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ABSTRACT

In this study, we propose a constraint learning strategy based on interpretability analysis to improve the
convergence and accuracy of the enriched physics-informed neural network (EPINN), which is applied
to simulate two-phase flow in heterogeneous porous media. Specifically, we first analyze the layerwise
outputs of EPINN, and identify the distinct functions across layers, including dimensionality adjustment,
pointwise construction of non-equilibrium potential, extraction of high-level features, and the estab-
lishment of long-range dependencies. Then, inspired by these distinct modules, we propose a novel
constraint learning strategy based on regularization approaches, which improves neural network (NN)
learning through layer-specific differentiated updates to enhance cross-timestep generalization. Since
different neural network layers exhibit varying sensitivities to global generalization and local regression,
we decrease the update frequency of layers more sensitive to local learning under this constraint
learning strategy. In other words, the entire neural network is encouraged to extract more generalized
features. The superior performance of the proposed learning strategy is validated through evaluations
on numerical examples with varying computational complexities. Post hoc analysis reveals that gradient
propagation exhibits more pronounced staged characteristics, and the partial differential equation (PDE)
residuals are more uniformly distributed under the constraint guidance. Interpretability analysis of the
adaptive constraint process suggests that maintaining a stable information compression mode facili-

tates progressive convergence acceleration.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

foundational architectures; for instance, convolutional neural
networks (CNN) (Li et al., 2022) excel at handling grid-structured

Under the concept of deep learning (LeCun et al., 2015), the
potential of neural networks (NNs) is continuously tapped, forming
a novel paradigm for addressing a variety of scientific challenges,
with impressive advancements exhibited in fields such as com-
puter vision (Krizhevsky et al., 2017) and natural language pro-
cessing (Vaswani et al.,, 2017). Modern NNs include multiple
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data such as images and videos, recurrent neural networks (RNN)
(Yuetal., 2019) are designed to process data with sequential order,
and graph neural networks (GNN) (Zhou et al., 2020) are tailored
for data with unstructured adjacency information. The emergence
of large language models (Kalyan, 2024) and subsequent multi-
modal large models (Liang et al., 2024) has ignited the latest wave
in artificial intelligence. Concurrently, studies suggest world
models (Bardes et al., 2024) represent a promising direction in the
future, with one pivotal aspect being Al's ability to internalize
physical laws, thereby enabling physically grounded reasoning.
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Recently, physics-informed machine learning (Karniadakis et al.,
2021; Liu et al.,, 2025; Toscano et al., 2025) has been developed
to tackle scientific problems with underlying physical contexts,
where methods that utilize physical rules for constraint learning
(Daw et al., 2017) are considered to ensure the scientific consis-
tency of the results, thereby enhancing the model's generalization.
Raissi et al. (2019) introduced physics-informed neural networks
(PINNs) that employ partial differential equations (PDEs) as phys-
ical principles and leverage automatic differentiation to construct
physics-constrained loss for training, achieving data-free learning
of forward processes and enabling the inversion of uncertain pa-
rameters from noisy data. Huang et al. (2025) highlights that cur-
rent research on deep neural networks (DNNs) for solving PDEs
continues to face persistent challenges in computational efficiency,
generalization capability, interpretability, and handling complex
physical systems.

Subsequently, a series of PINN-like variants have been developed
to solve different physical problems (Cuomo et al., 2022), and
several open-source libraries have been made available to facilitate
the construction of physical constraints (Haghighat and Juanes,
2021; Hennigh et al,, 2021; Lu et al., 2021). In deeper interdisci-
plinary research, the physical problems to be addressed may involve
greater complexity, such as non-equilibrium behavior (Harbate
et al., 2024), intricate wave structures (El Idrissi et al., 2023), and
high-gradient dynamics (Zeidan et al., 2019). PINNs have been
modified to handle these complex issues, such as integrating
diffusion terms in the loss function to address shock waves in two-
phase flows (Fuks and Tchelepi, 2020), incorporating expert
knowledge during training to align with practical engineering
(Wang et al., 2020). Moreover, appropriate discretization methods
often play a critical role in enhancing the stability of simulations for
complex flow problems (Ouffa et al., 2021). In a previous study
(Zhang et al.,, 2023), we developed a physics-driven approach
combining the finite volume method (FVM) (Eymard et al., 2000)
and hard constraint boundaries to achieve more accurate PDE
constraints in discrete parameter systems of two-phase flow. In
subsequent research, we developed the enriched physics-informed
neural network (EPINN) (Yan et al., 2024) that incorporates func-
tionalities referring to RNN and GNN to enable the simulation of
more complex nonlinear flow systems. However, in current
research, NNs are primarily utilized as essential tools, much like
they are often treated as universal approximators and criticized as
inscrutable black boxes (Alain and Bengio, 2016). Although the
neural network incorporates physical meaning through a physics-
constrained loss function, its internal mechanisms remain unclear,
particularly regarding the critical patterns it may capture and how
the physical constraints influence gradient propagation.

Interpretable analysis of neural networks is a crucial topic that
aids in understanding and effectively applying them to solve
diverse problems (Samek et al, 2021; Shwartz-Ziv, 2022).
Katsnelson et al. (2021) suggest that during training, NNs form
self-organized critical states characterized by scale invariance,
where trainable and non-trainable parameters across layers are
driven to a stochastic equilibrium. Equitz and Cover (1991) pro-
posed the rate-distortion theory, suggesting that multilayer NNs
process and refine information sequentially, with each hidden
layer's output serving as the input for the next, enhancing the
construction of higher-level distributed representations. Mehta
and Schwab (2014) argued that as deep NNs approach optimal
performance, their architecture exhibits increasingly decoupled
statistical characteristics across different layers. Combining
information-theoretic methods, Tishby and Zaslavsky (2015)
believed that the boundary of optimality is computable. Zeiler and
Fergus (2014) used visualization techniques to intuitively observe
and understand NNs' learning in computer vision tasks, discovering
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that different layers' learning contents can be discerned with the
specific image semantics. Nakkiran et al. (2021) suggest that the
“double descent phenomenon” is prevalent during NN training,
where network performance initially declines and then improves
with increased training epochs once the model complexity is suf-
ficient, extending the variance-bias trade-off theory regarding
overfitting. Zhou et al. (2019) argued that effectively learning from
noisy information during NN training aids convergence to a posi-
tion closer to the global optimum. Damian et al. (2022) suggested
that learning from noise is a self-stabilizing process with
randomness, observable through the fluctuation of performance
evaluation metrics. Cohen et al. (2021) believed the optimal state
during gradient descent training is at the edge between stability
and randomness. The same phenomena were also observed in
adaptive optimizers (Cohen et al., 2022), and models were believed
to exhibit super-convergence after sufficiently learning from noise
(Smith and Topin, 2019). Tishby et al. (2000) introduced the infor-
mation bottleneck (IB) theory to understand the signal trans-
mission of complex systems, proposing that key feature extraction
is an essential source of the NNs' generalization. Researchers have
extensively attempted to theoretically interpret the deep learning
process in conjunction with IB theory (Goldfeld and Polyanskiy,
2020). Lewkowycz et al. (2020) noted that NN training with
gradient descent algorithms undergoes phase transitions, with
significant differences between phases. Shwartz-Ziv and Tishby
(2017) proposed using the signal-to-noise ratio to represent the
fitting-diffusion transition in NN training. Anagnostopoulos et al.
(2024) identified the total diffusion phase in PINN training, which
exhibits superior convergence of model parameters under a uni-
form gradient; the emergence of this phase is believed to indicate
improved generalization performance. Interpretability methods
have seen broad development in various neural networks. Still, few
studies attempt deep explanations for physics-constrained prob-
lems, especially when these networks offer additional insights
from a physical background.

Understanding the learning processes in NNs helps properly
employ various domain-specific strategies. For instance, multitask
learning (Ruder, 2017) aims to handle multiple tasks simulta-
neously, enabling NNs to learn shared features to improve gener-
alizability. Transfer learning (Zhuang et al., 2021) seeks to leverage
acquired knowledge (or pretrained NNs) to address similar prob-
lems. The core idea of continual learning (Wang L. et al., 2024) is to
maintain performance on old tasks while learning new ones, thus
enhancing global generalizability. In physics-driven methods,
most PINN-like approaches can be regarded as multitask learning
(Raissi et al., 2019; Fuks and Tchelepi, 2020; Wang et al., 2020,
2022; Haghighat and Juanes, 2021; Hennigh et al., 2021; Lu
et al., 2021; Cuomo et al., 2022), where spatial or spatiotemporal
sampling forms multiple parallel tasks, constructing a holistic re-
sidual for training. Wang S. et al. (2024) suggested that uniform
training methods like vanilla PINNs across all time steps might
violate temporal causality, and a reasonable learning approach
should capture the evolutionary process over time. In transfer
learning, Liu et al. (2023) attempt to reuse a trained PINN for new
problems with similar physical backgrounds and design a guiding
strategy to achieve this progressively. Methods of solving by
advancing through time steps (Zhang, 2022; Li et al., 2023; Zhang
et al., 2023; Yan et al.,, 2024) involve basic transfer operations
between adjacent time steps, but the method's theoretical basis
suggests a lack of global generalization across multiple time steps.
In continual learning, Dekhovich et al. (2024) utilize the continual
learning strategies, starting with simple PDEs and continuously
learning multiple PDEs, thus enabling the NN to develop a more
generalized ability. Howard et al. (2024) explore preventing cata-
strophic forgetting in PINN learning through historical information
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replay and loss function regularization, thus achieving general-
ization on multi-fidelity datasets. EPINN is grounded in a well-
defined physical framework for two-phase flow solving; certain
features of the methods significantly enhance the solving of het-
erogeneous problems, particularly through an anchored structure
that defines spatial geometric relationships, providing a criterion
for interpreting these features in a physically meaningful context.
Gaining deeper insights into the operational logic of NNs during
the learning process would enable improvements to enhance the
speed and accuracy of the NN-based simulation.

In this study, we leverage pointwise attributes and physical
context to visualize and uncover latent characteristics of EPINN
learning. Based on these insights, we propose the EPINN with
constrained-layer (EPINN-CL), which mitigates forgetting of his-
torical information by imposing constraints to suppress updates in
zones more sensitive to local fitting. This novel method improves
NN learning by introducing layer-specific differentiated updates,
promoting learning more generalizable features across multiple
time steps. The strategy's effectiveness was validated in scenarios
of various computational complexity, demonstrating faster
convergence speed and higher accuracy. Additionally, we provide
insightful post hoc interpretations of the adaptive adjustment
processes to elucidate the mechanism of constraint adaptation.

The paper's organization is as follows: Section 2 introduces the
physics-driven learning method and provides visual observations
and interpretations for homogeneous, heterogeneous, and fracture
cases. Section 3 presents a new constraint learning strategy, vali-
dating its effectiveness across the three cases and offering post hoc
interpretations of the learning process. Section 4 concludes the
paper and outlines future research directions.

2. Visualization of EPINN in two-phase flow simulation

In this section, we present the physical foundation of EPINN for
two-phase flow learning in porous media. Based on the pointwise
attributes of EPINN, we design a visualization method to analyze
the latent patterns of layer-specific outputs in homogeneous,
heterogeneous, and fracture cases, offering intuitive in-
terpretations of the different functionalities.

2.1. Governing equations of two-phase flow in porous media

We define the physical background as the immiscible two-phase
flow of weakly compressible fluids in porous media and consider the
complexity introduced by the permeability heterogeneity (Gerritsen
and Durlofsky, 2005; Chen et al., 2006; Bear and Cheng, 2010; Chung
and Woo, 2011; Abidoye et al., 2015). The mass conservation equa-
tion of each phase is (Moortgat and Firoozabadi, 2013)
a% (¢rpSp) +V - (psVp) = Ppdp (1)
where g indicates fluid phases, g = w for wetting phase and g =n
for non-wetting phase; p is the fluid density; S is the phase satu-
ration; v is the fluid velocity; g is the source or sink; ¢ is the

porosity; t is the time. The flow of each phase in porous media
conforms to Darcy's law (Moortgat and Firoozabadi, 2013):

V= — k—rﬁk(VP,, —psgVD) (2)

Hp
where k; is the relative permeability; k is the absolute perme-
ability; P is the fluid pressure; g is the gravity acceleration; D is the
depth; u is the fluid viscosity. In addition, the following supple-
mentary equations need to be incorporated
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Sw+Sn=1 (3)

(4)

where P. denotes the capillary force, and it usually can be
neglected (Yan et al., 2024). Consequently, the pressures of non-
wetting and wetting phases are equivalent, i.e., P, = Py = P.

To account for the compressibility of fluid and porous media,
we adopt the following constitutive equations

Pc =P, — Py

pp = PpoeXxp [Cs(P — Po) | (5)

¢ = ¢oexp[Cr(P—Po)] (6)

where subscript 0 denotes the initial state, and C; and Cs represent
the isothermal compressibility of porous media and phase g,
respectively. Finally, the initial and boundary conditions (BC) also
need to be specified to ensure completeness of the formulation. In
this study, we employ the closed boundary conditions throughout
numerical examples, and the initial conditions (IC) (i.e., initial
pressure and saturation) will be explicitly specified in the subse-
quent case study sections.

2.2. Numerical schemes for two-phase flow in porous media

The numerical simulation of immiscible two-phase flow in
porous media typically employs two schemes: the fully implicit
method (Saad and Saad, 2013) and the implicit pressure explicit
saturation (IMPES) approach (Chen et al., 2019). While the fully
implicit method ensures unconditional stability by solving pres-
sure and saturation equations simultaneously, its high computa-
tional cost per time step limits efficiency. In contrast, the IMPES
scheme decouples the governing equations, solving pressure
implicitly and updating saturation explicitly using the computed
pressure field. Although IMPES requires time step restrictions for
stability, its reduced computational demand per iteration,
simplified implementation, and enhanced stability through CFL
condition enforcement (Coats, 2003) make it particularly effective
for immiscible two-phase flow simulations (Redondo et al., 2018).
In this study, we adopt the IMPES scheme to decouple and
sequentially solve the pressure and saturation equations. By
resolving pressure first, the saturation update is simplified to an
explicit calculation under known pressure conditions. This strat-
egy allows NN to focus solely on pressure prediction throughout
the simulation, significantly reducing NN training complexity
while improving computational efficiency.

The phase potential is first defined as &; = P— pygD. Next,
substituting Eq. (2) into Eq. (1) and neglecting the term arising
from fluid density gradients (due to the fluid's weak compress-
ibility), Eq. (1) can be approximated as

oSy

oP
¢W + S/}d)(Cﬁ =+ Cr) E =V- (ﬂ/}l(V@ﬂ) + dp (7)
where 1 denotes the fluid mobility, defined as 2 = k;/u. Then, the
pressure equation required for IMPES scheme is formulated by

combining the wetting and non-wetting phase equations, as

oP
¢(SnCn +SwCw + Cr) i V- (nkV®p) +V - AwkVdw) +qn
+ qw
(8)

Introducing the potential difference @. = &, — &, Eq. (8) can
be expressed as
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oP

(9)

where J; represents the total mobility, calculated as the summa-
tion of 1, and Aw. Now, the two-phase flow simulation can be
performed through sequential solutions of Egs. (9) and (7). First,
Eq. (9) is solved implicitly for the current timestep pressure, with
saturation from the previous timestep used to compute mobility
parameters. The resulting pressure field is then substituted into
Eq. (7) to update saturation explicitly. Notably, these governing
equations apply to both matrix and fracture domains, with distinct
properties assigned to each in fractured porous media.

The FVM-based discretization remains a well-established and
prevalent approach for two-phase flow problems due to its
inherent conservation properties and robustness in handling dis-
continuities (Zeidan and El Idrissi, 2025). Therefore, the FVM is
employed in this study for equation discretization, and this pro-
cedure involves first integrating Eq. (9), subsequently applying the
divergence theorem, and implementing a first-order discretization
for the time derivative term, ultimately yielding the following
residual expression

e (i DY TR Corier)
je
> (}*n,ij+1/2 Tj (‘DEJ—‘DEJ) ) —(Gn+qw)V;

JjeGi
(10)

where subscripts i and j are element indexes; ij+ 1/2 indicates the
intermediate value between two adjacent elements; superscript t
is the time step index; R is the residual of the PDE; V is the element
volume; At is the time step size; G indicates the adjacent ele-
ments; 1 is explicitly computed with upstream weighting value; q
is source or sink, which is approximated using the equivalent
model (Peaceman, 1993)

2nkh ( p_ ow)

"In(re/rw) + s
where h is the connection thickness with formation; re is the
equivalent formation radius; r is the wellbore radius; s is the skin
factor; P, is the bottom hole pressure (BHP). The time step size At
needs to satisfy the following CFL condition to ensure computa-
tional stability (Yan et al., 2016; Redondo et al., 2018)

#iVi 1 ofw
- U}" max [f‘/,v(S)]7 1 — Swc — Snr 0s™’

qp = (11)

,0 <s<1

fuls) =
(12)

where v;:" denotes the gridcell's total influx; S* denotes the
normalized wetting phase saturation; f,, is the fractional flow
function; Sy and Sy, represent irreducible wetting phase and re-
sidual non-wetting phase saturations, respectively; T is the
transmissibility between elements i and j, which is defined as

Ajikiji 12

d; + d; (13)

T; =

where A denotes the interface area; d is the vertical distance from
the element center to the interface; k1, is the harmonic mean
absolute permeability. In the fractured scenario, the fracture
element is characterized by unstructured grids with non-adjacent
connections (Losapio and Scotti, 2023), fractures are discretized

)
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according to their intersections with the matrix grids, as illus-
trated in Fig. 1(a). Fig. 1(b) illustrates three types of trans-
missibility: T, (matrix-matrix), T,s (matrix-fracture), and T
(fracture-fracture).

The connection of matrix-matrix and fracture-fracture can be
calculated with Eq. (13), the connection between matrix and
fracture is calculated as

Amfkmf

(d)

where Ay is the fracture contact area in matrix; kg is the har-
monic mean absolute permeability of matrix and fracture; (d) is
the average normal distance between matrix and fracture.

Following pressure computation, the wetting phase saturation
is explicitly updated via the following equation derived from the
discretized form of Eq. (7)

> jeG: (ﬂwTij (q)f;} - ‘D\t/;r.z'l))“ quAt
dVi " ¢
—st, H(Cw+Gr) (Pt+1 Plt)

(14)

mf =

t+1 __ ¢t
Swj 7SW.i +

(15)

To sum up, we adopt a numerical framework that achieves first-
order accuracy to simulate two-phase flow in porous media by
integrating the IMPES method combined with CFL condition, the
finite volume spatial discretization, and a first-order temporal
discretization.

In this study, we employ NN to solve the pressure equation (Eq.
(9)). Specifically, we define the following loss function based on Eq.
(10), combined with the mean square error (MSE)

= e ({1 ))’

& i=1

(16)

where Ng is the number of discrete grids; 13,&] is the NN output
that approximates Pit“. The exact value of Pf“ can be obtained by
training NN (minimizing Eq. (16)). The governing equations
intrinsically ensure physical consistency, allowing physics-
constrained neural network training without labeled data. Sec-
tion 2.3 details the neural network architecture and training
workflow.

2.3. The structure of EPINN

We establish the pressure-to-pressure mapping with EPINN.
The mapping of the input layer is

(a) m m. m. m. m.
1 2 3 4 5
<g>| f k_//_/———ll
._/,f_L_/——l X - fa
(®) Tom Toun T T
m, m, m; m, ms

Fig. 1. Schematic of matrix (gray) and fracture (blue) geometry correspondence (a)
and connection mode (b) under the EDFM strategy (Yan et al., 2024).
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Pl =w;-P' + by (17)
where wq and b, are the weight and bias of the input layer. There is
a special adjacency-location anchoring structure after the input
layer is

-t
1-Py + Mygj — pp

szy
6§+e

+p (18)

where w; is a learnable parameter; m,q; is the fixed adjacent
matrix; g is the mean and o3 is the variance of each column in
(I3§ ‘w1 + Mygj); e is a small value to avoid dividing by zero (in this
paper, set to 1.0 x 10~°); y and g are the learnable weight and bias.
The linear mapping of the hidden layer is
Py =w-P4 + by (19)
where w, and b, are the weight and bias of the hidden layer. The
adaptive ReLU (Jagtap et al., 2020) is employed to add nonlinearity
as

P = max <o,a.13§> (20)

where « is a learnable parameter to adjust the activation range
adaptively; P4 is the activating output. The decoding layer is
Py =ws-Py + bs (21)
where w3 and b3 are the weight and bias of the hidden layer; f’; is
the mapping output. The skip connecting and gated updating is

Pt+] =wy -Pt-l-(] —a)z)-i);

(22)
where w5 is a learnable parameter to balance the reference of the
previous pressure distribution.

The parameter settings of the numerical model learned by
EPINN are consistent with numerical simulations, as detailed in
Section 2.3. The EPINN hyperparameter configurations are pre-
sented in Appendix A. The training workflow of the physics-

Petroleum Science 22 (2025) 4714-4735

constrained EPINN is illustrated in Fig. 2. Specifically, ADAM
(Kingma and Ba, 2014) is used as the optimizer to minimize Lt+! to

a desired threshold (set as MSE < 1.0x10-18 in this study), thus

pr+1 — p, Subsequently, St can be calculated using Eq. (15).

The converged P and NN parameters are used as the initial con-
ditions of the next time step. Through multiple iterations, solu-
tions for all discrete time steps are obtained. The mapping process,
backpropagation, and gradient descent updates are executed in
PyTorch (Paszke et al., 2019) (Version 1.12.1).

2.4. Two-phase flow cases

We designed three physical cases: homogeneous, heteroge-
neous, and fractured. The reason for choosing these three sce-
narios is that they generally exemplify the increase in
heterogeneity accompanied by a rise in pressure gradients, thus
lifting the solving difficulties with more intricate physical field
distribution patterns (Chen et al., 2006; Berre et al., 2019; Zhang
et al, 2023; Yan et al, 2024). In the subsequent content, the
reference solutions all are computed using our validated in-house
reservoir simulator (Yan et al., 2016).

The model geometry for the homogeneous (Fig. 3(a)), hetero-
geneous (Fig. 3(a)), and fractured (Fig. 4(a)) cases is 100 m x 100
m, with a thickness of 1 m. The grid mesh for the homogeneous
and heterogeneous cases is 25 x 25 (Fig. 3(b)) (this grid selection
was derived from the sensitivity analysis in Appendix B), gener-
ating 625 grid elements of 4 m x 4 m; the fractured case in-
corporates an additional 138 unstructured fracture grids (Fig. 4
(b)). The permeability for the homogeneous case is 50 mD; for the
heterogeneous case, it varies from 10 to 120 mD as illustrated in
Fig. 5(a); for the fractured case, the matrix permeability is 10
mD, whereas the fracture permeability is 30,000 mD. For all cases,
the relative permeability curve is provided in Fig. 5(b), with time
step size At = 0.01 d satisfying the CFL stability condition. The
injector and producer are centered in the bottom-left and top-
right grid cells, respectively. The specific parameter settings for
each case are listed in Table 1. We normalized the input pressure to
facilitate NN learning; the normalization method is

Pori

Pscale = ITt (23)
ini

(7] (mnrmno) & (7]  (svams] & (] © (svwo) -

/,,”’ Red: Learnable parameters [ NN layers \\*\\\\\
’,,«/ Blue: Intermediate variables [ Explicit calculations \‘*~\\\\
Physical constraint \
/ NN structure\ | &
Pi=w; - P+ b, Pi=w; - P{+b, Pi=ws - Pi+bs L= 23 (R(PL PP
9
_ @1 - P+ Moy — 15 ) N . .
Pi= (?EJ +f P} =max(0, « - P}) P =, P+ (1= wp) - P
B

— o0 =

Adjacency-location
anchoring & layernorm

Hidden layer

= 0 =

Nonlinear activation

Output layer /

= o o=

Gated updating

,5M |$

Lf} Back-prop &
gradient descent

MSE loss of PDE
residual with IC & BC

Kwn layer

/

Fig. 2. The procedure of EPINN with physical constraint.
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100 m
@ Producer  (b)
€
o
e
Injector
Fig. 3. Schematic of the homogeneous and heterogeneous cases (a) and their computational grids (b).
100 m
[€)
@ Producer (b)
€
o
o
Injector
@

Fig. 4. Schematic of the fractured case (a) and its computational grids (b).

where P,; is the original pressure; Py, is the scaled dimension-
less pressure; P;,; is the initial formation pressure. The output
pressure can be rescaled by multiplying Pj;.

2.5. Visualization method of EPINN

The “encoder-decoder” architecture is a prevalent framework
in NN design (Sutskever et al., 2014; Ronneberger et al., 2015;
Vaswani et al, 2017), which maps data into a high-
dimensional space to facilitate the manipulation of higher-
level features. EPINN utilized this concept to design the archi-
tecture. The intricacy of high dimensionality complicates the
intuitive comprehension of the importance of the learnable
parameters at each layer. Nevertheless, the adjacency-location
anchoring of EPINN enables the deduction of the relationship
between specific positions in the intermediate outputs and the
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discrete grid coordinates in the physics model. For Eq. (17), we
can deduce that

PyLsvi] = wal: ]-Pfi] + by i (24)
where 132 [:,1] represents the i-th column of 132 ; Pt [i] represents the
i-th element of P{; wy[:] is all elements of the weight term; and
bq[i] is the i-th bias term. From this, we can deduce that each
column of 132 corresponds to the pressure of each grid location in
Pi. Likewise, following Eqs. (18)-(21), we can deduce that P![ :,i],
f’;[ ;,i], and P§[:,i] contain similar correspondences.

To gain a more intuitive comprehension, we visualized the out-
puts of layers utilizing the principal component analysis (PCA) (Abdi
and Williams, 2010) to extract primary features in P}, P{, P5, and PL.
For matrix A, the singular value decomposition (Sadek, 2012) is
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Fig. 5. The permeability distribution in the heterogeneous case (a) and relative permeability curve of homogeneous, heterogeneous, and fractured cases (b).

Table 1
The parameter setting of different physical cases.
Case Rock properties Fluid properties Schedule
Permeability Porosity Pressure Wetting phase Non-wetting phase
Homogeneous 50 mD Matrix porosity: Pine: 25 MPa Initial saturation: Initial saturation: 0.8 Injection rate: 2.0 m3/d
0.25 Matrix 0.2 Minimum saturation: 0.2 Production rate: 2.0 m3/d
compressibility: Minimum Density: 800 kg/m? Wellbore radius: 0.1 m
1.0 x 108 pa~! saturation: 0.2 Viscosity: 1.8 mPa-s Skin factor: 0
Heterogeneous Fig. 5(a) Density: 1000 kg/ Compressibility:1.0 x 10-° Pa Injection rate: 2.0 m3/d
m> Relative permeability: Fig. 5(b)  Production rate: 2.0 m>/d
Viscosity: 1.0 mPa-s Wellbore radius: 0.1 m
Compressibility: Skin factor: 0
Fracture Matrix: 10 mD Matrix porosity: 1.0 x 107'°pa! Injection rate: 1.5 m3/d
Fracture: 30,000 0.25 Relative Production rate: 1.5 m3/d
mD Fracture porosity: permeability: Fig. 5 Wellbore radius: 0.1 m
1.0 (b) Skin factor: 0
Fracture aperture:
0.01 m
A=UsSV" (25)  columns are different in color. From P} to Pt, we can observe the

where U and V are orthogonal matrices; and S is a diagonal matrix
with singular values. For each singular value ¢;, we compute the
variance contribution

V=i
7

=

(26)

We retain the cumulative variance with a variance retention
threshold C; (95% in this paper):

Nc
G=>V
i=1

The first N¢ principal components are used to reconstruct the
matrix (Abdi and Williams, 2010)

(27)

A = Un,SN,V}, (28)

where Uy, and Vy,_ are the first Nc columns of U and V, respectively,
and Sy, is submatrix of the top-left Nc x N¢ in S.

2.6. Observations and interpretations of intermediate outputs

In Figs. 6-8, we have the following observations: from P* to 132,
each column of 132 exhibits internal correlation, and the distinct
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construction of the adjacent connection relation in P! with the
diagonal matrix forms. From P} to f’;, although PCA has been
applied, the global distribution of 13; remains difficult to compre-
hend intuitively. From 13; to P, P again exhibits differences be-
tween different columns. Significantly, there exists a correlation
between columns (or differences between rows), resulting in a
grid-like distribution that is different from 132. Furthermore, for the
fractured case, 132 (625 : 763, :] (corresponding to the unstructured
grid for fractures) differs significantly from 135 [1:625,:]. From Pg
to P, Py exhibits a distribution analogous to that of Pt.

Since each column of 625 x 625 matrices (P}, P{, P, P}) cor-

responds to an element in the 1 x 625 vector (P¢, 133), we reshape
Pi[:,1], P4[:,313],and P{[:,625] into 25 x 25 matrices, as shown in
Fig. (9) (for the fractured case, only the first 625 elements are
reshaped). The following observations are obtained: There is an
observable construction of non-equilibrium potential. The high-
potential areas of the P{[:1], P{[:,313], and Pi{[:313] are
located at the lower left corner, central grid, and upper right
corner, respectively, aligning with their original spatial co-
ordinates. The potential distribution of homogeneous and het-
erogeneous cases is similar. The areas of low potential in Fig. 9(m)-
(o) correspond with the spatial distribution of fractures in Fig. 4.
The locations where fractures intersect correspond exactly to areas
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Fig. 7. Visualization of heterogeneous case at 100 d.

of lower potential, which aligns with the typical pressure distri-
bution pattern (fracture intersections usually have lower pres-

sure). We also reshape the P5[:, 1], Py[:,313], and Py[:,625] in
Fig. 9. It is observable that some high-level spatial features have
been extracted. The distribution of the finer features extracted
from the homogeneous resembles that of the heterogeneous case.

Based on the observations, we present the following interpre-
tation: The input layer maps the feature of each element to a high-
dimensional space with the number of mesh grids. Thereafter, the
anchoring operation softly informs the NN of the specific element
connections, and a normalization operation is performed (Eq.
(18)), akin to methods for accelerating convergence (loffe and
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Szegedy, 2015; Ba et al., 2016; Santurkar et al., 2018), wherein
each column is adjusted to reduce covariate shifts and establish a
symmetrical, equal form; thus P! is essentially a synthesized form
of pressure features and the adjacency information. The subse-
quent step involves mapping in the high-dimensional space,
which captures pressure variations at a finer granularity and is
followed by the activation operation to filter out features with low
relevance, thus establishing long-range dependencies. A similar
positional dependency pattern is also observed in the self-
attention mechanism (Shaw et al., 2018; Zhao et al., 2020; Guo
et al., 2023), which allows the model to consider the global ef-
fects of all elements in the operation process of a specific element
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Fig. 9. Reshaped results of the intermediate matrices for homogeneous case (a-f), heteroge};neous case (g-1), and fractured case (m-r), with subfigures for each physical problem
sequentially representing rows 1, 313, and 625 of the P}, and rows 1, 313, and 625 of the P, at 100 d.

and is regarded as an efficient learning approach. Ultimately, P is
projected back to the original dimension by the output layer,

yielding a final result that is a weighted average of 132 and Pt.

In summary, different layers of the physics-driven EPINN
exhibit varying operational granularities during the learning pro-
cess and demonstrate relatively decomposed functionalities,
resembling the detached characteristics observed in (Equitz and
Cover, 1991; Mehta and Schwab, 2014; Zeiler and Fergus, 2014).
Moreover, the distinct functionalities of layers combined with the
corresponding physical parameters (which exhibit either time-
dependent attributes such as pressure features, or static attri-
butes such as geometrical information and adjacency relations)
suggest that different layers may vary in scalability to enhance
long-term convergence. In other words, while uniform layers’
updates enable rapid short-term gradient descent, prioritizing the
early training of challenging key modules may improve long-term
performance. However, in simulating unsteady two-phase flow
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problems, EPINN approximates PDE solutions at each time step
through uniform parameter updates to achieve stepwise conver-
gence without accounting for long-term effects. In Section 3, we
will propose a novel learning strategy to guide EPINN training
toward emphasizing scalable components.

3. Layer-specific constraint learning for EPINN

This section introduces a novel layer-specific constraint
learning strategy for EPINN, assesses its performance in homoge-
neous, heterogeneous, and fractured cases, and provides post hoc
interpretations of the learning process under the new strategy.

3.1. Constraint learning strategy

As a progressive learning approach across multiple time steps,
continual learning strategies appear to be a suitable reference for
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enhancing EPINN. The objective of continual learning (Lange et al.,
2022; Wang et al., 2024) is to achieve gradual improvement in
model performance in multiple single-stage learning processes,
aiming to satisfy the objectives of each independent process while
enhancing global generalization. Similar concepts include
sequential learning (McCloskey and Cohen, 1989; Aljundi et al.,
2018), incremental learning (Gepperth and Karaoguz, 2016;
Chaudhry et al., 2018a), and lifelong learning (Aljundi et al.,
2019; Chaudhry et al, 2018b), with implementations being:
replay-based approach (Shin et al., 2017; Chaudhry et al., 2018b),
where samples of old tasks (or models generated from them) are
stored and replayed while learning new tasks; regularization-
based approach (Aljundi et al.,, 2017; Kirkpatrick et al., 2017),
which impose soft loss constraints by maintaining a per-
parameter sensitivity measurement or directly attaching hard
attention masks to update a subset of NN; architecture-based
approach (Mallya and Lazebnik, 2018; Serra et al., 2018;
Douillard et al., 2022), which carve out distinct effective zones
for each task or treat different layers as distinct modules to either
share information or fit specific tasks; and reinitialization-based
methods, which enhance the performance of underutilized units
to improve the model's long-term performance (Dohare et al.,
2024).

We propose mitigating catastrophic forgetting by suppressing
updates in layers that are more sensitive to local overfitting at each
current or recent time step. It should be noted that weights and
biases are considered as different zones since they generally
execute distinct “scaling” and “shifting” functions (Goodfellow
et al, 2018; Williams et al., 2024). This concept of suppression
resembles the integration of model decomposition and regulari-
zation (Kirkpatrick et al., 2017; Douillard et al., 2022): In multistep
learning, each time step is regarded as a subtask, whereas the
continuous learning over multiple time steps constitutes a
generalized joint task. Different NN layers are considered as
different task-sharing or task-specific components. Our objective
is to utilize regularization techniques to establish a relatively
stable task-sharing component during the gradient descent opti-
mization, thereby enhancing the model's generalization in multi-
step solving.

Section 2 reveals that different layers have distinct functions
and operational granularities; however, accurately determining
which layers are more advantageous for long-term performance
based on prior knowledge remains difficult. The dynamic quanti-
fication of model parameter sensitivity to previous tasks via the
fisher information matrix (FIM) (Kirkpatrick et al., 2017) offers a
viable method for adaptive adjustment. For learnable parameters ¢
in EPINN, the elements of the FIM can be calculated with

(o4 . (o2 .
%:Em%wamM%mew (29)
00; a0;
where E[-] is the expectation; Z(y|x; 6) is the likelihood function
for the output y given the x and 6; 6; and ¢; are i-th and j-th pa-
rameters. Eq. (29) can be expressed with the score function as

F=E[s(0:x,)5(6:x,y)"] (30)
where the score function s(9) is defined as

(o2 .
“@:amgfwmﬁ> (31)

00

Each time step is considered as a time-sampling point, we can
derive the ascertain of sensitivity approximation for all parameters
across all time steps is
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F= 3™ s y")s(o:xy") | (32)
where N is the total number of time steps; and n is the index. Given
that the NN employed herein solves incrementally with NN pa-
rameters and pressure fields exhibiting slight variations between
adjacent time steps (Yan et al., 2024), we adopted a moving
average for the most recent N; time steps to approximate the
sensitivity of 0 to the loss function of recent N; time step. Conse-
quently, the FIM at t + 1 is calculated with

>

where t € {1,2,3,...,N}. When t<N;, only available samples are
used, and Eq. (33) is modified as

1 T
tz;:1s (Qn; X1+1 7yn+1 )S (Qn; »1+1 ’yn+1 )

Only the diagonal elements of the FIM are considered, and Egs.
(33) and (34) are consolidated into
2
| )

>
(35)

~t+1 1
~Ne

t

Het—N+1 (33)

S(G";X"+1 7yn+1>s(6,n;xn+1 ’yn+1>T

! (34)

1
~ min(t, Ny)

~t+1
ii

t
n=max(t—N;+1,1)

alog."z?’(y”“ }Xn+1 ; on
oor

where I?,tf ! represents the value of the i-th diagonal element
(corresponding to the i-th NN parameter). The gradient of each
parameter obtained through NN backpropagation reflects its
affection for the prediction error. Thus, we consider the approxi-
mated FIM is

~t+1 1

it~ min(t, Ny) (36)

¢ aLn+1 2
Zn:max(t—NﬂrlJ) W

where L1 is the loss of NN prediction. We take the fundamental
zones as the basic operational units, the average value of the I-th
zone is

Ny ®

~t+1,(1)
> Fy
i=1

=10 1
F _N—d(” (37)

where Ny is the number of parameters in I-th zone. By sorting all
zones from largest to smallest, we obtain a list St. According to the
pre-set threshold T; (0 < T; < 1, set to 0.5 in this paper), the mask
is generated as

MELO { 0 if layer I is among the top [Tr X NOW layers in St
1 otherwise
(38)

where N, is the total number of operational zones. Finally, the
parameter update rule of EPINN-CL is

1 1

9?‘*’14,(1) _ 9?(’) _ ;]\~Mt+]‘(l) .glf«,(l) (39)

where 7 is the learning rate; g is the gradient.

The foundation of this constraint learning strategy is essentially
a soft prior constraint introduction. It incorporates the observation
from Section 2 (that parameters within the same layer serve
similar functions and act on different time-dependent and static
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parameters) to formulate the hypothesis that diverse NN layers
exhibit different sensitivities to local learning and global learning.
Specifically, we adopt the approach from (Aich, 2021), which uses
the squared gradients of the loss function for parameters
(approximating the diagonal elements of the FIM) to reflect their
sensitivity to the current timestep's solving task. We extend this
method to multi-step continuous solving scenarios, employing a
moving average (Eq. (36)) to capture and accumulate layer-wise
sensitivities over recent short-term periods smoothly. Ultimately,
through layer-specific masks (Eq. (39)), we guide the model to
suppress updates in layers showing higher short-term sensitivity,
thereby facilitating the learning of components with long-term
capabilities.

In Fig. 10, for each time step, during the first propagation, the 6*
(Egs. (17)~(22)) mapping P! to PL*!. Following the computation of
Rt (Eq. (10)) and the MSE (Eq. (16)), thus the loss Lt is obtained.
The calculated gradient Gi*! is back-prop through ¢' to update the
Ft to F*1, which is used to generate a new mask M1 and the
masked 61, thereby concluding the first propagation (performed
only once at the beginning of each time step to update the mask).
The rest of propagations' forward-prop to L1 is identical to the
first propagation, whereas during back-prop, only the unmasked
parameter of 6it1 are updated until the convergence criteria is
satisfied. Therefore, the zones crucial for maintaining historical
memory are suppressed at each time step, guiding the develop-
ment of generalization ability. Specifically, under constrained
learning algorithms, various layers preserve their distinct func-
tional roles in dimensionality adjustment, feature extraction, and
information compression during forward propagation mapping.
While in backpropagation, updates to layers exhibiting higher
sensitivity to local solutions are suppressed. This strategy achieves
dual objectives: 1) By limiting updates to gradient-sensitive layers,
the algorithm enforces extended training on hard-to-train layers.
2) The suppression mechanism enables knowledge retention and
sharing between time steps. This approach inherently in-
corporates the regularization effect; the NN is guided to develop
generalization capabilities across multiple time steps while
maintaining physical consistency. In the unsteady two-phase flow,
the cooperation between layer-specific functional preservation
and selective update suppression enables the model to transcend
single-step pressure field approximation. Instead, it evolves into a
predictive model with forecasting capabilities. At the onset of each
time step, the NN output pressure aligns closer to the convergence
threshold, and as the NN is more thoroughly trained, it demon-
strates a progressive improvement in convergence. This constraint
learning strategy does not directly adopt existing continual
learning algorithms that aim to preserve optimal performance at
historical time steps. It concentrates on gradually improving sub-
sequent steps through accumulated shared features, emphasizing
the progressive enhancement of EPINN's convergence over time.
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Additionally, this strategy offers a distinct advantage: it allows for
an interpretable regulation process based on observing the sup-
pression and activation of different layers, thereby enhancing the
understanding of the operational mechanism.

We evaluate EPINN-CL on the homogeneous, heterogeneous,
and fractured cases outlined in Section 2.3. In homogeneous and
heterogeneous cases (excluding unstructured grids), we also
compared the new method with the PICNN (Zhang et al., 2023).
Table 2 summarizes the key characteristics of the evaluated
methods, including network, input and output, prior embedding
configurations, trainable parameter counts, and training strate-
gies. All trainings are conducted on an NVIDIA GeForce RTX 4060
GPU, with each case running for 1000 d (100,000 time steps). The
hyperparameter settings of the NNs are provided in Appendix A.

3.2. Convergence speed comparison

In Figs. 11-13, EPINN-CL significantly improved the convergence
speed in all cases. For the first 1000 time steps, EPINN-CL exhibited
a gradual acceleration in the homogeneous and heterogeneous
cases; in the fractured case, EPINN-CL exhibited the fastest speed
from the outset. Throughout all 100,000 time steps, the conver-
gence of EPINN-CL exhibited greater stability, with the perfor-
mance sustained after increasing to a superior speed. Conversely,
EPINN exhibited fluctuations in the homogeneous and heteroge-
neous cases. During suppression and activation processes, the
layerNorm weights, a, output layer weights, and output layer
biases were consistently suppressed for all cases; w; was also
persistently suppressed in the fractured case; the hidden layer
weights and »; exhibited dynamic suppression and activation in
homogeneous and heterogeneous cases, and there was a com-
plementary relationship between them. It is evident that the NN's
performance was unaffected, although only the bias was learned. A
recent study also observed a similar phenomenon (Williams et al.,
2024). Under the guidance of the constraint, EPINN-CL consis-
tently tended to suppress alpha and the output layer (both weights
and biases) entirely in all cases. The a controls the feature filtration

threshold; the output layer controls the mapping from 132 to 13;
(Egs. (20) and (21)), corresponding to the transform from high-
dimensional space back to the original space, typically involving
feature fusion and aggregation. This position resembles the
bottleneck in IB theory. The results suggest that adaptive sup-
pression in specific layers have no negative impact and improved
the model's convergence, with EPINN-CL tending to maintain a
stable information compression approach.

Furthermore, this fixed compression mode reveals the
following characteristics: 1) cross-time-step sharing of informa-
tion compression modules, 2) enhanced training of feature
extraction modules, and 3) latent regularization effects. Specif-
ically, experiments demonstrate that even with fixed parameters
in the information compression module, the model maintains
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Fig. 10. The constraint learning procedure of EPINN-CL.
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Table 2

Comparison of different NN methods.

Petroleum Science 22 (2025) 4714-4735

Method Network Input & output Prior embedding Trainable parameters Training strategy
Function Module
PICNN Feature extraction Convolutional layer Pressure field matrix N/A Structured grids: 1137325 Constraints: N/A
Feature extraction Convolutional layer wit Unstructured grids: N/A
Decoding Fully connected layer
EPINN Encoding Fully connected layer Pressure field matrix  Adjacency location Structured grids: 394379 Constraints: N/A
Anchoring Adaptive layer & LayerNorm Unstructured grids: 586751
Feature extraction Fully connected layer
Decoding Fully connected layer
Skip connection Adaptive layer
EPINN-CL Encoding Fully connected layer Pressure field matrix ~ Adjacency location Structured grids: 394379 Constraint: layer-specific
Anchoring Adaptive layer & LayerNorm Unstructured grids: 586751
Feature extraction Fully connected layer
Decoding Fully connected layer
Skip connection Adaptive layer
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Fig. 11. Adaptive tuning results of EPINN-CL in the homogeneous case.

first 1000 time steps; (c) convergence iterations of all time steps.
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strong performance, indicating the time-independent universality
of its functionality. This static component essentially establishes a
unified compression criterion across time steps, ensuring that
features extracted at different temporal stages adhere to the same
specification and preventing feature drift. The constrained strat-
egy reallocates computational resources to prioritize pressure
feature extraction layers, allowing them to learn the intrinsic laws
of physical fields more thoroughly. This division of labor optimi-
zation enables the feature extractor to develop robust capabilities,
ensuring the consistent acquisition of feature representations that
comply with the compression module's processing standards,
even under dynamic variations in input fields. Fixing the
compression module imposes implicit prior constraints, forcing
the network to seek solutions within a limited parameter space
that satisfy both physical laws and compression criteria. This dy-
namic balancing mechanism aligns with the core idea of regula-
rization (improving generalization by restricting parameter space
complexity and balancing training errors with model complexity),
thereby mitigating the model's overfitting on short-term patterns
observed during training.

3.3. Convergence accuracy comparison

In Fig. 14, all methods achieved high prediction accuracy for
BHP of the injector and producer and the wetting phase fraction of
the producer; the mean relative error is less than 0.1%. The accu-
racy of EPINN-CL's physical field is significantly higher than PICNN
and EPINN in Figs. 15-17: The maximum error in the pressure
predictions of EPINN-CL is under 0.1% in Figs. 15(g), 16(g), and 17
(e). The maximum error in the saturation field predictions of
EPINN-CL is under 1% in Figs. 15(n), 16(n), and 17(j). Notably, a
comparison of the relative errors between EPINN and EPINN-CL
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(Figs. 15(f, g), 16(f, g) and 17(d, e)) reveals that the model dem-
onstrates superior performance in the upper right corner when
guided by the constraint strategy. This suggests that the NN is
guided to focus more on the pressure characterization in the
producer-nearing location.

3.4. Post hoc interpretation of learning process

In this section, we investigated the training dynamics across
multiple steps using relative L, error, signal to noise ratio (SNR),
and residual entropy (referred to as entropy). The relative L, error
is utilized to evaluate the statistical accuracy (Anagnostopoulos
et al., 2024; Yan et al., 2024)

[P = Prer_ll2

relative L, error =
H Pref H2

(40)

where || - ||, is the standard Euclidean norm; P* is the NN output;
and P, is the reference pressure. The SNR is employed to analyze
the phase transition during multistep training (Shwartz-Ziv and
Tishby, 2017; Goldfeld and Polyanskiy, 2020; Anagnostopoulos
et al., 2024)

1 M
N 2 IGil
SNR= i=1 (41)
2
1 M 1 M
M:T% Qngg\Q
i= i=

where Np is the number of parameters; and G; represents the
gradient of the i-th parameter. The SNR numerator represents the
signal's strength, while the denominator represents the noise.
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Fig. 14. BHP of injector (a-c) and producer (d-f), and wetting phase fraction of producer (g-i). Left: homogeneous; middle: heterogeneous; right:

fractured.
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Fig. 15. Pressure distribution (a-d), relative error of pressure (e-g), saturation distribution (h-k), and relative error of saturation (I-n) in the homogeneous case at 500 d.

Within the same training process, a relatively higher SNR indicates
a phase where the signal is relatively stable and the direction of
the update is consistent; conversely, a lower SNR denotes a phase
of learning from noise with greater randomness (Shwartz-Ziv and
Tishby, 2017; Anagnostopoulos et al., 2024). In Shannon's theory,
entropy is commonly utilized to assess the quality of information
or, in physics, to evaluate the system's degree of disorder or
randomness (Lesne, 2014). In this study, we define the Entropy to
assess the uniformity of PDE residual

Ny . .
Entropy = — Z N:‘I[l] +¢€ |-In NbH[l] + € (42)
=1 X HI >_ Hijl
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where H[i] and H[i] represent the frequencies of the i-th and j-th
bins, respectively, obtained by using a histogram to count the re-
siduals of all grids at a time step; N;, denotes the total number of
bins into which the histogram is divided (in this paper, set to 100);
and e represents a very small value (set to 1.0 x 10-19) to avoid
zero. A smaller entropy value suggests that residuals are pre-
dominantly clustered in fewer bins, denoting greater uniformity.
Fig. 18 shows that EPINN-CL exhibits the smallest convergence
residual, consistent with the results in Fig. 19, where EPINN-CL
demonstrates the highest statistical accuracy. Fig. 19 shows that
the relative L, error for all cases is below 1.0 x 10~3, combined
with a slight increasing trend. This is attributable to the efficiency
requirements in experiments (the fixed convergence threshold);
increasing the iteration number per time step could mitigate this.
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Fig. 16. Pressure distribution (a-d), relative error of pressure (e-g), saturation distribution (h-k), and relative error of saturation (I-n) in the heterogeneous case at 500 d.

Upon adequate training of the NNs, the activation states tend to
be saturated, leading to the emergence of specific phase transition
characteristics (Shwartz-Ziv and Tishby, 2017; Lewkowycz et al.,
2020; Anagnostopoulos et al., 2024). Fig. 20 illustrates that
EPINN-CL demonstrates clear phase boundaries in all cases. The
first phase transition (a steep decline in SNR) of EPINN-CL is
consistent with the transition to the phase of learning from noise,
as interpreted in (Shwartz-Ziv and Tishby, 2017), which is a shift
from a “fitting” phase with consistent update directions to a
“diffusion” phase with more random updates. In subsequent
training, the SNR of EPINN-CL demonstrates an increasing trend
for the homogeneous case. It stabilizes at a high value, akin to the
“total diffusion” described in (Anagnostopoulos et al., 2024),
where this phase's emergence is considered an indicator of
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superior convergence. Although SNR rises after the first phase
transition in more complex heterogeneous and fractured cases, it
does not adhere to the standard three-phase characteristic. This is
attributed to the intricate loss landscapes, necessitating the navi-
gation of additional local optima to achieve a superior solution. In
Fig. 21(a) and (b), the entropy of both EPINN and EPINN-CL is lower
than that of PICNN in homogeneous and heterogeneous cases,
indicating higher residual uniformity; EPINN initially has lower
entropy than EPINN-CL but experiences a rapid decline in perfor-
mance; conversely, the performance of EPINN-CL gradually
improved, ultimately achieving the lowest Entropy. In Fig. 18(c),
the uniformity of EPINN-CL's statistical residuals consistently
surpasses that of EPINN. Overall, EPINN-CL exhibits superior
convergence and more uniform residuals than EPINN and PICNN.
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Fig. 17. Pressure distribution (a-c), relative error of pressure (d-e), saturation distribution (f-h), and relative error of saturation (i, j) in the fractured case at 500 d.
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4729



J.-Q. Lin, X. Yan, E.-Z. Wang et al. Petroleum Science 22 (2025) 4714-4735
(a) 2 (b) 2 (c) 2
_3 4
= = =
o <} o
£ = £ 44
[0} [0} [0}
) g )
9] [ o _5
= = =
=] =] =]
« © ©
[0} [5} [3}
£ = = 6
jo)) je2} o
ie] o o
-6 1 EPINN-CL 61 EPINN-CL 7 4
———- EPINN ———- EPINN —— - EPINN
———: PICNN ———- PICNN EPINN-CL
-7 : ! ; ; : -7 - ! : ! : -8 : : ! :
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Time steps e Time steps *10¢ Time steps o
Fig. 19. Change of relative L, across all steps. (a) Homogeneous case; (b) heterogeneous case; (c) fractured case.
(a) 1.0 (b) 1.0 (c) 1.0
—— PICNN ——— PICNN —— EPINN
EPINN EPINN EPINN-CL
08 EPINN-CL 08 EPINN-CL 08

o o o
z z z
n »n n
0+ T T T T T
0 2 4 6 8 10
Time steps x1ot Time steps x1ot Time steps x1ot
Fig. 20. Change of SNR across all steps. (a) Homogeneous case; (b) heterogeneous case; (c) fractured case.
(a) 55 (b) 55 (c) 50
5.0 5.0
45
45 4.5
- - S 40
Q Q Q
£ 40 2 40 2
[= [= [=
] ] (TR
35 35
3.0
3.0 PICNN 3.0 PICNN
—— EPINN-CL —— EPINN-CL —— EPINN-CL
EPINN —— EPINN —— EPINN
25 + : . T . T 25 4 T T T T T 25 T T
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Time steps xiot Time steps x10t Time steps x1ot
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4. Conclusions

This study conducts a visualization investigation to explore the
learning characteristics of the enriched physics-informed neural
network (EPINN) in simulating two-phase flow. The correspon-
dence between the coordinates of intermediate outputs and the
original grid locations is deduced, facilitating the recognition of
learned physical semantics and the long-range dependencies
formed between discrete elements. Furthermore, we interpreted
the distinct functionalities of different layers based on the obser-
vations: the input and output layers perform dimensionality
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increase and reduction; the anchoring layer emphasizes spatial
connections with the adjacent information; the hidden layer exe-
cutes finer-grained operations in high-dimensional space and
eliminates redundant features with the activation function.
Inspired by the exhibition of relatively decomposed functionalities,
we developed the EPINN with constrained-layer (EPINN-CL). The
novel method introduces layer-specific differentiated updates in
neural network (NN) learning to produce a regularization effect,
thereby enhancing generalization across time steps. The NN is
guided to adaptively suppress updates of zones critical for local
fitting to nmitigate catastrophic forgetting. Experiments
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demonstrate the superior performance of EPINN-CL. Post hoc in-
terpretations revealed the more significant phase transition char-
acteristics and improved residual uniformity under the constraint
guidance. Notably, we found that EPINN-CL consistently tends to
suppress updates of the activation function and the output layer.
This suggests maintaining the fixed information compression
mode to improve the generalization in multistep solutions.

This study provides an intuitive visualization of the EPINN's
underlying processes in solving two-phase flow problems by
integrating physical context, thereby enhancing the under-
standing of different layers at the physical level. This offers a
novel perspective for investigating physics correlations in
physics-based neural networks, which may inspire future im-
provements in algorithm and architecture designs. A layer-
specific constraint learning strategy is proposed, significantly
improving the model's convergence across multiple time steps,
thereby enhancing solution speed and accuracy. This advances
EPINN-CL's capacity in long-term simulations of heterogeneous
and fractured problems, which improves its potential for engi-
neering applications. Still, the current model has limitations
requiring improvement: unstable fluctuations exist in the adap-
tive suppression of critical zones; additional computational costs
arise from extra propagations in mask generation; and there are
intuitions in the explanations; The discretization procedure in-
cludes operational complexity, an inappropriate configuration (e.
g., excessive time-step sizes) may introduce convergence prob-
lem. In future research, a better threshold determination method
or theoretically adequate manual scheme can potentially
improve the current method. Specifically, in terms of stability,
future work will explore introducing meta-learning modules to
enable online threshold fine-tuning or employing Bayesian NNs
to quantify and control uncertainties. To address computational
resource consumption, we plan to explore “mask freezing”
mechanisms or static-mask pretraining methods. For intuition-
driven improvements, we will explore quantifying feature-
physics correlations (e.g., gradient-based class activation map-
ping methods) and formulate the suppression process (e.g., lya-
punov stability theory). Regarding discretization challenges, our
forthcoming research will implement the fully implicit scheme as
delineated in Appendix C, aiming to mitigate time-step size
limitations. Furthermore, extending the visualization workflow
to explore the essence of NN learning in broader physical prob-
lems and applying constraint-based methods to similar issues are
promising directions for further research.

Table A1
The summary of NN architectures and optimization parameters
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Appendix A

The parameter settings of NN architectures are presented in
Table A1, “in-ch” and “out-ch” represent the number of input
and output channels for the convolutional kernels in PICNN, “in-
dim” and “out-dim” denote the input and output dimensions for
the fully connected layers. In addition to the parameters listed in
Table A1, EPINN and EPINN-CL possess hyperparameters, w1, w>,
and q, with initial values set to 0.01, 0.5, and 0.1, respectively. All
hyperparameters have been tuned to represent the general per-
formance of each method.

Case Method NN architecture Model setting Training time, s
Homogeneous PICNN CNN block1: in-ch = 1, out-ch = 25 Initialization: Xavier 5690.93
CNN block2: in-ch = 25, out-ch = 50 Optimizer: Adam
Output: in-dim = 1800, out-dim = 625 Learning rate: 0.01
EPINN Input: in-dim = 1, out-dim = 625 Maximum iteration for the first time step: 2000 1302.44
Hidden: in-dim = 625, out-dim = 625 Maximum iteration for all time steps: 2000
Output: in-dim = 625, out-dim = 1 Tolerance: 1.0 x 1018
EPINN-CL 1104.12
Heterogeneous PICNN CNN block1: in-ch = 1, out-ch = 25 13490.01
CNN block2: in-ch = 25, out-ch = 50
Output: in-dim = 1800, out-dim = 625
EPINN Input: in-dim = 1, out-dim = 625 1519.68
Hidden: in-dim = 625, out-dim = 625
Output: in-dim = 625, out-dim = 1
EPINN-CL 1389.65
Fractured EPINN Input: in-dim = 1, out-dim = 763 3400.28
Hidden: in-dim = 763, out-dim = 763
Output: in-dim = 763, out-dim = 1
EPINN-CL 2501.08
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Appendix B

A grid convergence study (Zeidan et al., 2007) is supposed to be
conducted to examine the convergence and stability of the pro-
posed method. The NN training process rigorously enforces
physics-informed constraints through identical numerical dis-
cretization schemes as the numerical simulator, thereby estab-
lishing that NN-based PDE solutions fundamentally constitute
successive approximations of the accurate numerical solutions
through iterative gradient descent optimization. Consequently, we
designate the solution obtained from sufficiently refined meshes
as the benchmark, and regard the convergence rate of numerical
solutions as the theoretical convergence rate. Computational re-
sults indicate that when the model grid resolution reaches 55 x
55, further refinement yields a relative error between two model
predictions of less than 0.1%. Therefore, the 55 x 55 grid config-
uration was adopted as the benchmark. Under the condition of
maintaining the model geometry size at 100 m x 100 m, we
constructed models with grid resolutions of 5 x 5,7 x 7, ..., 35 x
35 on the homogeneous case. This is a commonly adopted
approach, as the heterogeneous case would introduce perme-
ability upscaling uncertainties and fractured case would involve
fracture location matching discrepancies (both potentially intro-
ducing significant errors). For each model configuration, we
recorded the pressure and saturation values at the central grid
block at 500 d. The variation trends of pressure and saturation
prediction errors with increasing grid resolution are presented in
Fig. B1. Numerical results exhibit progressively improved accuracy
through successive grid refinements, ultimately demonstrating
convergence towards the benchmark solution.

(a) 030

EPINN pressure solution

N — = = — Numerical pressure solution

0.25

0.20 A

Relative error, %

0.15 4
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threshold could theoretically enhance the NN's prediction pre-
cision, such refinement would necessitate additional computa-
tional resource allocation.

Appendix C

This appendix provides a brief introduction to solving the two-
phase flow problem in porous media under a fully implicit scheme
using EPINN-CL, including: FVM-based physics constraint con-
struction, neural network architecture design, and layer-specific
constraint design. First, physical constraints are constructed by
discretizing Eq. (7) using FVM

PVi <5t+1 S;i) +Sn¢(cn + GV (Pl_tﬂ _Pit)

At At (1)
=y ( nij+1/2Tij (‘p;f,-] - ‘Dﬁ?)) +qnV;
J€Gi
G R G @
=> ( w.ij+1/2Tjj (‘Dm ‘Df,;r,l)) +qwVi
J€Gi

In the fully implicit scheme, both pressure and saturation
require iterative solving. Thus, NN-based solvers must simulta-
neously predict both variables. Based on Egs. (C1) and (C2), the
residual terms for the non-wetting and wetting phases are derived
as

(b) ©

EPINN saturation solution

— = = — Numerical saturation solution

Relative error, %

Number of cells in X/Y dimension

Fig. B1. Grid convergence study for the saturation and pressure at 500 d. (a) Pressure; (b) saturation.

Notably, the convergence rate discrepancy observed in Fig. B1
between the EPINN solution and the numerical benchmark so-
lution originates from the preset convergence threshold (MSE <
1.0 x 107'8) in the neural network training protocol. This
threshold was selected after computational efficiency-accuracy
tradeoff (the numerical reference solution yields an MSE
magnitude of approximately 1.0 x 1072%). At a spatial dis-
cretization resolution of 25 x 25 grid nodes, the current model
demonstrates sufficient performance: pressure field relative er-
ror remains below 0.15%, while saturation field relative error
stays under 1%. Although further reducing the convergence
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where S and P denote the NN-predicted saturation and pressure,
respectively. After computing residuals using Egs. (C3) and (C4),
the mean squared error (MSE) loss is defined as

Ng

3 (R + (R
1

Lt+1 -

(C5)

Consistent with the IMPES approach, initial conditions are
incorporated into the NN's input for the first timestep. Boundary
conditions are enforced during residual computation in Egs. (C3)
and (C4) by replacing predicted values at boundary locations
with observed values in S* and P".

For neural network architecture design and constrained
learning, the dual-net architecture (Fig. C1) represents a well-
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Specifically, as illustrated in Fig. C1, during the initial forward
propagation at each timestep, P! and S¢ are independently fed
into the dual-branch EPINN blocks to obtain PL*! and Si+1, fol-
lowed by computation of Rt (Egs. (C3) and (C4)) and the MSE loss
(Eq. (C5)). Subsequently, a backpropagation operation is per-
formed through both the pressure branch network ¢4 and satu-
ration branch network 6%. This updates their respective masks M}
and M to Mf,“ and Mgﬂ, thereby transforming the original pa-
rameters ¢}, and 6§ into masked versions ¢3! and 6. During
subsequent learning iterations, parameter updates will continue

based on the masked NN until meeting convergence criteria for
the current timestep.
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Fig. C1. The procedure of EPINN-CL-based pressure and saturation prediction.

suited solution. Independent network blocks are designed to
predict pressure and saturation separately. While forward pre-
dictions remain decoupled, backpropagation facilitates interac-
tion between the networks. Notably, unlike the IMPSE solver that
employs a single unbranched backpropagation path, more
refined constraint learning becomes feasible through this archi-
tecture. For instance, generating distinct masks for each network
followed by synchronized parameter updates proves effective, as
pressure and saturation fields typically exhibit divergent evolu-
tionary patterns requiring separate feature representations.
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In this work, we primarily investigate two-phase flow in porous
media using FVM-based discretization. We will continue to
explore the application of this methodology to broader physical
problems, including complex two-phase flow governed by other
equations (e.g., shock-bubbles, Mach 3 flow). The fundamental
framework of constraint learning proposed in this study can be
extended to these broader problems. After completing physics-
informed constraint construction and NN architecture design,
similar layer-specific constraint design principles could be adop-
ted. However, this process should integrate the practical variation
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patterns of physical quantities. Strategically designed mask gen-
eration based on the inherent physical characteristics of different
systems could achieve enhanced integration.
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