp ¼ 1:0 when r ¼ 0; gðr; sÞ ¼
1
L
PL

n¼1xðnÞeðiws�rÞðn�1Þd

The estimation of filter weighting vector and amplitude spec-
trum in Eqs. (9) and (10) is based on the 2D extension of 1D CAPON
method (1D means slowness dimension, 2D means slowness and
attenuation dimension), we call it CAPON2D in this paper.

When the constraints (2D APES method) of the filter are:

1) The filter passes through a decayed sine signal (the signal's
parameter is (a,r,s) without distortion.

2) The total output power with respect to all the other sinusoidal
signal components and noise of this filter is the minimum.



Table 1
Parameters for the complex weighted damped exponential model.

Name Symbol Unit Value

Sample number N e 13
Sample interval D ft 0.5
Central frequency u0 kHz 8
Mode number P e 4
Complex coefficient B e [4 þ i; 2� i; 3� i; 1 þ i]
Slowness S us/ft [80; 120; 160; 200]
Attenuation coefficient Р e [0.2; 0.3; 0.5; 0.1]
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The design of the filter can be considered as an optimization
problem

min
w;a

(
Jðw;aÞ¼D1

L

XL
n¼1

���wHxðnÞ�ae�ðrþwsÞðn�1Þd
���2) s:t:wHaðr;sÞ¼1

(11)

Expand the objective function J(w, a) in Eq. (11) as

Jðw;aÞ ¼ wH bRw � a*wHgðr; sÞ � agHðr; sÞw þ jaj2Lp
¼ Lp

����a� 1
Lp
wHgðr; sÞ

����2 þwH
hbR � g1ðr; sÞg1Hðr; sÞ

i
w

(12)

where,

bR ¼ 1
L

XL
n¼1

xðnÞxHðnÞ (13)

gðr; sÞ ¼ 1
L

XL
n¼1

xðnÞeðiws�rÞðn�1Þd; g1ðr; sÞ ¼
1ffiffiffiffiffi
Lp

p gðr; sÞ (14)

Lp ¼ 1
L

XL
n¼1

e�2rdðn�1Þ ¼ 1� e�2rdL

L
�
1� e�2rd

� (15)

In order to minimize the objective function J(w, a), we have

a ¼ 1
Lp
wHgðr; sÞ (16)

The optimization objective function in Eq. (11) can be expressed
as:

Jðw;aÞ ¼ wHQ̂ w s:t: wHaðr; sÞ ¼ 1 (17)

Based on the Lagrange multiplier method and Eq. (16), the so-
lution of Eq. (17) can be expressed as:

bwAPES2Dðr; sÞ ¼
bQ �1

aðr; sÞ
aHðr; sÞ bQ �1

aðr; sÞ
(18)

baAPES2Dðr; sÞ ¼
1

LpðrÞ
aHðr; sÞ bQ�1

gðr; sÞ
aHðr; sÞ bQ�1

aðr; sÞ
(19)

where, bQ ðr; sÞ ¼ bR � gðr; sÞgHðr; sÞ is the estimation of the noise
covariance matrix.

The estimation of filter weighting vector and amplitude spec-
trum in Eqs. (18) and (19) is based on the 2D extension of 1D APES
method, we call it APES2D in this paper.

Based on the above discussion, the procedures of adaptive
filtering high resolution evaluation of dispersion and attenuation
are:

Step 1: Fourier transform of the time domain signal to get its
frequency spectrum X(n);
Step 2: Given a frequency u, calculate the estimation of covari-
ance matrix R based on Eq. (7);
Step 3: Scan slowness s and attenuation r in a given range, apply
CAPON2D and APES2D method based on Eqs. (10) and (19) to
estimate amplitude spectrum, find the corresponding locations
of the peak values in slowness-attenuation plane, and get the
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estimation of slowness and attenuation for different modes
(more than one peak value may be present).
Step 4: Scan the signal frequency in the effective frequency band
to get the estimation of slowness and attenuation for different
modes.
3. Performance analysis

To test the statistical performance of the adaptive filtering
dispersion and attenuation estimation method (AFDAES), we build
a set of complex signal sequence based on the damped complex
sinusoidal signal superposition model. And evaluate the perfor-
mance of AFDAES by analyzing the estimation results of slowness,
attenuation and amplitude when applying the AFDAES to the pure
model signal as well as the signals with different degrees of white
noise.

In this test, the model is defined as

xðnÞ ¼
Xp
k¼1

ake
�ðrkþiwskÞðn�1Þd þ vðnÞ; n ¼ 1; …; N (20)

in which, the model parameters are designed according to the real
acoustic logging data, the details are shown in Table 1.

Based on Eq.(17) and the parameters in Table 1, the real and
imaginary part of the damped complex signal are shown in Fig. 1.

First, the 2D CAPON method is applied to estimate the slowness
and attenuation of the original model data in Fig.1. In Fig. 2, the true
amplitude of original data is labeled in red “*“. To highlight the
locations of the peak values, the amplitude axis in Fig. 2 is the
logarithm of the estimate calculated using 2D CAPONmethod. Four
peak values are present in Fig. 2, and there is only one peak value
for each fixed slowness. Therefore, in order to find the peak values
in 2D amplitude spectrum a(r, s), we have to 1) select the attenu-
ation value ri that assures the amplitude reaches the maximum for
each slowness si, obtain the 1D amplitude spectrum a(s) that
changes with slowness (blue lines in Fig. 3) and the corresponding
attenuation r(s); and 2) find the slowness sk with respect to the
maximum a in the 1D amplitude spectrum a(s) in Fig. 3 and the
attenuation r corresponding to the slowness si. The slowness and
attenuation estimation of the four sinusoidal signal components in
x(n) are thus obtained with s ¼ [80; 120; 160; 200],r ¼ [0.2; 0.3;
0.5; 0.1]; 3) based on the estimated slowness and attenuation, es-
timate the amplitude a of the sinusoidal signal components using
2DAPESmethod (Eq. (19)), a¼ [4þ i; 1e i; 3e i; 2þ i ]. For original
signals without noise, the estimation of slowness and attenuation
works perfect without any error when applying the adaptive
filtering method.

For comparison, estimation results (slowness, attenuation and
amplitude) of the original signal using AFDAES, extended Prony
method (EPM) and modified Matrix Pencil method (FBMP) are
shown in Table 2. Positive error in Table 2 means estimated value is
larger than the true value, and vice versa, 0 means estimated value



Fig. 1. Spatial damped complex exponential signal.

Fig. 2. 2D amplitude spectra a(r, s) from 2D CAPON method.

Fig. 3. 1D amplitude spectra a(s) (blue line) and attenuation r(s) (green dash).
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equals to the true value.
From Table 2, both of the AFDAES method based on the
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nonparametric spectrum estimation and the FBMP method based
on the parametric spectrum estimation can achieve precise esti-
mation of slowness, attenuation and amplitude of the sinusoidal
signal components in the original noise-free signal, however, some
degree of error occurs when the EPM method is applied. This im-
plies the AFDAES method, as a nonparametric spectrum estimation
method, is superior to the optimum parametric spectrum estima-
tion method, which in the meantime, avoids the disadvantage of
the parametric spectrum estimation method (the number of sinu-
soidal signal components in the model must be known).

Now, let's consider situations when noise is present in the
model signal. By applying 100 times of Monte Carlo simulations to
the original model signal in Fig. 1 when signal to noise ration S/
N ¼ 25 dB, the estimation results of the slowness, attenuation and
amplitude for the four sinusoidal signal components are shown in
Fig. 4. In this figure, the true parameters of original data is labeled in
red “*” and the blue ones are the estimated values when different
methods are applied. The comparison results of the three methods
in Fig. 4 show that, all the three methods can achieve satisfying
estimation of the slowness, whereas, the projections of the esti-
mated values obtained by AFDAES and FBMP on the slowness axis
are smaller than that obtained by the EPMmethod. Compared with
the other two methods, the EPM method is slightly poorer in
slowness estimation. For the estimation of attenuation and ampli-
tude, the EPM results are not that satisfying compared with the
other two methods. Both the AFDAES and FBMP method provide
fairly precise results, while the AFDAES has a superior stability (the
smaller the projection area, the smaller the variance is, and the
more stable the method is).

Based on the above analysis, the AFDAES, as a nonparametric
spectrum estimation method, is capable of achieving high resolu-
tion and precision as the parametric spectrum estimation methods
in the meantime, it also keeps high stability as the other
nonparametric spectrum estimation methods.
4. Processing on numerical simulation waveforms

In order to investigate the efficiency of the algorithm, we apply
this method to synthetic waveforms simulated with FD. The
simulation model is shown in Fig. 5, in which the borehole radius is
0.127 m, compressional velocity of borehole fluid is 1500 m/s and
the fluid density is 1000 kg/m3. The compressional and shear ve-
locity of the formation outside the borehole is shown in Fig. 5. The
new proposed AFDAES method will be applied into this model.
4.1. Results on monopole data

Different source types can trigger very different wave fields in
the borehole. Monopole and dipole sources are commonly used
types in acoustic logging. First, the monopole source is used in the
simulation. The distance between the source and the receiver array
is from 2.74 m (9 ft) to 4.72 m (15.5 ft). The 13 receivers are evenly
spaced with an interval of 0.1524 m (0.5 ft). The finite difference
method is applied to simulate the monopole waveforms with a
central frequency of 9 kHz. The simulated waveforms and spec-
trums are shown in Fig. 6. We can see that the Stoneley wave is the
strongest component in the waveforms with a relative lower fre-
quency. Refracted compressional and shear wave have small am-
plitudes. And different velocities can be identified from the
different slopes for different components.

Fig. 7 shows the dispersion (Fig. 7a) and attenuation (Fig. 7b)
results processed with new proposed AFDAES method. The back
dots in Fig. 7a stand for the theoretical dispersion curves showing



Table 2
Errors of the estimated parameters from pure signal by AFDAES, EPM, and FBMP.

Method Estimated error of s Estimated error of r Estimated error of |b|

AFDAES [0; 0; 0; 0] [0; 0; 0; 0] [0; 0; 0; 0]
EPM [0.05; 0.09; �0.09; �0.20] [0.01; �0.77; �0.78; 0.67] [0.68; 0.38; 0.96; 0.13]
FBMP [0; 0; 0; 0] [0; 0; 0; 0] [0; 0; 0; 0]

Fig. 4. 100 times Monte Carlo experiments of parameter estimations (blue dots) for 25 dB noisy data using AFDAES, EPM and FBMP methods compared with true values (red star).

Fig. 5. Geometry of the acoustic well logging model.
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here for reference. The refracted compressional and shear wave are
non-dispersive, so there are no dispersion characteristics of the two
waveform component, as shown in Fig. 7a. Stoneley wave has a
slight dispersion and its dispersion is reversed, slowness decreases
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with frequency increases. As a special tube wave, Stoneley wave
propagates along the borehole wall and barely decays in its trav-
eling path. Attenuation result in Fig. 7b (cyan color) shows the
attenuation characteristic of Stoneley wave with a very small value.
As the formation is a fast formation in acoustic logging, pseudo-
Rayleigh wave travels in accompany with Stoneley wave. And its
dispersion is strong, which is the reason that we cannot see obvious
pattern in the waveforms (Fig. 6). From the dispersion analysis
results, different orders of pseudo-Rayleigh wave (pR1 (red), pR2
(green) and pR3 (blue)) can be seen. And the attenuation infor-
mation can also be identified in Fig. 7b. Besides, from Fig. 7, the
slowness and attenuation of different modes change with different
frequencies. All the mode waves suffer from severe attenuation at
both sides of the frequency band, where the signal energy is the
lowest.
4.2. Results on dipole waveforms

Dipole source is then simulated using the same formation pa-
rameters with monopole case. The full waveforms simulated by the
finite difference method and spectrums are shown in Fig. 8. The
dominant energy in dipole waveforms is flexure mode. In Fig. 9, the
frequency dispersion curves (Fig. 9a) and the corresponding
attenuation coefficients (Fig. 9b) are obtained when AFDAES
method is applied. The back dots in Fig. 9a stand for the theoretical
dispersion curves showing here for reference. Three kinds of the
mode waves are shown in Fig. 9, which are the first order (red),
second order (green) and third order (blue) flexural waves. Due to
their (second and third order) low amplitude in the waveforms,
their attenuation is also very small. The attenuation of the flexural



Fig. 6. Full waveforms (left) and spectrum (right) of the model in fast formation with a monopole source.

Fig. 7. Fast formation model, monopole source: Slowness (a) and attenuation (b) estimations by AFDAES method.

Fig. 8. Fast formation model, dipole source: full waveforms (left), spectrum (right).

Fig. 9. Parallel boundary, fast formation model, dipole source: slowness (a) and attenuation (b) estimations by AFDAES method.
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waves with different orders also occurs at both sides of the fre-
quency band.

5. Processing on real waveforms

There are several factors that can cause waveform attenuation in
the borehole. For the acoustic logging measurement, the main factor
should be the rock intrinsic attenuation. We can evaluate the fluid
type and lithology by the P and S wave attenuation differences. In
this section, a real data from western China is processed using
AFDAES. As shown in Fig. 10, the first column is the Gamma ray (GR)
track. The second track is the depth track. Monopole waveforms are
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shown in the third track as input data for slowness and attenuation
estimation. Travel times (TT) for P- and S-wave are overlaid on top of
the waveforms. In the fourth track, it shows the attenuation and
amplitude of P- and S-wave obtained by AFDAES, which are the
averaged value of the inverted results within the energy dominant
frequency band. Track 5 and Track 6 are the porosity (POR) and oil
saturation. The last track is the interpretation results. There are two
typical sections interpreted. Section I is a shale formation, with high
GR, relatively higher attenuation on S-wave, high POR and low oil
saturation. Section II is an oil formation, with low GR, relatively
higher attenuation on P-wave,moderate POR and high oil saturation.
So the results show very much consistency with other logs and



Fig. 10. Attenuation processing results of real data.
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indicate that P-wave attenuation log is more sensitive to oil forma-
tion compared to S-wave; and S-wave attenuation log is more sen-
sitive to shale formation compared to P-wave.
6. Conclusion

Efficient dispersion and attenuation estimation algorithm can
be applied to acoustic well logging to determine formation
anisotropy induced by fractures, or stresses. In this paper, the new
proposed AFDAES method used to get phase dispersion character-
istics and attenuation coefficient. For the performance analysis of
this method, the estimation results of slowness, attenuation and
amplitude using AFDAES are compared with EPM and FBMP. Based
on the analysis, the AFDAES, as a nonparametric spectrum esti-
mation method, is capable of achieving high resolution and preci-
sion as the parametric spectrum estimation methods in the
meantime, it also keeps high stability as the other nonparametric
spectrum estimation methods. Finally, the processing results of
numerical waveforms and real data show its validity in waveform
characteristics estimation. The real data processing results show
that the P-wave attenuation log is more sensitive to oil formation
compared to S-wave; and the S-wave attenuation log is more
sensitive to shale formation compared to P-wave.
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