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ABSTRACT

The construction of a borehole correction library for the multi-component array induction tool in
deviated boreholes involves extensive 3D forward modeling and typically requires significant compu-
tational resources. To address this challenge, this paper proposes an efficient algorithm for the library
construction based on the 3D finite volume method (FVM) and contraction high-order Born approxi-
mation (CHBA). First, the electromagnetic (EM) field solution region is divided into two symmetric
subregions based on the symmetry of the correction library model and the EM field. Numerical solution
on a single subregion, combined with the symmetry boundary extension technique, enhances the ef-
ficiency of the 3D numerical simulation. Second, three reference mud conductivities are selected based
on the mud conductivity range, and the CHBA is applied to calculate the EM responses at all mud
conductivity nodes rapidly. Third, the number of forward simulation operations is further reduced by
exploiting the principle that models with different frequencies and different formation conductivities
have equivalent EM responses. Numerical experiments demonstrate the correctness and feasibility of
the proposed algorithm. Compared to conventional 3D modeling, the proposed algorithm achieves
approximately a 20-fold speedup in library construction, effectively reducing computational resources
and time consumption.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

logging response (Wang et al., 2013; Zhao et al., 2025), resulting in
a complex relationship between logging data and true formation

The multi-component induction logging technique utilizes
array triaxial transceiver modules (Hussain et al, 2005;
Davydycheva et al., 2009; Hou et al., 2013a; Zhu et al., 2017) to
simultaneously provide multi-spacing and multi-frequency mag-
netic field tensors. Consequently, it acquires much richer forma-
tion information and has become an important tool for evaluating
complex reservoirs, such as anisotropy and thin interaction layers.
However, borehole environmental factors such as borehole incli-
nation, borehole radius, mud conductivity, and tool eccentric dis-
tance often significantly affect the multi-component induction
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parameters. Due to the 3D (Wang et al., 20244, 2025b) and 2D (Wu
et al.,, 2020, 2023; Yan et al., 2022) numerical simulation and
inversion algorithms for electromagnetic (EM) field are often
relatively inefficient and have higher requirements for computa-
tional conditions (such as large memory and high-speed CPU),
methods based on 1D models to process and interpret induction
logging data remain the mainstream choice (Deng et al., 2021;
Wang et al., 2021, 2023a, 2024c; Yu et al., 2024). Therefore, how
to eliminate the effects of the borehole environment has become a
key task in multi-component induction logging data processing
(Hou et al., 2013b; Bai et al., 2018).

The construction of the borehole correction library is a critical
link in borehole environment correction. For the multi-component
array induction tool developed by China Petroleum Logging
Company, Ltd., Zhu et al. built a borehole correction library using
the numerical mode matching (NMM) method in a vertical bore-
hole within anisotropic formation (Zhu et al., 2017), providing a
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foundational library for subsequent correction workflows (Bai
et al,, 2018). Recently, China Petroleum Logging Company, Ltd.
needed to build a borehole correction library in deviated bore-
holes, which involves extensive 3D forward modeling (Hou et al.,
2010). Suppose the borehole correction library encompasses 3
frequencies, 1 triaxial transmitter, 15 borehole dip angles, 9 bore-
hole radii, 17 tool eccentric distances, 24 borehole mud conduc-
tivities, 24 formation horizontal conductivities, and 15 formation
anisotropy coefficients, a total of 1778459200 (3 x 3 x 15 x 9 x 17 x
24 x 24 x 15) 3D simulations will be required. If the direct solver is
employed, the logging responses of triaxial source and multiple
tool eccentric distances can be determined simultaneously,
thereby effectively reducing the number of forward simulations.
However, the construction of a borehole correction library still
requires 3499200 (3 x 15 x 9 x 24 x 24 x 15) 3D simulations.
Assuming 5 min per 3D forward modeling, it requires approxi-
mately 33 years of CPU time. While optimizing the number of
nodes or using more computational resources could significantly
reduce the computational time, improving the algorithm is also
essential to enhance the efficiency of library construction. In terms
of improving the efficiency of the algorithm, the available ap-
proaches include choosing an efficient modeling scheme (Wang
et al, 2025b), utilizing the symmetry (Wang et al., 2024b; Li
et al., 2025), and using approximation methods (Chen et al.,
2021; Wang et al., 2023b, 20254, 2025c¢), etc.

There are various options for 3D forward modeling of multi-
component array induction tool, such as 3D finite difference
method (FDM) (Davydycheva et al., 2009; Sun and Hu, 2022), 3D
finite element method (FEM) (Yuan et al., 2020; Wu et al., 2022),3D
finite volume method (FVM) (Haber, 2000; Yu et al., 2022), integral
equation method (IEM) (Avdeev et al., 2002; Saputera et al., 2024),
etc. Based on our previous research foundation, this study adopts
the field-based secondary-field FVM (Wang et al., 2025b) for the 3D
forward modeling of the tool. To accelerate the construction of the
borehole correction library, three strategies are proposed:

1) Reducing the computational domain by electric field symme-
try: In the library, the models and the corresponding EM fields
exhibit symmetry in the y = 0 plane. By restricting the
computational domain to half space using symmetry, the
number of grids can be halved, effectively improving the effi-
ciency of the 3D FVM modeling (Wang et al., 2024b; Li et al.,
2025).

2) Contraction high-order Born approximation (CHBA) for multi-
model modeling: In the library, key parameters (e.g., forma-
tion conductivity, borehole mud conductivity, and borehole
radius) vary continuously within predefined ranges. Therefore,
the construction of the borehole correction library is typically a
multi-model problem. This enables us to apply an approxima-
tion to significantly enhance the efficiency (Wang et al., 2023b,
2025c).

3) Equivalent calculations in multi-frequency and multi-
conductivity simulations: The frequency and conductivity
have similar positions in the Helmholtz equation for the elec-
tric field in the induction logging. Thus, the multi-frequency
and multi-conductivity forward modeling in the construction
of the borehole correction library involves some equivalent
responses, which help to further reduce the computational
workload.

In this paper, we first present the parameters of the borehole
correction library and the basic 3D forward modeling approach.
We then discuss the electric field symmetry, CHBA, and equivalent
calculations in the borehole correction library. Finally, we validate
the correctness and feasibility of the proposed algorithm through
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numerical experiments and discuss the efficiency improvement in
library construction.

2. Theory
2.1. Model in borehole correction library

Fig. 1(a) illustrates the basic components of the multi-component
induction tool, namely the triaxial co-located transmitter and the
triaxial co-located receiver. When building the library, the fine struc-
tural details of the tool are ignored. Consequently, the triaxial co-
located transmitter is simplified to three orthogonal co-located mag-
netic dipole point sources, and the three-component magnetic field at
the receiver position is computed. Fig. 1(b) presents the model in the
borehole correction library, which consists of a deviated borehole and
a uniform transversely isotropic (TI) formation, where x'y'z' represents
the formation system and xyz represents the borehole system. The
implications for the model and tool parameters are provided in Table 1.

The borehole correction library is defined by the eight param-
eters listed in Table 1. Among these, the transmitter-receiver
spacing L and the operating frequency f are determined by the
specific tool configuration, while the model parameters should be
sampled at enough nodes within predefined ranges as specified in
Table 2. Special cases where ¢ = 0 (vertical well) and 2 = 1
(isotropic formation) can be solved analytically or through NMM.
Assuming a tool radius of 0.04 m, the maximum tool eccentric

(a) Receiver

TI formation
(ohs 4)

Transmitter

Fig. 1. Schematic diagram of the model in the borehole correction library. (a) The
basic components of the multi-component induction tool; (b) 3D model.

Table 1
Model parameters.
Parameter Meaning
0 Borehole dip angle
a Borehole radius
decc Tool eccentric distance
om Borehole mud conductivity
oh Horizontal conductivity of TI formation
A Anisotropy coefficient of TI formation
L Transmitter-receiver spacing
f Transmitter operating frequency
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Table 2
Model parameter nodes.
Parameter Interval Number Nodes
9,° (0, 90] 15 Select at an interval of 6
a, m [0.06, 0.22] 9 Select at an interval of 0.02
dece, M [0, a—0.04] 17 Select at an interval of (a—0.04)/16
om, S/m [0.001, 10] 24 0.001, 0.01, 0.02, 0.04, 0.08, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,0.7,0.8,09, 1, 2, 3,4,5,6,7, 8,9, 10
op, S/m [0.001, 10] 24 0.001, 0.01, 0.02, 0.04, 0.08, 0.1, 0.2, 0.3, 0.4, 0.5,0.6,0.7,0.8,09, 1, 2, 3,4,5,6,7, 8,9, 10
A (1, 4] 15 Select at an interval of 0.2

distance would be (a—0.04) m. Based on the sampling intervals in
Table 2, the library contains a total of 15 x 9 x 17 x 24 x
24 x 15 = 19828800 3D forward models, requiring an immense
computational workload. Therefore, optimizing the efficiency of
3D forward modeling is critical for building such a library.

2.2. Field-based secondary-field FVM

The response of the induction tool in the 3D formation model
can be obtained by solving the following field-based total-field
Helmholtz equation (e ™! is assumed):

V x V x E(r,r7) — iopgs (r)-E(r,r1) = iopgV x Ms(r —ry),
(1)

where rrand r are the positions of the magnetic dipole source and
the field point, respectively, M is a unit magnetic dipole point
source in any direction, E(r, rr) represents the total electric field,
G (r) = G(r)-iweol is the complex conductivity of the model, &(r) is
the conductivity of the model, I is a unit 3 x 3 tensor, &g is vacuum
permittivity, ug is vacuum permeability, i is an imaginary unit, and
o = 2xf is the angular frequency.

In 3D FVM modeling, we solve the field-based secondary-field
Helmholtz equation instead of directly solving Eq. (1) (Wang et al.,
2025b):

V x V x Es(, Ir) — iopgs” (1) Es(r. 1) = iopgAk(rrr),  (2)
where Ep(r, rr) represents the background electric field in the
background model, Eg(r, rr) = E(r, r1) — Ep(r, rr) represents the

secondary electric field, AJy(r, rr) = [E*(l') —Eg(r)} -Ep(r, r7) is the

scattered current density, Eg(r) = G, (r)—iwegl is the complex con-
ductivity of the background model, and &, (r) is the conductivity of
the background model. In this paper, we select the uniform
anisotropic formation as the background model, and then the
borehole is treated as a finite-length cylindrical abnormal body in
practical simulations. Additionally, the perfect electric conductor
(PEC) boundary condition is applied at the outer boundary of the
computational domain.

n x Es(r,r1)|;0 =0, (3)
where 0Q represents the outer boundary of the computational
domain and n represents the outer normal vector of the boundary.

Let Ny, Ny, and N, denote the number of grids in the x, y, and z
directions, respectively. Then, using the FVM to discretize Eq. (2)
will generate M = (Ny + 1) x Ny x N; + Ny x (N, + 1) x
Nz + Nx x Ny x (Nz + 1) unknowns, and eventually obtain an M-
dimensional algebraic equation:

Fu(rr) =b(rp), (4)
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where the coefficient matrix F is a known M x M asymmetric
sparse complex matrix, u(rr) is the M-dimensional unknown col-
umn vector about the discrete secondary electric field, b(rr) is the
discrete result of the right-hand side of Eq. (2).

Considering that the triaxial source of the tool and the borehole
correction library includes multiple tool eccentric distances decc,
the right-hand sides generated by N sources are combined to form

an M x N matrix B = (by, ..., by). Similarly, the unknown column
vector can also form an M x N matrix U = (uy, ..., uy). Since the
coefficient matrix F is kept fixed in each calculation window, the
discrete secondary electric field generated by N sources can be
solved simultaneously using a direct solver

1=

U=F B

. (5)
where the inverse matrix F ' is obtained by the parallel direct
sparse solver (PARDISO). By applying linear interpolation, the
electric and magnetic fields at any source location and field point
can then be determined.

2.3. Reducing the computational domain by electric field symmetry

When building the borehole correction library, the model
adopts the y = 0 plane as the symmetry plane (see Fig. 1(a)).
Therefore, the EM field along the y = 0 plane is symmetric/anti-
symmetric. This characteristic enables the computational domain
to be halved. The symmetry properties of the electric field are
summarized in Table 3, where the symbol “-~” represents the
domain of y < 0 and “+” represents the domain of y > 0.

By setting symmetry boundary extension conditions on the
y = 0 plane based on the symmetry relations provided in Table 3,
the electric field values within the domain y < 0 (or y > 0) can be
computed. Note that the electric fields excited by magnetic dipole
sources oriented in the x- and z-directions share the same sym-
metry relations, which differ from those generated by the y-di-
rection magnetic dipole source. Consequently, after discretizing
Eq. (2) with the FVM, two algebraic equations are derived in the
domainy < 0:

{

where the coefficient matrix Fx,, the electric field Uy,, and the
right-hand side By, correspond to the magnetic dipole sources

sz_ﬁxz :_E)a

F,U, - B, 6)

Table 3
Symmetry relation of the electric field.

Source direction y =0

Ex=0,E, #0,E, =0
Ex#0,E,=0,E,£0
Ex=0,E #0,E =0

y#0

Ex. = —Ex  Ey, —=Ey ,E;, = —E,_
Exy = Ex, Ey+ = *Ey—v Ey =E;
Ex, = —Ex . Ey, =Ey ,E,, = —E,_

X
y
z
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oriented in the x- and z-directions; Fy, Uy, and B, correspond to the
magnetic dipole source oriented in the y-direction. The di-
mensions of both Fx; and F, are M' = (Ny + 1) x N,/
2 x Nz + Ny x (Ny/2 + 1) x Nz + Ny x Ny/2 x (N; + 1).

Similarly to Eq. (5), we need to perform two direct solution
procedures

Since M' =~ M/2, the computational complexity of solving Eq. (7)
is lower than that of Eq. (5), thereby significantly enhancing the
computational efficiency of 3D forward modeling.

— — 1
sz = F)Q' sz

s (7

2.4. Contraction high-order Born approximation

Suppose the conductivity distribution of the reference model
is &(r), where the borehole dip angle ¢, the formation horizontal
conductivity oy, the anisotropy coefficient 4, the borehole radius
a, and the borehole mud conductivity o, take specific values. The
borehole correction library contains a series of mud conductiv-
ities, and we can regard any mud conductivity ¢, as the sum of
the mud conductivity oy, in the reference model and the change
in mud conductivity Acp, that is, o, 6m + Aom. Then, the
change in electric field AE(r, rr) caused by Aoy satisfies the
equation

V x V x AE(r, r1) — iopgs (r) - AE(r, 1) = iwpg)t(r, rp), (8)
where
JH(r,r1) = Aom (r) AE(r, rp) 4 J(T, Pr) = Aom (1) AE(T, )

+ Ao (P)E(r, r7) (9)

is the total scattered current density, J(r, r1) = Aom(r)E(r, r7) rep-
resents the first-order scattered current density.

Eq. (8) can be quickly solved by approximation. Based on the
CHBA (Wang et al., 2025c), a more concise expansion expression of
the change in electric field can be further given (see Appendix):

o0
)

=1

AE(I’, rT) = )\,[(l', rT): (10)

where the [-order scattered electric field A; satisfies the equation
VXV x )“l(rv l"]‘) - iwﬂoa*(r) : )“l(rv l"]‘) :bl(rv rT)v (1 1)
in which the right-hand side by(r, rt) is

26(r)

iopyg———-——=J(r,ry), I =1
brrr) = 26(r) + rom@id )
R(r)[iopg2e(r) A1 (r, 1) +bp_q(r,07) |, 1 = 2,3, -
(12)
and the contraction factor R(r) is
R(r) =5 2om(®) (13)

" 20m(r) + Aom(r)”

Due to the physical limitation that the conductivity is greater
than 0, the maximum value Rsyp = sup[R(r)] of the contraction
factor is always less than 1, and the smaller Rgyp is, the faster Eq.
(10) converges. After selecting the appropriate truncation order
Lt (Wang et al., 2025c¢), Eq. (10) can be truncated to
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Ly
AE(r,rr) ~ AE" (1, rp) = > "y (r,Ty). (14)
=1
Ultimately, the total EM field can be expressed as
E(r,rr) ~E(r,r7) + AE" (r, 1) H (r, 1) = w (15)
wpo

Note that Egs. (2) and (11) are identical except for the right-
hand side. Therefore, the solution form of Eq. (11) is the same as
that of Eq. (7)

— 7_‘17
sz,l = sz sz,l
{u F,'B,, (16)
yl = Yy Byl

Since F;; and F;l can be reused, based on the simulation result
when the mud conductivity is op,, the simulation result of the mud
conductivity ¢, = om + Ao can be obtained quickly.

When we consider the mud conductivity only, the changes in
conductivity corresponding to different mud conductivities differ
by a constant multiple. This feature enables a significant reduction
in the computational complexity of the CHBA. For this purpose,
consider that the change in the mud conductivity changes from
Aom tOo C,Aopm, that is, mud conductivity changes from
G = 6m + Aom 10 6, 1, = o6m + C,Aom, Where ¢, is a constant. Then,
the right-hand side of Eq. (11) becomes

26m(r) + Aom(T) ’b’ r.r)

DT = |20 (r) 1 Coom()
/1 (17)

=c by(r,r),l=1,2,3, .
When there are only changes in mud conductivity,

¢ = cg% is a constant. According to Eq. (14), the electric

fields in the two models have the following relationship:

Ly
AE (rrp) ~ AEE (rrp) = Y ¢ iy (). (18)
=1

Assuming the change in electric field under the mud con-
ductivity ¢, = om + Aom has been determined via Eq. (14), Eq.
(18) (with |c/| < 1) establishes an algebraic relationship be-
tween the change in electric field and the mud conductivity. This
formulation enables rapid computation of electric fields for
arbitrarily dense sampling points across the mud conductivity
interval.

2.5. Equivalent calculations in multi-frequency and multi-
conductivity simulations

The construction of the borehole correction library requires
calculations at multiple frequencies (e.g., 26, 52, and 104 kHz)
and extensive different model conductivities. Since the permit-
tivity in the induction logging has little influence on the mea-
surement results, there are some equivalent responses in the
modeling of multi-frequency and multi-conductivity. To demon-
strate this point, consider the frequency f becomes cr f, then Eq.
(1) becomes

V x V x E(r,rr) — icjopgs (r) - E(r, rr) =icjougV x Ma(r —rr).
(19)
That is
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V x V x E(r,r7) — iwpugcr6 (1) - E(r,rr) = iopgV x ¢gMS(r —ry).
(20)

Egs. (19) and (20) indicate that under specific conditions, different
conductivities and frequencies have the same magnetic field
response. For example, when the borehole dip angle 9, the bore-
hole radius a, and the formation anisotropy coefficient A remain
constant, the following three situations should produce identical
magnetic field responses: 1) frequency f = 26 kHz, borehole mud
conductivity o, formation horizontal conductivity on; 2) fre-
quency f = 52 kHz, borehole mud conductivity o/ 2, formation
horizontal conductivity ¢y, /2; 3) frequency f = 104 kHz, borehole
mud conductivity e, /4, and formation horizontal conductivity o}, /
4. Moreover, we do not impose any restrictions on the conductivity
6" (r). These conclusions hold for any model parameters (such as 6,
a, A, decc, etc.). Based on the above features, the computational
workload of building the library can be further reduced.

Under the condition of fixed formation conductivity anisotropy
coefficient 4, the borehole mud conductivity and the formation
horizontal conductivity need to change by the same multiple to
satisfy the above conditions. Fortunately, a fast calculation method
for the arbitrary borehole mud conductivity is provided in Section
2.4. Therefore, only the formation horizontal conductivity needs to
be focused on, and the number of equivalent calculations increases
significantly.

3. Numerical experiments

This section validates the proposed algorithm and evaluates its
computational efficiency. All simulations assume that the bore-
hole dip angle is 30°, the formation anisotropy coefficient is 2, and
the borehole radius is 0.2 m. Here, we choose a relatively large
borehole radius (the borehole effect is more pronounced) to more
effectively test the accuracy of the algorithm. In Sections 3.1-3.4,
the transmitter-receiver spacing L is 1.8 m, the frequencies f = 26,
52, and 104 kHz, and the calculation results of the imaginary part
of the magnetic field are given. In Section 3.5, the apparent con-
ductivity charts are calculated for the borehole mud conductivity,

Petroleum Science 22 (2025) 5034-5046

the formation horizontal conductivity, and the tool eccentric dis-
tance based on the physical structure of the tool. The grid numbers
in the x-, y-, and z-directions for the complete FVM are Ny = 52,
Ny =52, and N, = 122, respectively. The calculational domain is set
to twice the skin depth, but is limited to a range of 5-50 m. The
skin depth is calculated based on the vertical conductivity of the
formation. Simulations are performed on a workstation with an
Intel(R) Xeon(R) Gold 6338 CPU. The number of threads for all
simulations is 10, and the actual operating frequency of the CPU is
approximately 4.0 GHz.

3.1. Algorithm verification

To validate the algorithm, the formation horizontal conduc-
tivity is fixed at 0.2 S/m, and two tool eccentric distances of 0 and
0.08 m are tested. The magnetic field responses of the tool are
simulated under different borehole mud conductivities and
compared with the COMSOL solutions. Figs. 2 and 3 show the re-
sults for decc = 0 and 0.08 m, respectively. The calculation results
include the three principal components (Hxx, Hyy, Hz;) and two
cross components (Hz, Hy;) of the magnetic field, where FVM
denotes the simulation result using Eq. (7). The simulation results
of the FVM are in good agreement with those of the COMSOL. In
Fig. 2, the average relative errors between the FVM results and
the COMSOL results at 26, 52, and 104 kHz are 0.73%, 0.81%, and
0.72%, respectively, while those in Fig. 3 are 0.59%, 0.87%, and
0.84%. In addition, the high-conductivity mud has a large impact
on the magnetic field response of the tool, and the tool eccentric
distance intensifies the nonlinearity of the cross-component
curve.

In the COMSOL simulations, a dense grid is used to ensure
computational stability and accuracy. When the geometric posi-
tion of the model changes, the mesh needs to be redivided, and the
number of degrees of freedom solved by COMSOL is approximately
8.6 x 108. The number of threads used in the calculation does not
exceed 10, and the computation of each magnetic dipole source
takes about 4.5 min. Therefore, it takes 3 x 4.5 = 13.5 min to
calculate a model (triaxial source).

COMSOL: —QO— f=26kHz f=52 kHz f= 104 kHz FUM: 4 f=26kHz * f=52KkHz X =104 kHz
@ 5] g g % (b) 5] @-® (c) <
e U1 5EEEHB-00.g., e 168888 E 809 .y
: ° 2o | 3 0 R 2
P @ N b

9 -0.5 4 X ? _05 X ¥'@® ? 64
2 2 2 ®
/_;\-1.0- R ¥ 5 104 R ¥ ,«;“_xxxxxxxxx>< ¥
Ex =151 § -15 - EN PR
£ S S B-B-®-R-®-B-H-H-H-P @
£ 20 = 0] £, @

25 2 2 ®-0-0-0-0-0-0-0-0-0-®

v -2.5 4

0.001 0.01 0.1 1 10 0.001 0.01

Mud conductivity a,,, S/m

Mud conductivity a,,, S/m

(d) _, |
©-0-0-0-0-0-0-0-0-0-0-6-8
£
3 -4 4 &S
o @ -B>-B-R-B-B-F
= %
L 6 2-8-3
E o ®®
R-R-R-R-R-F

-8

0.001

0.01
Mud conductivity ,,, S/m

0.1

1 10

1
Mud conductivity ., S/m

0.1 1 10 0.001 0.01 0.1 10

(e)
©-0-0-0-6-0-0-0-0-6-0-0-0

<

&
Y _4 4 >-E-B-L
) B-B-F-H-H--® ¥
] R
T 61 2-8%
S X

X

X
R-®-R-R-8F

-8

0.001

0.01

0.1
Mud conductivity oy, S/m

1 10

Fig. 2. Magnetic field responses under different borehole mud conductivities (decc = 0 m). (a)~(c) Three principal components Hyx, Hy,y, and H;; (d)—(e) two cross components H,y

and Hy,. “Im” represents taking the imaginary part.
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COMSOL: —QO— f=26kHz —— f=52kHz

—O— =104 kHz
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FVM: A f=26kHz * f=52kHz X f=104 kHz
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Fig. 3. Magnetic field responses under different borehole mud conductivities (decc = 0.08 m). (a)-(c) Three principal components Hyy, Hyy, and H;; (d)-(e) two cross components

H,y and Hy,.

3.2. 3D FVM modeling efficiency

Forward modeling using Eq. (7) can simultaneously calculate
the triaxial source and multiple tool eccentric distances. Suppose
the formation horizontal conductivity is 0.2 S/m and the borehole
mud conductivity is 1 S/m. The tool eccentric distances are chosen
from Table 2, and the corresponding results are shown in Fig. 4.
The effect of the tool eccentric distance on the magnetic field
response is monotonic, where the zz component of the magnetic
field is less affected by the tool eccentric distance.

The calculation results obtained from Eqs. (5) and (7) are the
same. However, the matrix dimension involved in the calculation
can be reduced by using Eq. (7). Although two direct solutions are

—@— f=26kHz

——A—— f=52kHz

required, the overall computational efficiency is still improved.
Table 4 compares the time taken by PARDISO for 3D FVM
modeling using Eqs. (5) and (7). Compared to using Eq. (5), Eq. (7)
can increase the efficiency by a factor of 2.86. Moreover, the
number of nonzero elements in the coefficient matrix Fy; is
slightly larger than that in Fy, leading to marginally longer LU
factorization times for the x- and z-direction sources.

3.3. Fast calculation of different mud conductivities

The specific application of the CHBA is presented in this section.
The formation horizontal conductivity is fixed at 0.2 S/m. To

—% — =104 kHz
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Table 4
Time taken by PARDISO in a 3D FVM modeling.
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Equation Source direction Matrix dimension Nonzero element LU factorization Back substitution Total time, s
Number Time, s Right-hand term Time, s
Eq. (5) X, ¥z 1005056 12756985 1 3424 51 9.6 352.0
Eq. (7) X,z 505700 6381317 1 59.9 34 2.6 123.1
y 505700 6305885 1 58.5 17 2.1
® FVM 1-order CHBA  ---c---n 3-order CHBA 20-order CHBA
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Fig. 5. The magnetic field response within the interval om, 11 (f = 52 kHz). (a)-(c) Three principal components Hyy, Hyy, and H; (d)-(e) two cross components H,x and Hy,.

facilitate the application of the conclusions in Section 2.4, we take
the frequency f = 52 kHz as an example and expand the range of
borehole mud conductivity to [0.0005, 20] S/m. Considering the
convergence rate of the CHBA, the range of the borehole mud
conductivity is divided into three intervals, each solved indepen-
dently using the CHBA. The specific division method is as follows:
interval 1, oy, 1 = [0.0005, 0.0171] S/m, the reference borehole
mud conductivity o1 = 0.002924 S/m; interval 2, o, 12 = [0.0171,
0.5848] S/m, the reference borehole mud conductivity oy = 0.1 S/
m; interval 3, o, 13 = [0.5848, 20] S/m, the reference borehole mud
conductivity o3 = 3.42 S/m. The contraction factors correspond-
ing to the borehole mud conductivities at both endpoints of the
three intervals are R = 0.708. The truncation order of the CHBA is
determined by the borehole mud conductivity at the endpoints of
each interval, which ensures accuracy across the entire interval.

Based on the defined borehole mud conductivity intervals and
the reference conductivity settings, the curves of the magnetic
field response with the borehole mud conductivity in intervals o,
1, om, 12, and o, 13 are given in Figs. 5-7, respectively, where the
tool eccentric distance is 0.08 m. These figures compare the results
obtained from the 1-order, 3-order, and 20-order CHBA with the
FVM solutions, demonstrating that the more orders are used in the
CHBA, the better the approximate solution obtained matches the
exact solution. Based on the method proposed in our previous
work (Wang et al., 2025c¢), the truncation order can be determined
as 15. To further ensure computational stability, we set the trun-
cation order to 20 in this study.

Table 5 presents the computational time required by PARDISO
across the three borehole mud conductivity intervals. The full
forward modeling of the reference model in each borehole mud

conductivity interval includes the two LU factorizations and the
backward substitution procedure for the 34 + 17 = 51 right-hand
sides. Different model parameters do not significantly affect the
efficiency of 3D FVM modeling, which averages approximately
123 s. On this basis, the 20-order CHBA requires back substitution
for a total of 51 x 20 = 1020 right-hand sides and consumes
roughly 94 s. By integrating the full 3D forward modeling with the
CHBA, the magnetic field response across the entire borehole mud
conductivity range is rapidly computed in a total time of 651.3 s. In
contrast, the conventional method would necessitate 24 full for-
ward simulations for 24 borehole mud conductivities, taking
123 x 24 = 2952 s. Therefore, employing CHBA for borehole mud
conductivity can further increase the efficiency by a factor of 4.53.
Moreover, another advantage of CHBA is that the sampling nodes
for the mud conductivity can be very densely distributed and the
additional time required can be disregarded. Finally, the memory
consumption of the program during the calculation does not
exceed 15 GB.

3.4. Equivalent calculations in library

In this section, we will discuss the equivalent calculations
involved in the library. First, we verify the feasibility of equivalent
calculations. For this purpose, the following three sets of models
are set up: 1) f = 26 kHz, (o, on) = (0.04, 0.08), (0.08, 0.16), (0.16,
0.32), (0.32, 0.64), (0.64, 1.28), (1.28, 2.56) S/m; 2) f = 52 kHz, (o,
on) = (0.02, 0.04), (0.04, 0.08), (0.08, 0.16), (0.16, 0.32), (0.32, 0.64),
(0.64,1.28) S/m; 3) f = 104 kHz, (6m, on) = (0.01, 0.02), (0.02, 0.04),
(0.04, 0.08), (0.08, 0.16), (0.16, 0.32), (0.32, 0.64) S/m. Fig. 8 pre-
sents the magnetic field responses in the above three sets of
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Table 5
Time taken by PARDISO in the three borehole mud conductivity intervals.
Interval Source direction Reference model, FVM CHBA, Lcypa = 20 Total time, s
LU factorization Back substitution Back substitution
Number Time, s Right-hand term Time, s Right-hand term Time, s
om, 11 X,z 1 59.7 34 2.6 34 x 20 = 680 52.5 651.3
y 1 58.5 17 2.1 17 x 20 = 340 424
om, 12 X, Z 1 59.7 34 2.6 34 x 20 = 680 51.7
y 1 58.4 17 2.1 17 x 20 = 340 42.7
om, 13 X, Z 1 59.8 34 2.5 34 x 20 = 680 50.3
y 1 58.6 17 22 17 x 20 = 340 429
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models with the formation horizontal conductivity as the abscissa.
It can be seen that the frequency f = 26 kHz and the conductivity
parameter (om, on); the frequency f = 52 kHz, the conductivity
parameter (em/2, o/2); the frequency f = 104 kHz, the conduc-
tivity parameter (om/4, o/4) have the same magnetic field re-
sponses. In this way, it is not necessary to calculate all the model
conductivities at each frequency when building the library.

The numerical results in Section 3.3 indicate that we can
quickly obtain the numerical simulation results within the entire
mud conductivity range [0.0005, 20] S/m. Therefore, when
considering the equivalent calculations, only the formation hori-
zontal conductivity needs to be focused on. For practical imple-
mentations, only a total of 46 formation horizontal conductivities
need to be calculated, as shown in Table 6. Through using equiv-
alent calculations, the original 3 x 24 = 72 forward modeling can
be reduced to 46, achieving a computational efficiency improve-
ment by a factor of 1.56.

3.5. Construction of borehole correction library

This section outlines the construction of the borehole correc-
tion library based on the induction tool developed by China Pe-
troleum Logging Company, Ltd. Each receiver module of the tool is
composed of two triaxial receivers (the triaxial main receiver and
the triaxial bucking receiver), and the magnetic field responses
obtained from the two receivers are synthesized to generate the
apparent conductivity response o,, i, j = X, , z for each receiver
module (Zhu et al., 2017). Taking the two long-spacing receiver
modules in the tool as examples, the transmitter-receiver spacings
of the four triaxial receivers range from 1 to 2.4 m. Fig. 9 presents

an apparent conductivity chart composed of borehole mud con-
ductivity and formation horizontal conductivity (the tool eccentric
distance decc = 0.08 m); while Fig. 10 displays a chart composed of
borehole mud conductivity and tool eccentric distance (the for-
mation horizontal conductivity ¢y, = 0.2 S/m). Among Figs. 9 and
10, (a1-a5) and (b1-b5) correspond to two receiver modules
with different spacings. As can be seen from the above figures,
high-resistance mud has a relatively small effect on the tool
response, while low-resistance mud has a relatively large effect.
The tool is more sensitive to low-resistance formation, where the
nonlinearity of the tool response is relatively strong.

Finally, we assess the computational workload required to
construct the borehole correction library. Following the proposed
algorithm, we consider the formation horizontal conductivity, the
borehole mud conductivity, and the tool eccentric distance as the
basic unit of the borehole correction library. Fig. 11 shows the ef-
ficiency improvements achieved by the three proposed strategies
in the study. The conventional algorithm necessitates sequential
forward modeling for 3 frequencies, 24 borehole mud conductiv-
ities, and 24 formation horizontal conductivities, requiring
roughly 352.0 s x 1728 = 168.96 h. According to the algorithm
efficiency given in Sections 3.2-3.4, calculating one basic unit re-
quires 651.3 s x 46 = 8.32 h. Overall, the proposed algorithm
achieves a 20-fold improvement in efficiency. For the model pa-
rameters listed in Table 2, the library comprises 15 x 9 x 15 = 2025
basic units, projecting a total computational duration of 16848 h
(approximately 702 days). Therefore, to complete the borehole
correction library within a feasible timeframe, it is necessary to
minimize the number of parameter nodes as much as possible and
use more computational resources.

Table 6
Formation horizontal conductivity nodes for three frequencies.
Frequency Number of nodes Nodes
52 kHz 24 0.001, 0.01, 0.02, 0.04, 0.08, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,0.7,0.8,09, 1, 2, 3,4,5,6,7,8,9,10 S/m
26 kHz 11 0.001, 0.01, 0.1, 0.3,0.5,0.7, 0.9, 3, 5,7, 9 S/m
104 kHz 11 0.001, 0.08, 0.6, 0.7, 0.8, 0.9, 6, 7, 8,9, 10 S/m
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4. Conclusions

In this paper, we propose a fast method of building the borehole
correction library for the multi-component array induction tool in
deviated boreholes. First, the symmetry in the construction of the
borehole correction library is exploited to reduce the computa-
tional workload. The triaxial source and multiple tool eccentric
distances are then solved simultaneously by a direct solver. Based
on the full forward modeling framework, the CHBA is applied to
the borehole mud conductivity to quickly obtain the simulation
results in the target mud conductivity range. Finally, the efficiency
is further improved by using the equivalent calculations in the
borehole correction library.

The numerical results validate the correctness and feasibility
of the proposed algorithm. In terms of efficiency improvements,
exploiting symmetry enhances the efficiency of 3D FVM
modeling by a factor of 2.86, applying the CHBA further in-
creases the library construction efficiency by a factor of 4.53,
while using the equivalent calculations yields an additional 1.56-
fold improvement. Collectively, these methods achieve approxi-
mately a 20-fold efficiency gain in building the borehole
correction library.

It should be emphasized that incorporating more complex ec-
centricity conditions (asymmetric models) not only necessitates
more eccentricity nodes but also increases the time required for
each forward modeling. This remains a challenging problem.
Furthermore, the operating frequencies of the considered tool
differ by a factor of two. If the frequency multiples employed by
the tool are not equal, the difficulty of matching conductivity
nodes with frequencies during the equivalent calculation will also
increase. Finally, even though the proposed algorithm can signif-
icantly improve the efficiency, building a complete library remains
computationally intensive. It is necessary to consider further
enhancing algorithmic efficiency (e.g., implementing the octree
method to reduce the grid number), minimizing the number of
model parameter nodes as much as possible, and utilizing more
computational resources.
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Appendix

The expansion of the change in the electric field given in the
CHBA is

_2\/6(r)-y(r,rr) — J(r.17)

AB(r ) 26(r) + Ao (r) ' (A1)
where yx(r, rr) is
x(rrr) = g: xi(x, rr),
NGO ~
Xl(l',l']'): \/7;\11 & rT)+WJ(r7rT)7lilv
Vo (r)-A(r,rr) + R(r)-%_ 1 (r,rp), [ =2,3, -
(A2)

and here, Ac(r) is the tensor of change in conductivity,
R(r) = Wﬁ(r) is the tensor contraction factor, and the scattered
electric field A((r, rr) satisfies Eq. (11).

By using
1 26(r) + Acy(r o _

1- (l‘)] T IZR 1‘) , (A3)
the Eq. (A2) can be further simplified to

x(r,rr) = Z xi(r,T1)

M% ZR(r J(xr,rr) + /a(r): ZR(r l; (T, T7)
_V o(r) 26 r) + Ac(r
= 26(1’) .J(l‘7 l‘T) +—= Zﬁ ;}\l(r rT

(A4)

Substituting Eq. (A4) into Eq. (A1) eventually resulted in the
simplified expansion Eq. (10).
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