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ABSTRACT

The attenuation and anisotropy characteristics of real earth media give rise to amplitude loss and phase
dispersion during seismic wave propagation. To address these effects on seismic imaging, viscoacoustic
anisotropic wave equations expressed by the fractional Laplacian have been derived. However, the huge
computational expense associated with multiple Fast Fourier transforms for solving these wave equa-
tions makes them unsuitable for industrial applications, especially in three dimensions. Therefore, we
first derived a cost-effective pure-viscoacoustic wave equation expressed by the memory-variable in
tilted transversely isotropic (TTI) media, based on the standard linear solid model. The newly derived
wave equation featuring decoupled amplitude dissipation and phase dispersion terms, can be easily
solved using the finite-difference method (FDM). Computational efficiency analyses demonstrate that
wavefields simulated by our newly derived wave equation are more efficient compared to the previous
pure-viscoacoustic TTI wave equations. The decoupling characteristics of the phase dispersion and
amplitude dissipation of the proposed wave equation are illustrated in numerical tests. Additionally, we
extend the newly derived wave equation to implement Q-compensated reverse time migration (RTM) in
attenuating TTI media. Synthetic examples and field data test demonstrate that the proposed Q-
compensated TTI RTM effectively migrate the effects of anisotropy and attenuation, providing high-
quality imaging results.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/
4.0/).

1. Introduction

migration imaging (e.g., reverse time migration (RTM)) will lead to
the inaccurate imaging results (Qu et al., 2017), thereby reducing

The anelasticity and anisotropy properties of Earth's media are
critical for seismic wave propagation, and have been confirmed by
the field observation and laboratory experiments (McDonal et al.,
1958; Thomsen, 1986; Carcione, 1992; Robertsson et al., 1994; Aki
et al., 1980; Best et al.,, 2007; Usher et al., 2017). The intrinsic
attenuation of subsurface media can result in amplitude loss and
phase distortion in seismic waves (Carcione et al., 1988; Zhu et al.,
2007). On the other hand, the anisotropic properties of under-
ground media influence the velocity of seismic wave propagation in
various directions. Furthermore, attenuation and anisotropy often
coexist in certain geological structures (e.g., aligned fluid-filled
cracks), simultaneously affecting seismic wave propagation char-
acteristics (Da Silva et al., 2019a; Zhu et al.,, 2019; Mu et al., 2022).
Neglecting the influences of attenuation and anisotropy in
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the precision of geological interpretation. As a result, in order to
obtain high-quality imaging results, there is a necessity to develop
an efficient and reliable imaging technique in attenuating aniso-
tropic media.

Seismic wave propagation in attenuating media is usually
accompanied by amplitude dissipation and phase dispersion (Zhu
and Harris, 2014; Shen et al., 2018a; Mu et al., 2021). Failure to
account for attenuation effects during imaging processing can
result in reduced amplitude and distorted events in the imaged
profile (Wang et al., 2018). To describe the inherent attenuation
characteristics of subsurface media, the standard linear solid (SLS)
(Emmerich and Korn, 1987; Liu et al., 1976; Carcione et al., 1988)
and constant Q model (Kjartansson, 1979; Carcione et al., 2002;
Wang et al., 2020) are two widely used attenuation theories. By
superimposing multiple SLS bodies in parallel across the frequency
range of seismic exploration (Emmerich and Korn, 1987; Zhu et al.,
2013), the approximate constant Q behavior can be described

1995-8226/© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:jphuang@upc.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1016/j.petsci.2024.10.004&domain=pdf
www.sciencedirect.com/science/journal/19958226
www.keaipublishing.com/en/journals/petroleum-science
https://doi.org/10.1016/j.petsci.2024.10.004
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.petsci.2024.10.004
https://doi.org/10.1016/j.petsci.2024.10.004

Q. Mao, J.-P. Huang, X.-R. Mu et al.

through the SLS attenuation model. Therefore, a series of viscoa-
coustic wave equations expressed by the memory-variable have
recently been derived based on the SLS model for forward
modeling and migration imaging (Dutta and Schuster, 2014;
Fathalian et al., 2020). Because these equations can be solved using
the finite-difference method, they are convenient for practical ap-
plications. However, the coupled nature of amplitude attenuation
and phase dispersion terms in these wave equations renders them
unsuitable for implementing Q-compensated RTM (Zhu et al., 2013;
Li et al., 2019). Recently, Mu and Huang (2023) derived a memory-
variable expressed viscoacoustic wave equation capable of simu-
lating amplitude attenuation and phase dispersion separately.
Another widely used attenuation model is the constant Q model,
developed by Kjartansson (1979). Building on the constant Q
model, Carcione et al. (2002) formulated a viscoacoustic wave
equation expressed through the fractional time derivatives in the
time-space domain. Thereafter, Zhu and Harris (2014) derived a
time-space domain fractional Laplacian viscoacoustic wave equa-
tion, which has been widely used for implementing Q-compen-
sated RTM, owing to its capacity to simulate amplitude attenuation
and phase dispersion effects separately (Yang and Zhu, 2018; Ye
et al., 2024). Additionally, to handle the spatially variable-order
fractional Laplacians in Zhu and Harris's (2014) wave equation,
which cannot be well solved by the pseudo-spectral method in
heterogeneous media, Chen et al. (2016) proposed a new constant
fractional-order time-space domain viscoacoustic wave equation.
Moreover, to accurately simulate wave propagation in strongly
attenuating media, Mu et al. (2021) presented a viscoacoustic wave
equation that outperforms Zhu and Harris's (2014) wave equation
in terms of simulation accuracy.

Anisotropy is another crucial characteristic of Earth's media
(Thomsen, 1986). The assumption of isotropy will result in an
inaccurate depiction of the dynamic and kinematic properties of
seismic waves, leading to a loss of resolution in seismic imaging
results (Fletcher et al., 2009; Duveneck et al., 2011). Although the
full elastic anisotropic wave equations can accurately characterize
the anisotropic effects on seismic waves, it requires a significant
computational cost in separating the P- and SV-wave mode (Cheng
and Fomel, 2014). To reduce computational complexity, many
acoustic anisotropic wave equations are derived for wavefield
simulations and RTM, under the acoustic assumption (Alkhalifah,
2000). These equations can be mainly divided into two cate-
gories: the coupled pseudo-acoustic anisotropic wave equations
(Alkhalifah, 2000; Zhou et al., 2006; Duveneck et al., 2011) and
pure-acoustic anisotropic wave equations (Chu et al., 2011; Zhan
et al,, 2012; Xu and Zhou, 2014). The coupled pseudo-acoustic
anisotropic wave equation accurately simulates the kinematic fea-
tures of qP-wave (Huang et al., 2024) and can be conveniently
solved by the finite-difference method. However, wavefields
simulated through these wave equations contain S-wave artifacts
and remain stable only for anisotropic parameters ¢ no smaller than
6. This is because the acoustic approximation cannot guarantee the
S-wave to zero at all phase angle (Grechka et al., 2004). In contrast,
wavefields simulated by the pure-acoustic wave equations are free
of S-wave artifacts and are numerically stable. Nonetheless, solving
pure-acoustic wave equations generally requires spectral-based
methods (e.g., pseudo-spectral method). In addition, pure-
acoustic wave equation has lower simulation accuracy than
coupled pseudo-acoustic anisotropic wave equation due to the
additional approximations (e.g., Taylor expansion approximation)
adopted in its derivation. In summary, these acoustic anisotropic
wave equations have their own advantages and disadvantages,
which are of great significance for forward modeling and imaging
in anisotropic media.

Recently, some studies have demonstrated the coexistence of
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anisotropy and attenuation in underground media (Best et al.,
2007; Zhubayev et al., 2016), resulting in amplitude reduction
and phase distortion of seismic waves (Hao and Alkhalifah, 2019),
which has garnered significant research attention. Based on the
attenuation mathematical model, many viscoelastic anisotropic
(Zhu and Bai, 2019) and viscoacoustic anisotropic wave equations
(Xu et al., 2015; Zhang et al., 2020; Da Silva et al., 2019a; Mu et al.,
2022) have been developed for describing seismic waves propa-
gation in attenuating anisotropic media. In comparison to visco-
elastic anisotropic wave equations, viscoacoustic anisotropic wave
equations have been widely used in industrial application for the
sake of calculation simplicity. Based on constant Q model and in
conjunction with Fletcher et al.’s (2009) coupled pseudo-acoustic
anisotropic wave equation, Suh et al. (2012) presented a viscoa-
coustic VTI wave equation and carried out an RTM algorithm.
However, wavefields simulated through these wave equations
exhibit undesired S-wave artifacts and cannot remains stable in the
case of ¢ less than ¢. To address this issue, Mu et al. (2022) devel-
oped a pure-viscoacoustic anisotropic wave equation. Recently, in
the context of the new acoustic approximation introduced by Xu
et al. (2020), Mao et al. (2024a) derived a high-precision pure-
viscoacoustic anisotropic wave equation. These pure-viscoacoustic
anisotropic wave equations with decoupled amplitude attenuation
and phase dispersion terms, facilitating the realization of Q-
compensated RTM. However, solving these wave equations re-
quires multiple fast Fourier transforms (FFTs) and is therefore
computationally inefficient. Integrating SLS theory with Cauchy
momentum equation and generalized Hooke's law, Da Silva et al.
(2019a) derived a viscoacoustic anisotropic wave equation and
achieved wavefield simulation using the finite-difference method.
This viscoacoustic anisotropic wave equation expressed by the
memory-variable, while its amplitude loss and phase dispersion
terms are coupled. It is not conducive for implementing Q-
compensated RTM. In recent years, some viscoacoustic anisotropic
wave equations with the decoupled amplitude attenuation and
phase dispersion terms have been derived based on the one-SLS-
based attenuation model (Xu et al., 2015; Fathalian et al., 2021).
Nevertheless, solving the abovementioned viscoacoustic aniso-
tropic wave equations also require computationally expensive FFTs,
making it unsuitable for industrial applications. As a result, the
development of an efficient pure-viscoacoustic anisotropic wave
equation that can be solved by finite-difference method is
necessary.

In this study, we incorporate SLS theory into the pure qP-wave
dispersion relation and derive a pure-viscoacoustic TTI wave
equation expressed by the memory-variable. The newly derived
wave equation can be solved using the finite-difference method,
showcasing higher computational efficiency compared to the pre-
vious pure-viscoacoustic TTI wave equation expressed by the
fractional Laplacians. Then, inspiring by the work of Mu and Huang
(2023), we achieve the decoupling of amplitude attenuation and
phase dispersion terms of the newly derived pure-viscoacoustic TTI
wave equation, facilitating the implementation of Q-compensated
RTM in TTI media. Additionally, to reduce artificial reflections from
model boundaries (Chen et al., 2014), we adopt the sponge
absorbing boundary (Cerjan et al., 1985), as it is simple to imple-
ment and does not require modifications to the wave equations.
Numerical tests show that the wavefields simulated by the pro-
posed wave equation remain stable and are free of S-wave artifacts.
Building on the newly derived wave equation, we implement Q-
compensated RTM in TTI media. Two synthetic examples and field
data test suggest that the proposed approach can simultaneously
correct for attenuation and anisotropy effects, yielding the accurate
imaging results.

This paper can be structured as follows. First, we derive a
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memory-variable expressed pure-viscoacoustic TTI wave equation
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with the decoupled amplitude loss and phase dispersion terms. ) 1230 5 5 5 ”20 5 5 5
Then, we use some numerical tests to illustrate that our wave — @p =5 | (1+2¢) (kx + ky> + k2 +v% (kx +ky + kz> +E |,
equation is S-wave artifacts free and numerically stable. Subse- PO
quently, the newly proposed wave equation is used as forward (3)
engine to implement Q-compensated RTM in TTI media. Finally, we
carry out RTM tasks on synthetic examples and field data to 5 5
demonstrate the efficacy of the proposed approach. w2, = “p0 <(1 1 2¢) <k)2( + k;) + K2+ U2L0 <k)2( + kf, + kf) _ E>,
V.
p0
2. Methodology (4)
To efficiently implement Q-compensated reverse time migra-
tion (RTM) in tilted transversely isotropic (TTI) media, we derive a
2
2 2 2
2 2 2 UV 2 2 2 v v 2 2\ 1,2
E— ((1 +26) (kg +ky) — 2 =52 (kg + kg~ K2) > - 4(1 - ;0> (1 +20 - ;0> (i + 52, (5)
UPO va UpO

pure-viscoacoustic TTI wave equation featuring decoupled ampli-
tude attenuation and phase dispersion operators. Our new wave
equation expressed by the memory-variable and can be solved by
the finite-difference method. Subsequently, we extend the newly
derived wave equation to realize the Q-compensated RTM in TTI
media.

2.1. Pure-viscoacoustic wave equation in tilted transversely
isotropic media

To describe the intrinsic attenuation of subsurface media, the
standard linear solid (SLS) model is one of the widely used atten-
uation theories (Robertsson et al., 1994; Carcione et al., 1988; Bai
and Tsvankin, 2016; Zhu et al., 2013). In accordance with the SLS
model, the viscoacoustic wave equation has been developed for
characterizing the propagation properties of seismic waves in
attenuating media (Guo et al,, 2016; Gu et al., 2022). Some nu-
merical experiments indicate that a viscoacoustic wave equation
incorporating one single SLS element can satisfy practical applica-
tion in attenuating media (Blanch et al., 1995; Zhu et al., 2013).
Therefore, the viscoacoustic wave equation with a single SLS in the
frequency wavenumber domain can be expressed as

wzp:vgo{§(1<§+k§+k§)P+F}, (1)

= Te 212, 12
{r+ (E_l) (kx +ky+kz)P},

where P and 7 are the spatial Fourier transform of p and r,
respectively. r is the memory variable, p is the pressure wavefield,
kx, ky, and k; are the wavenumber in the x-, y-, and z-directions.

Te = (v/Q2+1 -1)/woQ and 7. = (v/Q2%+1 +1)/wpQ stand for
the stress and strain relaxation times, respectively, where Q is the
quality factor, and wy is the reference angular frequency.

In addition, anisotropy stands as another crucial factor influ-
encing the propagation characteristics of seismic waves in sub-
surface media. For the accurate characterization of seismic wave
behavior in anisotropic media, the exact dispersion relation of P-
and SV-wave has been established (Tsvankin, 1996), written as

iwr= — —

(2)
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where Egs. (3) and (4) denote the P- and SV-wave dispersion
relation (Liang et al., 2023), respectively. v,g and vy are P- and SV-
wave velocity along the symmetry axis, respectively. ¢ and ¢ are
Thomsen anisotropy parameters (Thomsen, 1986). Because Eq. (3)
involves four parameters (i.e., vpg, vso, € 0), attempts have been
made by researchers to simplify it into an equation with only three
parameters (i.e., vpo, & 0) (Alkhalifah, 2000; Xu et al,, 2020). To
simplify Eq. (3), Xu et al. (2020) proposed a new acoustic approx-
imation that sets SV-wave phase velocity (Vsy) to zero at all phase
angles (i.e., wsy = 0), resulting in a pure qP-wave dispersion rela-
tion with only three parameters (Liang et al., 2023), expressed as

W = uf,o{(l +2¢) (k,% + kﬁ) +k -, (k§ + K2+ k§) } (6)
with
. 2(6—5)(k§+k§)k§ -

_ ; .
(1+2e) (k,% + kf,) Tk (2+20) (k§ + I<§)I<§

Then, in order to incorporate viscosity into the pure qP-wave
dispersion relation, we replace the term (k2 +k3 +k2) in Eqs. (1)
and (2) with the term {(1+2e)(kZ +k2) +k2 —Sy(k? +k2 +k2)} in
Eq. (6), yielding a pure-viscoacoustic wave equation in the
frequency-wavenumber domain:

w2p:u§0{:—; ((1 +2¢) (k§+k§> +k2 —Sk(k§+k§+k§>)P+?},

(8)
foof = —:—g{u (:—— 1) ((1+20)
< (R+12) +I<§75,<(k§+k§+k§)>P}. ©)

Based on Egs. (8) and (9), we can simulate the propagation
characteristics of seismic waves in attenuating anisotropic media.
Transforming Eqgs. (8) and (9) into time-space domain, leading to
the pure-viscoacoustic VTI wave equation:
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’p 5 1. %p o%p\ %p
atz_vpo{ﬂ,<(1+28)<ax2+ayz +@
2 2 2 (10)
p dp 9p
_g(¢P_ 9P 9PY ) _
<6x2+6y2+azz>> r},
or 1 T, %p o*p\ %p
at_ﬂf{r<701><(1+2€)<ax2+ay2 o2
2, 22, a2 (1)
?p o%p o%p
_g(%P_ 9P 9P
(ax2+ay2+az2>>}’
2(8—6)<§;+§;> Z

S= ; . (2)
(1 +2s)<%+§) + 5+ (2+25)<§+%> 5

where Eq. (12) is the spatial domain representation of Eq. (7). Egs.

(10) and (11) can be easily solved by the finite-difference method,

whereas Eq. (12) can only solved by the spectral-based method. To

solve Eq. (12) using the finite-difference method, as per work of Xu
and Zhou (2014), the equivalent form of Eq. (7) can be expressed as

2(e — 0) (nf + n§)n§

(1+2e) (n,% + n§)2 +ng + (24 20) (n,% + nﬁ)ng

Sk , (13)

where n = (ny,ny, n;) = K/|K| = (kx, ky, kz)/|K| denotes the propa-

gation direction of seismic waves, where [k| = |/k? +kf,+k§.

Based on the asymptotic approximation that n=Vp/|vp| (Xu and
Zhou, 2014; Mao et al., 2024b), Eq. (13) can be approximately
characterized in the space domain (Liang et al., 2023):

ol @l
ool () @[ 6]

(14)
As a result, replacing S in Egs. (10) and (11) with S,, we can
obtain a new time-space domain pure-viscoacoustic VTI wave

Sn=

equation:
2 2 2 2 2 2
a—p—vzo Te (e (TP, OPY (0P, 0P 0P (1-Sp) |-,
oz P71, ox2  oy? ox2  oy? 0z2

(15)
ot T T

%p o%p %p o*p o%p
2e| —+—= —t—=+— | (1 =5 . 16
. ( ¢ <6x2 + Y2 ot Y2 tazz ) (150 (16)

Egs. (15) and (16) can be effectively solved by the finite-
difference method, markedly enhancing the computational effi-
ciency of wavefields simulation. Additionally, the coordinate
transformation relationship between VTI and TTI media is
expressed as
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kx = cos(8)cos(p)kx + cos(f)sin(¢)ky, — sin(d)k,
ky = —sin(¢)ky + cos()ky,
Ez = Sin(ﬂ)cos(¢)l<x + Sin(ﬂ)Sin(fﬂ)ky + COS(0)kz,

(17)

where f and ¢ denotes the tilt angle and azimuth angle, respec-
tively. Ex, Ey, and T<z are the new wavenumbers in the rotated co-

ordinate system. In the context of Eq. (17), the 2D pure-
viscoacoustic TTI wave equation can be written as
}, (18)

o’p
0z2

Te
~£_r
To

Pp_ 5 <. [?°P

or 1 Te - (#*p &p
a— Ta{r<‘rgl) (25Txxp+(15n)<6x2+622 y
(19)
where
s 2(e — 0)(Tup/Tzp)° (20a)
1+ (1 +26)(Tup/Tep)* + (2 +20)(Tup/Tzp)*
02 0’ 0’
_ 2 v G v -2 v
Txx = cos”(f) v sin(26) axaz T Sin 0 2 (20Db)
0 . 0 . 0 0
Tx = cos(f) i sin(6) 3% T, = sin(f) T cos(f) % (20c)

The 3D pure-viscoacoustic TTI wave equation is detailed in
Appendix A. It should be noted that Eq. (20) incorporates coupled
amplitude loss and phase dispersion operators, posing challenges
for the implementation of Q-compensated RTM. Therefore, it is
necessary to derive a pure-viscoacoustic TTI wave equation in-
cludes the decoupled amplitude loss and phase dispersion
operators.

Theoretically, the pure-viscoacoustic TTI wave propagator W,
can generally be expressed as
ins = Wac + thase + Wamp7 (21)
where W, is pure-acoustic TTI wave propagator, Wpp,ee is a phase
dispersion controlled operator, Womp is an amplitude loss
controlled operator. The combination of Wy and Wy, forms the
phase dispersion-dominated pure-viscoacoustic TTI wave propa-
gator Wypq (ie., Wypq = Wac + Wphase), While the combination of
Wac and Wamp forms the amplitude loss-dominated pure-viscoa-
coustic TTI wave propagator Wyamp (i.e., Wyamp = Wac + Wamp).
Additionally, Mu and Huang (2023) pointed out that the viscoa-
coustic wave equation can be decoupled by the addition and sub-
traction of these three operators, and derived a decoupled SLS-
based viscoacoustic wave equation. According to this approach,
when we first derive a phase dispersion-dominated pure-viscoa-
coustic TTI wave propagator Wyq (i.e., Wypq = Wac + Wppaee), then
we subtract the phase dispersion controlled operator Wp,,se from
the pure-viscoacoustic TTI wave propagator W,;; can indirectly
yield the amplitude loss-dominated pure-viscoacoustic TTI wave
propagator Wyamp :

Wyamp = Wyis —

thase' (22)

Therefore, we can derive the phase dispersion-dominated and
amplitude loss-dominated pure-viscoacoustic TTI wave propaga-
tors, respectively. Using these two derived wave propagators, we
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can further derive a pure-viscoacoustic TTI wave equation that in-
cludes decoupled amplitude loss and phase dispersion terms. Based
on this analysis, and starting with the one-SLS model and drawing
on the derivation by Fathalian et al. (2020), we first derive a phase
dispersion-dominated pure-viscoacoustic TTI wave equation W,q
(see Appendix B):

_ (o?p o2 2
— 2 (25Txxp+ (150 (axg’+az§> ) (1 +5- 1). (23)

In Eq. (23), the term associated with 2/A — 1 is a phase dispersion
controlled operator Wpp,s. Then, according to Eq. (22), subtracting
Wohase from Eq. (18) can indirectly yield the amplitude loss-
dominated pure-viscoacoustic TTI wave equation Wyamp:

<. [p p T 2
2 3
Vp0{<2€TxxP+(1—5n)<W+@ (T—G_-F‘I—K)—T .
(24)

Based on Eqgs. (23) and (24), we derive a new pure-viscoacoustic
TTI wave equation with decoupled amplitude loss and phase
dispersion, written as

_ [(o*p @ 2
<2ngxp+(1—sn)(%ﬂL%))(qu(zq)
2l) - ar
A —R20

where k1 =0 and k, = 0, Eq. (25) becomes acoustic anisotropic
wave equation derived in Liang et al. (2023); k; = 1 and k, = 0, Eq.
(25) becomes phase dispersion-dominated pure-viscoacoustic TTI
wave equation (Eq. (23)); k1 =0 and k, = 1, Eq. (25) becomes
amplitude loss-dominated pure-viscoacoustic TTI wave equation
(Eq. (24)); k; =1 and k; = 1, Eq. (25) is a pure-viscoacoustic TTI
wave equation.

9%p

a2

op_
oz

18 _

- = =
vlzJof)t
Te
K —_—
+ 2[7

a

(25)

2.2. Analysis of decoupled amplitude loss and phase dispersion
feature

To demonstrate the behavior of decoupled amplitude loss and
phase dispersion of the newly derived pure-viscoacoustic TTI wave
equation, we design a homogeneous model for forward modeling.
The model is discretized into a grid of 401 x 401 with a mesh in-
terval of 10 m. We adopt a peak frequency of 20 Hz Ricker wavelet
as the source, which is injected in (2 km, 2 km). The reference
frequency is same as the dominant frequency of source wavelet.

Fig. 1 shows the wavefields snapshots in the homogeneous
model. In Fig. 1, it is clearly that the proposed wave equation can
simulate the amplitude loss and phase dispersion effects sepa-
rately. Additionally, Fig. 2(a) depicts the waveforms simulated by
the different wave equations, and the corresponding frequency
spectrum are plotted in Fig. 2(b). Fig. 2 illustrates that the
amplitude-loss dominated wavefield and phase-dispersion domi-
nated wavefield exhibit attenuated amplitude and phase delay,
respectively, in comparison to the acoustic case. The waveforms of
viscoacoustic wavefield display attenuated amplitude and shifted
phase simultaneously. This observation suggests that the newly
derived pure-viscoacoustic TTI wave equation is capable of simu-
lating the amplitude dissipation and phase dispersion character-
istic separately. This feature facilitates the implementation of Q-
compensated RTM in TTI media.
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Distance, km

Depth, km

4

Fig. 1. Wavefield snapshots at 0.6 s simulated by (a) acoustic TTI, (b) phase dispersion
dominated TTI, (c) amplitude dissipation dominated TTI and (d) viscoacoustic TTI wave
equations. The model parameters are vpg = 3000 m/s, ¢ = 0.25,6 = 0.1,/ = 45,Q =
20.

2.3. Analysis of numerical stability, S-wave artifacts and simulation
accuracy

The wavefields simulated by the coupled-viscoacoustic TTI wave
equation exhibit S-wave artifacts and cannot remain stable in the
case of ¢ < 6 (Mu et al,, 2022). In order to illustrate the newly
derived pure-viscoacoustic TTI wave equation shares the same
characteristics with the pure qP-wave TTI wave equation, we
perform wavefield simulation in the homogeneous attenuating TTI
model. The models consist of 501 x 501 grids with a spatial interval
of 10 m. The source is a Ricker wavelet with a dominant frequency
of 25 Hz, excited at the center of the model. Fig. 3 shows the
wavefields simulated by the proposed pure-viscoacoustic TTI wave
equation and the coupled pseudo-viscoacoustic TTI wave equation
(see Appendix C). It is evident from Fig. 3(d)—(f) that the wavefields
simulated by the proposed pure-viscoacoustic TTI wave equation
are free of shear wave artifacts and remain numerically stable when
the anisotropic parameters ¢ < ¢, in contrast to those computed by
the coupled pseudo-viscoacoustic TTI wave equation (Fig. 3(a)—(c)).

Additionally, Fig. 3(g)—(i) depict the comparison between
Fig. 3(a)—(c) and Fig. 3(d)—(f), showcasing the good consistency
between the results simulated by the proposed wave equation and
those by the coupled pseudo-viscoacoustic TTI wave equation. This
observation suggests that the proposed wave equation is capable of
accurately simulating seismic wave propagation in attenuating
anisotropic media.

2.4. Implementation of Q-compensated reverse time migration

The wave equations describing the propagation of seismic
waves serve as the foundation for migration imaging. The newly
derived wave equation features decoupled amplitude loss and
phase dispersion properties, facilitating the implementation of Q-
compensated RTM (Zhu, 2016). To achieve attenuation compensa-
tion, reversing the sign (i.e., k; = 1;k; = — 1) of the amplitude loss
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term in Eq. (25) yields the attenuation compensated wavefield
modeling operator:

< [0°p 4 71,
<2€TXXp+ (1 —Sn) <£+§§> ) (E—E> +Ugor7 (26)

. < [*p &
{r—(;—1)(23Txxp+(1—5n)(a>£+azg>>}.
(27)

However, directly reversing the sign of the amplitude loss term
may lead to unstable wavefields, attributed to the magnification of
the high-frequency components (Xie et al., 2015; Sun and Zhu,
2018; Fathalian et al,, 2021). To suppress these high-frequency
components, some approaches have been developed, such as the
low-pass filter method (Zhu, 2016), stabilization factor method
(Wang et al., 2018), regularization method (Tian et al., 2015). Based
on the regularization approach, the attenuation compensated
wavefield modeling operator with a regularization term can be

expressed as
’p 0°p 4 7, 2
<ax2+622 (z‘;) +¥po”
o’p 0%
#p  °p) )
X2 0z2

where { is a regularization parameter, which is empirically chosen
and is usually a small positive value close to zero. It plays a crucial
role in the stabilization of the attenuation compensated wavefield.
To select this parameter accurately, we can perform a simple for-
ward modeling test (Mu et al., 2022) following the two step: First,
we use Eq. (26) to simulate the reference wavefield using the low-
pass filter developed by Zhu (2016). Second, we select a small
positive regularization parameter { to simulate wavefield using Eq.
(28). The simulated wavefield is compared with the reference
result, and then ¢ in Eq. (28) is adjusted until the simulated
wavefield closely match the reference result, determining the most
appropriate regularization parameter. In addition, the imaging
condition is another important component in the Q-compensated
RTM workflow. This paper employs the source-normalized corre-
lation (SNC) imaging condition proposed by Fathalian et al. (2020)
as imaging condition. This is because SNC imaging condition has
two advantages: First, the images calculated using the SNC imaging
condition in viscoacoustic anisotropic media are theoretically
equivalent to those calculated in acoustic anisotropic non-
attenuating case. Second, for Q-compensated imaging, the SNC
imaging condition only needs to compensate the backward receiver
wavefield, unlike the zero-lag correlation imaging condition, which
requires compensating both the forward source and the backward
receiver wavefield. Therefore, the SNC imaging condition is more
convenient and suitable for Q-compensated RTM, written as

p 5
o2 'po

or_ 1
a1

2
P _ 2 (ZeTxxp+(1—Sn)

oz~ b0

0
+ :UPO& (2£Txxp +(1-5p)

(28)

J' Sa(X, DRc(x, )dt J Sa(X, DRA(X, e elunde
t _Jt

Ic

J' Sa(X, £)Sa(x, )dt J Sa(X, 0)Sa(x, )dt
t t

J S(x, t)e i R(x, t)e~Ldowng—Luw atalup ¢
t

, (29)

J S(x, t)e~LawomS(X, t)e—laowmndt
t
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where « and L denote attenuation coefficient and the propagation
length, respectively. The subscripts up and down stand for the
upgoing and downgoing waves, respectively. S(x, t) and R(x, t) are
source and receiver wavefields in non-attenuating anisotropic
media, respectively. Sy(x,t) = S(x,t)e~wown  Ru(X,t) = R(X,1)
e wowme—alw gre attenuated source wavefields and attenuated
receiver wavefields in attenuating anisotropic media, respectively.
Re(X,t) = Ra(X, t)etelw = R(X, t)e~Liome—lwetelw js compensated
receiver wavefields in attenuating anisotropic media. After simple
mathematical operations, Eq. (29) can be rewritten as

[ S(x, OR(x, )dt
Jt =]

Ic , (30)

J' S(x, )S(x, £)dt
t

where [ is an imaging condition in non-attenuating anisotropic
media. From Eq. (30), we can conclude that employing the SNC
imaging condition in Q-compensated TTI RTM only compensate the
receiver wavefield is sufficient to obtain the compensated RTM
images. Additionally, the migration results obtained using imaging
condition stated in Eq. (29) are consistent with those obtained in
non-attenuating media.

3. Numerical examples

In this section, we test the feasibility and efficacy of the pro-
posed Q-compensated TTI RTM using two synthetic examples and
one field data set. For the synthetic examples, the observed data are
computed using the proposed pure-viscoacoustic TTI wave equa-
tion. Additionally, absorbing boundary conditions are necessary in
numerical simulations, and the sponge absorbing boundary (Cerjan
et al., 1985) with forty damping layers is used to reduce artificial
reflections from model boundaries. In all numerical examples, the
reference frequency is equal to the dominant frequency of the
source wavelet, and the efficient finite-difference method is
adopted to solve the newly derived pure-viscoacoustic TTI wave
equation.

3.1. BP gas chimney TTI model

First, we perform RTM task in a BP gas chimney TTI model to
illustrate the feasibility of the proposed approach. In BP gas chim-
ney TTI model (shown in Fig. 4), a strong attenuation gas chimney is
designed in center of the model. This model is discretized into a
grid of 401 x 201 points with the grid size of 10 m x 10 m. A Ricker
wavelet with a peak frequency of 20 Hz is used as source, and the
time step is 0.001 s. In total, 80 shots are evenly placed on the
surface with a shot interval of 50 m. To record the reflections, each
shot use 401 receivers with a receiver interval of 10 m and the
record length is 2.4 s.

Fig. 5(a)—(b) plots the shot gathers simulated by the pure
acoustic TTI (i.e., Q— o0) and pure-viscoacoustic TTI wave equa-
tions, respectively. In comparison to acoustic TTI data (Fig. 5(a)),
viscoacoustic TTI data exhibit obvious attenuated amplitude
(Fig. 5(b)). Additionally, Fig. 5(c) depicts the comparison of single
traces between Fig. 5(a) and (b). From Fig. 5(c), revealing signifi-
cantly phase delay and reduced amplitude in viscoacoustic TTI data
compared to acoustic TTI data. This result illustrates that the pro-
posed pure-viscoacoustic TTI wave equation works well in simu-
lating the propagation behavior of seismic waves in attenuating TTI
media.

In addition, Fig. 6(a)—(b) show the wavefields simulated by the
proposed wave equation and coupled pseudo-viscoacoustic TTI
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Fig. 5. Shot gathers of (a) acoustic TTI and (b) viscoacoustic TTI. (c) The comparison of single traces extracted from Fig. 5(a)—(b) at a distance of x = 2 km. Viscoacoustic TTI data
exhibit obvious amplitude attenuation and phase dispersion, as compared with acoustic TTI data.

wave equation, respectively. Fig. 6(c) shows the comparison be-
tween Fig. 6(a) and (b), revealing that the traces extracted from
Fig. 6(b) agree well with those extracted from Fig. 6(a). This finding
indicates that the proposed wave equation accurately simulates
seismic wave propagation in complex attenuating anisotropic
media.

We employ the acoustic TTI RTM algorithm on the acoustic TTI
data (without attenuation) to produce reference results, as shown
in Fig. 7(a). Fig. 7(b) shows the uncompensated TTI RTM images
obtained by conducting acoustic TTI RTM on viscoacoustic TTI data.
Fig. 7(c) and (d) are Q-compensated isotropic (ISO) RTM and Q-
compensated TTI RTM images, respectively. The regularization
parameter is set to 0.1. Compared with the reference results
(Fig. 7(a)), the amplitude of uncompensated images (Fig. 7(b)) is
significantly reduced, particularly in the area below the gas chim-
ney. In Fig. 7(c), where attenuation is compensated only using ISO
parameters, the anticline events exhibit mispositioned and defo-
cused (denoted by the white arrows). This is the impact of
neglecting anisotropic effects. In comparison to Fig. 7(b)—(c),
considering both the effects of anisotropy and attenuation in
migration process, the imaging results in Fig. 7(d) are comparable
to the reference results.

Fig. 8 depicts the single traces extracted from Fig. 7 for a clear
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comparison. The traces extracted from Fig. 7(a) is used as reference
(denoted by the blue solid lines). Compared to the reference traces,
the traces extracted from Fig. 7(b) and (c) exhibits significantly
reduced amplitude and distorted events, whereas the traces
extracted from Fig. 7(d) agree well with the reference results. The
above results suggest that the proposed Q-compensated TTI RTM
can simultaneously correct for effects of anisotropy and attenua-
tion, providing accurate imaging results.

3.2. Complex marmousi TTI model

The modified attenuating Marmousi TTI model is further used to
illustrate the adaptability of the proposed Q-compensated TTI RTM.
Fig. 9 shows the model parameters of Marmousi TTI model, dis-
cretized into 601 x 251 grids with a space interval of 12.5 m in the
x- and z-directions. We excite 100 shots uniformly across the sur-
face at a shot depth of 12.5 m. Each shot has 601 receivers for
recording reflections. The source is a Ricker wavelet with a domi-
nant frequency of 20 Hz, the time step is 0.0008 s, and the total
record time is 4 s.

Fig. 10(a) shows the imaging results of acoustic TTI RTM using
the acoustic TTI data, used as the reference. Fig. 10(b)—(d) depict
the imaging results obtained by conducting acoustic TTI RTM, Q-
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Fig. 6. Wavefield snapshots at 0.8 s in BP gas chimney TTI model simulated by the
different wave equations. (a) and (b) are simulated by the coupled pseudo-
viscoacoustic TTI wave equation and the proposed pure-viscoacoustic TTI wave
equation, respectively. (c) The superposition of Fig. 6(a) (black solid line) and Fig. 6(b)
(red solid line). All snapshots are plotted in the same color scale.

compensated ISO RTM and Q-compensated TTI RTM on viscoa-
coustic TTI data, respectively. The regularization parameter is set to
0.12. In Fig. 10(b), compared with the reference (Fig. 10(a)), it is
evident that the imaging results has the weak energy, particularly
in region below the strong attenuation structure, attributed to the
absence of compensation during the migration process. However,
when employing the ISO parameters for compensation, the imag-
ing results in Fig. 10(c) exhibit the dislocation of geological
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structure and the distorted fault planes, highlighting the signifi-
cance of anisotropic effects. Considering both anisotropy and
attenuation during the migration process, the amplitude of images
is consistent with that of the reference images (Fig. 10(a)) and the
location of the geological structure is accurately imaged, as shown
in Fig. 10(d).

For a clear comparison, we also extract the vertical slices from
Fig. 10 and present them in Fig. 11. As shown in Fig. 11, in compar-
ison to the reference traces (denoted by the blue solid lines), the
traces extracted from Fig. 10(b)—(c) exhibit obvious attenuated
amplitude and shifted phase. However, the traces (denoted by the
red dashed lines) extracted from Q-compensated TTI RTM images
are in good agreement with the reference traces. This example
suggests that the proposed Q-compensated TTI RTM can provide
high-quality imaging results in complex attenuating anisotropic
media.

Additionally, we also test our Q-compensated TTI RTM algo-
rithm with noisy data. The noisy data is obtained by adding
Gaussian random noise with a frequency band of 0—500 Hz to the
viscoacoustic TTI data, with the signal to noise ratio (SNR) of 10 dB.
Fig. 12(a) shows a comparison between the noisy data (red lines)
and the noisy-free data (black lines). The Q-compensated TTI RTM
imaging result using the noisy data is shown in Fig. 12(b). Fig. 12(b)
illustrates that the proposed Q-compensated TTI RTM algorithm
can preserve the geologic structure despite the strong noise, indi-
cating its stability with noisy data.

3.3. Field data test

Finally, we apply the proposed Q-compensated TTI RTM
approach on the field data to illustrate its efficacy in attenuating TTI
media. The field data consist of 204 shot gathers with a shot in-
terval of 50 m. For each shot, there are 60 receivers with a receiver
interval of 50 m. The total record length is 3.6 s with a time
increment of 0.0006 s. A Ricker wavelet with a peak frequency of
35 Hz is used as source. Fig. 13 shows the migration models pro-
vided by the oil field department, and are discretized into the grid
of 1185 x 635 with a spatial step of 10 m in the x- and z-directions.

Fig. 14(a) shows the imaging results obtained through acoustic
RTM. Although most of the shallow reflectors are well-imaged, the
deep-layers exhibit mispositioning and weak amplitudes. Fig. 14(b)
and (c) present results of Q-compensated ISO RTM and acoustic TTI
RTM applied to field data, respectively. Compared with
Fig. 14(a) , (b) exhibits obvious enhanced amplitude (denoted by
the black solid arrows), and Fig. 14(c) displays more continuous
reflectors (denoted by the black solid arrows). The regularization
parameter is set to 0.05. Fig. 14(d) shows images from Q-compen-
sated TTI RTM, revealing more continuous seismic events, clearer
fault planes, and effective compensation of deep geologic struc-
tures compared to Fig. 14(a)—(c).

Furthermore, Fig. 15 depicts the enlarged results of the dashed
white boxes shown in Fig. 14. It is evident in Fig. 15(b) that there is
enhanced amplitude, emphasizing the importance of compen-
sating for attenuation. The images in Fig. 15(c) exhibit continuous
seismic events and clear fault lines (denoted by white arrows),
highlighting the significance of anisotropy correction. In compari-
son to Fig. 15(a)—(c), Fig. 15(d) effectively compensates for energy in
deep layers, resulting in more continuous reflectors and clearer
fault characterization (indicated by the white arrows). This result
suggests that simultaneous correction of the anisotropy and
attenuation effects of underground media is critical for improving
the quality of seismic imaging. Additionally, we also generate the
wavenumber spectra of Fig. 15(a)—(d), as shown in Fig. 16. Fig. 16
shows that the wavenumber spectra of imaging results obtained
using Q-compensated TTI RTM (red lines) has the widened
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Fig. 7. Migration results for the BP gas chimney TTI model: (a) acoustic TTI RTM using acoustic TTI data (reference), (b) acoustic TTI RTM using viscoacoustic TTI data (TTI RTM), (c)
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noise ratio (SNR) of 10 dB. (b) Viscoacoustic Q-compensated TTI RTM images using the noisy data.

frequency bands and improved imaging resolution. This illustrates
that the proposed Q-compensated TTI RTM scheme can enhance
imaging quality in terms of energy and resolution compared to the

non-compensated case. Therefore, we can conclude that the pro-
posed Q-compensated TTI RTM effectively corrects for the attenu-
ation and anisotropic effects simultaneously, which can be used as a
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reliable imaging technique for attenuating TTI media.

4. Discussion

4.1. Computational efficiency analysis of the proposed wave
equation

To simulate the propagation behavior of seismic waves in
attenuating TTI media, we develop a new memory-variable-
expressed pure-viscoacoustic TTI wave equation. In comparison
to the previous memory-variable-expressed wave equation, the
newly derived wave equation with the decoupled phase dispersion
and amplitude attenuation operators, facilitating the implementa-
tion of Q-compensated RTM. Over the years, a series of fractional
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pure-viscoacoustic TTI wave equations also are derived for simu-
lating the seismic wave propagation in attenuating anisotropic
media (Xu et al,, 2015; Gu et al,, 2022; Mu et al., 2022). However,
these wave equations require computational expensive FFTs for
solving fractional Laplacians. In contrast, the proposed pure-
viscoacoustic TTI wave equation can be easily solved by the
finite-difference (FD) method, which is highly efficient in attenu-
ating TTI media.

In order to demonstrate the computational efficiency advantage
of our new wave equation, we conduct a comparative analysis with
pure-viscoacoustic TTI wave equations expressed using the frac-
tional Laplacian. Drawing on the work of Gu et al. (2022), the
fractional Laplacian pure-viscoacoustic TTI wave equation can be
expressed as
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Fig. 15(a), (c), (b), and (d), respectively.
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where g denotes the reference angular frequency, v =

arctan(1/Q)/m, Q is quality factor. Additionally, Fathalian et al.
(2020) derive a first-order viscoacoustic wave equation with the
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decoupled amplitude loss and phase dispersion terms, based on SLS
model. According to the derivation of Fathalian et al. (2020), we
derived a SLS-based pure-viscoacoustic TTI wave equation as fol-
lows (see Appendix B):

2 2
Giving) (2o (3 58)a-50 ).

Subsequently, we perform simulations in a homogeneous model
with the different grid points using the abovementioned wave
equations, and the grid spacing of the model is 10 m. The model
parameters are same as those in Fig. 1. Table 1 shows the compu-
tational time of the different wave equations. The computational
platform is a matlab software, equipped in a computer with an Intel
Core i5-10505 at 3.20 GHz processor. As illustrated in Table 1, the
computational speed of the newly derived wave equation is nearly
twice as fast as that of Eq. (33) and almost four times faster than Eq.
(31), highlighting the high computational efficiency of our new
wave equation. This is due the fact that the proposed wave equation
can be easily solved by the finite-difference method. However, Eq.
(32) requires at least two forward FFTs and two inverse FFTs,
whereas Eq. (33) requires at least one forward FFTs and one inverse
FFTs. This observation suggests that the proposed pure-
viscoacoustic wave equation is highly efficient and holds great
potential for practical application.

Laz_P

6t2

Table 1
Running time of the wavefield simulation with a duration of 3 s in homogeneous
model with the different mesh sizes.

Equations 201 x 201 401 x 401 601 x 601 801 x 801
Eq. (31) 132355 412.62 s 1206.45 s 2563.52 s
Eq. (33) 7624 s 21256 s 565.12's 112637 s
Proposed 34.85s 104.72 s 27830s 514.69 s
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Fig. 17. Wavefield snapshots at 0.35 s for the homogeneous model: (a) Wavefields simulated through pure acoustic TTI wave equation. (b) Wavefields simulated through phase-
dispersion dominated pure viscoacoustic TTI wave equation. (c) Wavefields simulated through amplitude-loss dominated pure viscoacoustic TTI wave equation. (d) Wavefields
simulated through pure viscoacoustic TTI wave equation. All plots are in same color scale.

4.2. Future application of the proposed wave equation

In recent decades, the utilization of three-dimensional (3D)
approaches has drawn a lot of attention in attenuating media (Shen
et al., 2018b). The biggest factor restricting 3D application is
computational efficiency. Additionally, the existing viscoacoustic
anisotropic wave equation with the decoupled amplitude dissipa-
tion and phase dispersion terms, necessitates solving using multi-
ple Fast Fourier Transforms (FFTs). We know that the FFTs are
computational inefficient and unsuitable for the practical applica-
tion, especially in 3D application. In comparison to the previous
wave equations, the proposed pure-viscoacoustic TTI wave equa-
tion can be efficiently solved by the finite-difference method and
can be easily extended to 3D applications.

To demonstrate the possibility of 3D application of our new
wave equation, we design a homogeneous model with the grids
points of 201 x 201 x 201, the spatial step is 10 m. The model
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parameters are vpp = 3000 m/s, ¢ = 0.25,6 = 0.1, 6 =60, ¢ = 30,
Q = 20. Fig. 17 shows the wavefields simulated by the different
wave equations. The acoustic TTI wavefields shown in Fig. 17(a) are
used as reference. Compared with Fig. 17(a), the phase-dispersion
wavefields (k; =1 and «; 0) show noticeable phase delay,
while the amplitude-loss wavefields (k; = 0 and kx, = 1) exhibit
reduced amplitude. Fig. 17(d) are wavefields simulated by the
proposed pure-viscoacoustic TTI wave equation, showing evident
phase delay and reduced amplitude, compared to Fig. 17(a). This
finding suggests that the proposed 3D pure-viscoacoustic TTI wave
equation is capable of simulating amplitude attenuation and phase
dispersion effects separately. This is conducive for the realization of
3D Q-compensated RTM. As a result, the 3D Q-compensated RTM
and 3D Q-compensated least-squares RTM based on the proposed
wave equation is the future work of this paper.

Additionally, there has been significant attention given to Q-
related full waveform inversion (FWI) (Shen et al., 2018b; Da Silva
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et al, 2019b; Yang et al., 2016). Over the years, Q-related FWI
typically relied on the fractional Laplacians expressed viscoacoustic
wave equation (Xing and Zhu, 2023). As discussed above, the
computational efficiency of the fractional Laplacians expressed
viscoacoustic anisotropic wave equation is unsatisfactory. On the
contrary, the newly derived wave equation can be solved by the FD
method, enhances the calculation speed of Q-related FWI during
inversion, rendering it suitable for FWI applications. Additionally,
the decoupling of amplitude dissipation and phase dispersion of
the proposed wave equation can help compensating the gradient of
Q-related FWI (Xing and Zhu, 2023), thereby accelerating the
convergence speed. Given these advantages, our new wave equa-
tion is well-suited for Q-related FWI. Therefore, integrating the
proposed wave equation into Q-related FWI is another aspect of our
future work.

5. Conclusion

We propose a highly efficient pure-viscoacoustic Q-compen-
sated reverse time migration (RTM) algorithm in tilted transversely
isotropic (TTI) media. To implement Q-compensated TTI RTM, we
derive a memory-variable expressed pure-viscoacoustic TTI wave
equation with decoupled amplitude dissipation and phase disper-
sion term. In comparison to the previous pure-viscoacoustic TTI
wave equation, the newly derived pure-viscoacoustic TTI wave
equation can be efficiently solved by the finite-difference method
and is well-suited for industrial applications. Numerical tests show
that the proposed pure-viscoacoustic TTI wave equation can
simulate the behavior of amplitude loss and phase dispersion
separately, providing S-wave artifact-free and numerically stable
wavefields. Building on the newly derived wave equation, we
develop the Q-compensated RTM algorithm in TTI media. To sup-
press the high-frequency noise in wavefields, a regularization
operator is incorporated into the attenuation-compensated wave-
fields modeling operator, ensuring the stable propagation of
wavefields. Synthetic examples and field data test suggest that the
proposed Q-compensated TTI RTM technique can effectively correct
for the effects of anisotropy and attenuation, resulting in the high-
resolution imaging results. Furthermore, the proposed wave
equation can be well used as forward engine for full waveform
inversion in attenuating TTI media.
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Appendix A
The pure-viscoacoustic wave equation in 3D tilted transversely
isotropic media.

According to Eq. (19), the 3D version of the newly derived pure-
viscoacoustic TTI wave equation can be written as
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Similar to the derivation of Eq. (25),
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where k7 and k; are the constant. k; = 0 and k, = 0, Eq. (A-7) be-
comes acoustic anisotropic wave equation derived in Liang et al.
(2023); k=1 and «k, = 0, Eq. (A-7) becomes dispersion-

Eq. (A-1) can be written as

1 0%p
2 at2

(A-7)
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dominated pure-viscoacoustic TTI wave equation; k; = 0 and k; =
1, Eq. (A-7) becomes amplitude-dominated pure-viscoacoustic TTI
wave equation; k; =1 and «; = 1, Eq. (A-7) becomes pure-
viscoacoustic TTI wave equation.

Appendix B

Derivation of phase dispersion dominated pure-viscoacoustic
TTI wave equation.

From Eq. (9), we can calculate the memory variable associated
with the relaxation time:

f:{(1+28)

767*1)
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Substituting Eq. (B-1) into Eq. (8), Eq. (8) can be rewritten as

(k +k )P+/<2P Sk<k2 +I2 1k )P}

w?P = ugo{{m +2¢6) (12 + kf)P + k2P — sk(kf I+ /<§)P}

: I}
x | =+ .
Tg
(B-2)

According to the derivation of Fathalian et al. (2020), we have
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(B-2), Eq. (B-2) can be expressed as
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where the terms associated with 2/A and 2/AQ are related to phase
dispersion and amplitude loss, respectively. Transforming Eq. (B-4)
into the time-space domain, yielding the pure-viscoacoustic TTI
wave equation in the time-space domain:

(B-4)
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Additionally, the phase dispersion dominated pure-
viscoacoustic TTI wave equation can be expressed as
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Appendix C

The pseudo-viscoacoustic wave equation in 3D tilted trans-
versely isotropic media.

As per the works of Fathalian et al. (2021), by selecting the
single-SLS element, the second-order coupled pseudo-
viscoacoustic TTI wave equation can be rewritten as
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where 7, and 7, stand for the stress and strain relaxation times,
respectively. rp, and ry denote the corresponding memory variable.
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