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ABSTRACT

Permeability estimation is pivotal in reservoir characterization; however, prevailing methods lack a
standardized approach. Traditionally reliant on core samples, permeability assessment encounters
limitations across diverse thicknesses and wells. An innovative core-independent two-step rock physics
template (RPT) can be designed to estimate elastic and conductive properties. The suggested RPT em-
ploys the T-matrix method to leverage well-log data encompassing porosity, fluid saturation, and
various textural parameters. The estimation process for textural parameters involves addressing un-
certainties through the fixed form variational inference (FFVB) with the trust region reflective optimi-
zation algorithm. These uncertainties span estimated textural parameters, seismic wave propagation
velocity, electrical resistivity, and hydraulic permeability. Micro and macro voids, micro-spherical pores
porosity, and their semi-axis are modeled using Beta distributions for both prior and variational fam-
ilies. The noise in the model assumes an inverse gamma distribution for sonic travel time and true
formation resistivity. Validation of the proposed method is achieved by comparing the FFVB results with
Metropolis Hasting's sampling method in three depths and also through geological observations and
experimental analyses on available core samples. The inverse problem, involving the determination of
textural parameters through sonic travel time and resistivity, is solved. Subsequently, the forward
problem is addressed to estimate permeability. The robustness of the inverse problem is underscored by
minimal discrepancies between measured sonic travel times, true formation resistivity values, and the
results of the forward problem. The method demonstrates its effectiveness in permeability estimation,
even in regions lacking core data, thereby emphasizing its reliability and applicability in diverse
geological settings.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

predictive models based on effective medium theories. Empirical
correlations can be developed from petrophysical properties

The delineation of fractures within reservoirs assumes pro-
found significance in optimizing hydrocarbon production, given
their substantial impact on reservoir porosity and permeability.
Consequently, the identification and characterization of naturally
fractured areas in reservoirs pose a significant challenge for
seismic investigations. The methods for estimating permeability as
described in the existing literature can be categorized into two
main types: (1) empirical and semi-empirical correlations and (2)
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derived from core data, well log data, or a combination of both. The
relationships between these characteristics can be determined
using multivariate regression analysis, numerical modeling, or
advanced statistical learning techniques such as artificial neural
networks and fuzzy logic regression. Semi-empirical correlations
are those that have a mathematical basis but include some pa-
rameters that need to be determined experimentally. Below, we
elaborate on the aforementioned methods.

The Kozeny-Carman relationship, founded on a tube-like model
(Carcione and Avseth, 2015), offers a method to calculate perme-
ability utilizing porosity and the Kozeny constant. Empirical re-
lationships derived from the Kozeny-Carman theory connect
permeability to other well logs or well-log-derived parameters
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like resistivity and irreducible water saturation (Bateman, 1985).
However, these correlations are typically applied only to the region
above the transition zone or the transition zone itself. In the
absence of core data, Timur (1968) proposed a correlation
involving irreducible water saturation, porosity, and permeability.
Ahmed et al. (1991) extended Timur's model by incorporating the
impact of minerals, introducing a dual water model for estimating
permeability. However, the reliability of the results diminishes in
complex, heterogeneous, or fractured reservoirs due to the relation
of irreducible water saturation to shale volume and crystal size.
Morris and Biggs (1967) devised an empirical correlation to pre-
dict permeability using porosity and resistivity-based saturation.
Dorfman et al. (1990) applied the generalized Kozeny model to
estimate permeability in heterogeneous carbonate formations
using well logs. However, the use of a gas adsorption method to
determine specific surface area and tortuosity presents challenges,
with the approach proving inaccurate for formations with
extremely low or high permeability. Saner et al. (1997) proposed
an experimental relationship between permeability, water satu-
ration, and rock resistivity. Despite its potential application for
interpreting these parameters in the absence of information on the
other two, the correlation may not consistently meet expectations
due to pore geometry heterogeneity, common in reservoir rocks
with similar porosity but different permeability. Granberry and
Keelan (1977) elucidated relationships among permeability, wa-
ter saturation, and porosity, yet the calculation of water saturation
introduces uncertainty into permeability estimations (Ahmadi
et al., 2013). Yao and Holditch (1993) introduced a permeability
correlation model linking core permeability to open-hole log data,
eliminating the need for specific values of irreducible water
saturation or grain diameter.

Log-log-linear relationship between permeability and log data
and particularly resistivity, is commonly employed as another
class of regression analysis and empirical correlations (Archie,
1942; Wong et al., 1984; Purvance and Andricevic, 2000). This
method, while efficient, introduces potential non-uniqueness and
ambiguity in the relationship between permeability and resistivity
due to factors such as water saturation and clay content, as well as
potential scale and resolution disparities between permeability
and resistivity measurements (Ezzedine et al., 1999). Despite uti-
lizing multiple parameter regression and depth adjustments of
core and log data, the use of semi-empirical equations limits the
precision of permeability estimation. Johnson (1994) presented a
method for accurately estimating permeability using well logs and
available core data to identify distinct hydraulic zones based on
pore structures. Wang et al. (2015) used an innovative approach
and introduced a method to assess permeability using a mud-
filtrate invasion model based on resistivity logs with varying
investigation radii. Semmelbeck et al. (1995) introduced PermLog,
a multidisciplinary method designed to forecast new generation
induction logs without multiple repetitive logging runs. This
model integrates a reservoir fluid flow simulator with the con-
vection of dissolved species within a single phase, such as water or
salt, predicting mud cake thickness and permeability under both
static and dynamic filtration conditions. However, while the model
accurately predicts certain aspects, it provides only an approxi-
mate value for permeability (Semmelbeck and Diyashev, 1996). Lin
and Salisch (1994) employed the interconnection between
porosity, permeability, and lithofacies, establishing an empirical
correlation through regression to discern lithofacies. Another
established method involves correlating permeability with
Stoneley wave velocity by acoustic logging tools (Ahmed et al,,
1991). Tang and Cheng (1996) introduced an algorithm to esti-
mate formation permeability from Stoneley wave logs using a
simplified Biot-Rosenbaum model.
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Recent studies have explored direct and indirect relationships
between seismic properties and permeability. Chork et al. (1994)
introduced a straightforward approach for determining perme-
ability using segmented sonic log data. Fundamental research by
Klimentos (1991) established that P-wave velocity in sandstones
is primarily governed by porosity and clay content, with perme-
ability exerting negligible direct influence. This revealed that
velocity-permeability relationships are inherently indirect, medi-
ated through shared dependencies on pore geometry. Building on
this understanding of textural controls, Prasad (2003) demon-
strated that grouping rocks into hydraulic units based on porosity-
permeability relationships significantly improves velocity-
permeability correlations within each unit (R*> = 0.65 — 0.87).
This unit-based approach effectively bypasses lithological het-
erogeneity, enabling practical permeability prediction from ve-
locity logs in stratified formations.

Beyond these direct correlations, Pride et al. (2003) identified a
more fundamental physical link: they theorized that permeability
information is encoded in seismic amplitudes through mesoscopic
fluid-flow-induced attenuation. While theoretically promising,
they noted that computational barriers prevent direct inversion of
permeability from full-waveform data. This theoretical foundation
was operationally advanced by Goloshubin et al. (2008), who
developed a frequency-dependent attribute tied to fluid mobility
(K/u) by integrating Biot-scale flow with scattering effects -
essentially translating Pride's attenuation mechanism into a
measurable seismic property.

For reservoirs exhibiting complex pore systems, Wang et al.
(2009) revealed that velocity deviations from matrix trends
correlate strongly with permeability in fractured/vuggy carbon-
ates, highlighting how pore geometry modifies the base relation-
ships established by Klimentos. Similarly, Gomez et al. (2010)
discovered permeability-dependent anomalies in the Vp-re-
sistivity relationship of clean sandstones, showing that textural
variations beyond porosity manifest in coupled geophysical re-
sponses. These studies collectively demonstrate how deviations
from ideal velocity-porosity models serve as permeability in-
dicators in heterogeneous media.

Finally, focusing specifically on fracture networks, Khromova
et al. (2011) validated these principles through comparative
analysis of seismic methods. Their finding that duplex wave
migration (DWM) outperforms amplitude- and anisotropy-based
techniques for fracture permeability prediction (achieving 25 m
accuracy) confirms that specialized approaches are needed to
resolve the complex velocity perturbations caused by fracture
networks—effectively operationalizing the deviation concepts
identified by Wang et al. (2009) and Gomez et al. (2010).

In addition to using simple multivariate regressions to establish
empirical and semi-empirical relationships between well log data,
core petrophysical data, and permeability, various other methods
for estimating permeability include slug tests (Al-Mudhafar and
Mohamed, 2015; Rafik and Kamel, 2017), drill stem tests
(Bouwer and Rice, 1976; Bourdet et al., 1989; Al-Raoush and
Willson, 2005; Kabir et al., 2011), neural networks (Mohaghegh
et al., 1997; Lee et al., 2002), fuzzy logic (Nashawi and Malallah,
2009), and support vector regression (Al-Anazi and Gates, 2010).
Artificial Neural Networks (ANN) have gained popularity in the
petroleum industry due to their ability to generalize and perform
nonlinear approximation (Mohaghegh et al., 1995; Huang and
Williamson, 1996; Al Mogbel and Wang, 2011). Rogers et al.
(1995) applied a backpropagation artificial neural network (BP-
NN) to establish a permeability regression model using porosity
logs as input.

The use of effective medium theories to estimate permeability
in log and seismic scales is another approach, though these
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theories have inherent limitations. Some successful approaches
may be applicable to low concentrations of inclusions, while
others are suitable for high concentrations but overlook the inner
structure of the porous medium (Jiang and Chesnokov, 2012; Jiang,
2013). Due to different assumptions, predictions of various effec-
tive medium theories may differ (Ali, 2011). Understanding rock
physics and scaling issues is crucial to leverage connections be-
tween effective permeability and geophysical measurements,
establishing a fundamental link between geophysical measure-
ments and reservoir properties for effective correlation. However,
rock physics models for carbonate reservoirs are less developed
compared to those for sandstone reservoirs due to the complex
characteristics of carbonate reservoirs, including porosity, pore
shapes, and fractures (Zhao et al., 2013; Wang et al., 2017). Recent
research suggests progress in developing carbonate rock physics
models, but they remain insufficient (Ghon et al., 2018; Li and
Zhang, 2018). Rocks often exhibit a significant presence of in-
clusions and diverse internal structures, similar to fractured car-
bonate reservoirs. In such cases, employing an effective medium
theory capable of accounting for both high porosity and porous
connectivity becomes necessary, allowing the calculation of
effective properties for the closest possible agreement with
experimental observations. It is essential to validate this theory
using realistic data for accurate results.

This paper utilizes T-matrix (Jakobsen et al., 2003a,b; Jakobsen,
2006; Ali, 2011; Ali and Jakobsen, 2014), to evaluate the effective
elastic and conductive (electrical and hydraulic) properties of the
studied carbonate formation. For inversion we use the fixed form
variational Bayes approach suggested and comprehensively
described by Nawaz et al. (2020) and Zhang et al. (2021).

The paper is structured as follows: Utilizing well log data, we
first assess petrophysical attributes. A two-scale dual porosity dual
permeability rock physics template (RPT) is subsequently con-
structed to describe the relation between seismic wave velocity,
electrical and hydraulic conductivities and hypothetical textural
characteristics considered as model parameters. Fixed form vari-
ational Bayes method (Tran et al., 2021; Nawaz et al., 2020; Zhang
et al., 2021) is then employed to address the inverse problem. The
fixed form variational Bayes (FFVB) method, combined with the
trust region reflective algorithm (Byrd et al., 1987), is used to
resolve the inverse problem, providing estimates of constructed
RPT model parameters in terms of posterior probability density
rather than singular values. Analytical solutions for the Hessian of
the variational function are derived, facilitating use of trust region
reflective optimization algorithm. Metropolis Hastings sampling
algorithm is then employed for 3 depths with different microfacies
to validate the FFVB results. Finally, the FFVB inversion results are
compared with the sedimentary and microfacies evidence, as well
as the permeability values obtained from experimental results, to
validate the employed RPT and assess the accuracy and robustness
of the inversion. A detailed sedimentological and microfacies
analysis is also provided in a separate supplementary information
file.

All results were obtained using a MATLAB-based code package.
The codes related to the variational Bayes and Metropolis Hasting's
inversion are uploaded in https://github.com/MFarid110/
Variational-Bayes-Inversion-MATLAB.git.

2. Methodology

2.1. The physical and mathematical description of the rock physics
model

Rocks, particularly reservoir rocks, are natural composites with
distinct internal structures. The requirements for a method to
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determine the macroscopic physical properties of such composites
and its applicability can be formulated as follows (Bayuk, 2013):

e The components exhibit contrasting properties.

e The number and concentration of components are arbitrary.

e The rock's elastic and conductivity properties can be aniso-
tropic without restriction on symmetry system.

e The method should account for differences in component
shapes, orientations within the volume of the medium, and the
degree of connectivity between components.

The challenge of determining the effective physical properties
of composites boils down to describing the interaction among
multiple bodies, a problem whose exact solution is generally
impossible (Bethe, 1931; Kohn and Sham, 1965). Therefore, there
exist numerous approximate methods for determining these
properties, all based on different assumptions about the distri-
bution of physical fields within composites. The accuracy of these
approximate solutions depends on how closely these assumptions
match reality.

As noted earlier, rock is a natural microscopically heteroge-
neous but macroscopically homogeneous composite material. If
within such a micro-heterogeneous medium, a volume can be
identified whose properties coincide with those of the entire
medium on the scale being considered, this volume is termed
representative volume element (RVE). The largest linear dimen-
sion of the RVE must be much larger than the size of the hetero-
geneity and much smaller than the wavelength in the case of
elastic properties. The definition of the effective tensor of elastic

and conductive properties X" can be given in a generalized form
(Shermergor, 1977; Willis, 1977):

(A(T))y=X":(B(T)), (1)
In the context provided, A(7) and B(¥) represent physical fields
within an arbitrary vector. ¥ of the considered micro-

heterogeneous medium, where the local relation holds as follows:
A(T)=X(T) :B(T), (2)

Here, the angular brackets denote the spatial and volumetric
averaging over a representative volume (see (Ghasemi and Bayuk,

2020)). For elastic properties, A(7) and B(7) correspond to stress

and strain tensors, respectively, while X(?) represents the elas-
ticity tensor. In this case, Eq. (1) and its local variant Eq. (2) adhere
to Hooke's law. For thermal and electrical properties, these
correspond to Fourier's and Ohm's laws, respectively. Specifically:
Thermal properties involve heat flux density vectors A(T), tem-
perature gradient vectors B(7) and the thermal conductivity
tensor X(?). Electrical properties involve current density vectors
A(T), electric field intensity vectors B(7) and the electrical con-
ductivity tensor X(?). Hydraulic permeability properties involve
fluid flow density vectors A(T), pressure gradient vectors B(T)
and the hydraulic permeability tensor divided by the dynamic
viscosity of the fluid X(?). These relationships describe the
effective behavior of the composite medium, incorporating the
spatial and volumetric averaging necessary to capture its macro-
scopic properties from its heterogeneous microstructure. There
are numerous approach to estimate the effective physical prop-
erties of a microscopically heterogeneous material like Mori-
Tanaka's method (Mori and Tanaka, 1973), Kuster and Tokso0z
model (Kuster and Toksoz, 1974), Connell's approach (Watt et al.,
1976), Hudson's crack model (Hudson, 1980), and differential
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effective medium theory (Norris, 1985). Most of these methods,
with exception for Hudson's crack model, are restricted to the
isotropic case and cannot account for anisotropy, which is crucial
for accurately modelling materials with directional properties.
Additionally, these methods exhibit instability when dealing with
high porosity or high crack densities. This instability manifests as
an underestimation of crack density and effective conductivity
values, when solving geophysical inverse problems, respectively.
To avoid these problems we choose T-matrix approach to estimate
elastic moduli, electrical and hydraulic conductivity of the studied
medium (Jakobsen et al., 2003a,b; Jakobsen, 2007; Shahraini et al.,
2010; Seevik et al. 2012, 2013; Savik et al., 2013a,b).

The effective stiffness tensor C* in T-matrix approach can be
formulated as follows (Jakobsen et al., 2003a,b):

C=CO4t: (1946 1) 3)
t; = (t), (4)
th=C: {1<4> -G :c’]fl, (5)

where C” is the effective stiffness of the inhomogeneous original
body. Again (.) means the average over spatial orientation and
volumetric concentration. A double dot product refers to the
contraction of two fourth rank tensors based on the last two values
of the first tensor and the first two values of the second tensor. C”
is the stiffness tensor for r'th component. G is the second deriva-
tive of Green's function. C is the stiffness difference between the

r'th component and comparison body, C = C") — C9) | In elasticity
case, the expression of tensor G in spherical coordinate system for
ellipsoidal inclusions can be written as (Shermergor, 1977; Bayuk
and Chesnokov, 1998):

1 2=
Gijki = _ﬁ/o

x /o" (nijij1 Ay Ay + n,,-A]Tk1) sin 6dedg, (6)
Aie = it (7)
nj=mnn; (8)
ny=sin @ cos ¢ /ay, (9)
n,=sin@sin ¢ /a,, (10)
n3 =cos 0/as, (11)

where a4, ay, az are the semi-axes of arbitrary ellipsoid which is
assumed to be the shape of the effective grain of inhomogeneity.
For the general case, a; # ap # asz; thus, it can be used to
approximate most of the shapes of pore space constituents,
including spherical, penny-shaped, needle-shaped, rectangular,
etc. Cicjkl is the stiffness of the comparison body.

To analyze conductivity, we adhere to the methodologies
delineated by Savik et al. (2012, 2013) and Savik et al. (2014),
which draw heavily from the foundational work of Torquato
(2002) and Barthélémy (2009). These studies evaluate various
effective medium models designed to predict the effective con-
ductivity (hydraulic, electrical, and electromagnetic) of porous
media. The models under consideration include Maxwell's
approximation (Torquato, 2002), symmetric and asymmetric self-
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consistent approximations (Fokker, 2001), differential effective
medium approximation (Torquato, 2002), and the T-matrix
method (Jakobsen, 2006). Notably, the T-matrix and the sym-
metric and asymmetric self-consistent methods demonstrated
greater consistency with the laminated bounds used to validate
these methods across different fracture densities. The T-matrix
formulation to estimate the effective conductivity of a porous
medium is as follows (Jakobsen, 2006; Savik et al., 2014):

5

-1
R =RO 4Ry (19 + 6" Ry) (12)

Ry =™y, (13)
where, R, R© are effective conductivity and conductivity of the
embedding matrix. Again, we emphasize that, conductivity, en-
compasses electrical, electromagnetic, and hydraulic conductivity.
I is the second rank unity tensor (a 3 by 3 matrix, with diagonal
elements equal to one and other elements equal to zero). (.) means
the average over spatial orientation and volumetric concentration.
t is the t-matrix of inclusions of type (r) and can be defined as:

-1

H0 (R<r> B R<0>) . [ 12 _ . (R<f> - R<°>)] , (14)

where, R and G are the inclusion conductivity and field con-

certation tensors, respectively. G, referred to as P in
Barthélémy's original paper can be estimated using a complex
numerical method described in his work. The method presented
by Bayuk and Chesnokov (1998) is similar to the field concentra-
tion tensor for the effective elastic tensor discussed in Egs.
(7)~(12), and can also be used to estimate G (Bayuk and
Chesnokov, 1998):

1 2 rm 1) s
Gj=— 47:/0 /0 (n,-jA )sm odode,

_plO
A —le n,-j,

(15)

(16)

where A = Rl?jn,-j. ny, ny, n3 are defined the same as equation.
Einstein summation convention is used here that the repeating
indices denote summing over 1, 2, 3. Rg)) is the transport tensor

which is the effective electrical and hydraulic conductivity tensors
of the comparison body.

2.2. Rock physics model construction

In fractured reservoir characterization, it is standard to
conceptualize the reservoir as an ensemble of matrix blocks
separated by fractures and vugs (van Golf-Racht, 1982; Bratton
et al., 2006). These matrix blocks contain microvoids that supply
fluids to the interconnected fracture-vug network, where primary
production occurs. Accurate representation of such systems re-
quires differentiation between: (1) the microvoid system within
the matrix blocks, and (2) the larger-scale fractures and vugs
occupying the inter-block spaces.

When applying effective medium theories to predict elastic
moduli and seismic velocities, inclusion size cannot be explicitly
incorporated. Following Bayuk's hierarchical approach (Bayuk
et al., 2008), we therefore construct sequential models where
systems with smaller-scale inclusions are modeled first, and sub-
sequently embedded within systems containing larger-scale in-
clusions. This necessitates using aspect ratios (relative dimensions
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of ellipsoidal semi-axes) to characterize void systems without
absolute size dependence.

Conversely, conductive property modeling (hydraulic/elec-
trical) requires direct incorporation of inclusion dimensions. For
these properties, we must utilize absolute semi-axis lengths rather
than aspect ratios.

Our two-stage model implements this framework as follows:

1. The initial stage represents matrix blocks using ellipsoidal

: : : i (1)void (2)void (3)void
microvoids characterized by semi-axes (o icro @ micro *® micro J*

2. The subsequent stage embeds these blocks within a macrovoid

system represented by ellipsoidal inclusions with semi-axes

(alpvoid - p2)veid = Gvoidy " modeling interconnected fractures

and vugs that separate matrix blocks.

a

This hierarchical approach preserves the standard conceptual-
ization of fractured reservoirs while respecting the distinct theo-
retical requirements for elastic versus conductive property
prediction.

In the first stage, micro voids with different semi-axes a; # a, #
az and micro spherical pores with equal semi-axes a; = a, = as,
are incorporated into the effective electrical conductivity and
effective stiffness tensor of a dual porosity dual permeability
model. This model assumes that the pore space consists of micro
voids and micro spherical pores. By integrating these inclusions
into an isotropic embedding matrix with elastic, electrical con-
ductivity, and hydraulic permeability tensors, and applying T-
matrix homogenization methods, the embedding matrix for the
next-scale model is obtained. In the second stage, macro voids are
considered constituents of the embedding matrix obtained from
the previous stage. The embedding matrix in the micro-scale
model represents a medium composed of minerals. Fig. 1 pro-
vides a general representation of the proposed two-stage model
with the known and unknown parameters at each stage. In the
inverse problem, these microstructural parameters are unknown.
The initial step in computing the effective elastic and conductive
tensors involves determining several known parameters: water
and hydrocarbon saturations, their bulk moduli, mineral types
along with their volumetric concentrations and bulk moduli,
density, electrical conductivity of formation water, and matrix
conductivity. Water and hydrocarbon saturations, as well as min-
eral volumetric concentrations, are derived from well log data and
the results are provided from industry well reports.

Embedding matrix
consist of minerals

o e
S
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For the well, considered in this study, geological analysis in-
dicates that the formation primarily comprises calcite and clay
minerals, assumed to be isotropic and spherical (no preferred
orientation). Despite ultrasonic measurements (Peselnick and
Robie, 1962) and Brillouin spectroscopy (Chen et al, 2001)
showing that calcite possesses an anisotropic stiffness tensor, it is
a common practice to treat calcite minerals as isotropic, with bulk
and shear moduli of 65 and 28 GPa, respectively, and a density of
2.71 g/cm? as indicated in chapter 4 of Mavko et al., 2020.

In the absence of XRD/XRF experimental data for the samples
from the studied wellbore, we assumed that the clay minerals are
predominantly illite and smectite, as suggested by Carcione and
Avseth (2015). The ratio between these minerals can then be esti-
mated using the sixth-order Arrhenius equation, as detailed by
Carcione and Avseth (2015). Illite, an anisotropic mineral with a
transversely isotropic system (Sams and Andrea, 2001; Bayuk et al.,
2007; Sayers and den Boer, 2018) and a platy form, can induce
anisotropy in the system due to its mineralogical structure and
morphological characteristics. To simplify the model and avoid
additional unknown parameters, we assumed the clay minerals to
be penny shaped (a; = a, >as) , with fixed aspect ratio of ~1/30.
This value can change from 1/50 to 1/10 according to Bayuk et al.
(2007). The stiffness matrix of illite water composite in the pre-
sent of smectite is Cq; = 23.7, C33 = 8.5, C44 = 0.8, Cg = 5.7,
C13 = 3.1 GPa, and a density of 2.17 g/cm? (Bayuk et al., 2007).

The bulk modulus and density of water are considered to be
225 GPa and 1.0 g/cm3? respectively. More precise values,
depending on pressure and temperature, can be obtained using the
equations provided by Batzle and Wang (1992). As oil and gas
properties are highly sensitive to pressure and temperature, their
bulk moduli and densities at each depth are estimated using Egs.
(8)-(11b) for gases, and Eqgs. (18)-(20Db) for oils from Batzle and
Wang (1992).

Matrix electrical and hydraulic conductivities were selected
based on the discussions by Savik et al. (2014) and Barthélémy
(2009). The matrix is considered hydraulically and electrically
resistive with R"”>R(©®. According to Barthélémy (2009), the hy-
draulic conductivity of inclusions is given by %, where b is the
fracture aperture. Next, we should estimate the voids electrical
conductivity takin into account their surface conductivity. Ac-
cording to the description provided in introduction section, in this
study we aim to account for surface conductivity of voids in
addition to the bulk conductivity which is due to the NaCl or

Micro scale model, embedding matrix is the previous model,
‘ inclusions are micro voids and micro spherical pores. Model
parameters to be determined: ¢/39,, grore  glivod | pl2neid - gSnoid,

Macro scale model, embedding matrix is the previous
model, inclusions are macro voids. Model parameters
to be determined: a{liod, of2hoid g3)Noid

macro » “macro » %macro -

Fig. 1. General representation of the proposed two-stage rock physics modeling.
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equivalent NaCl concertation of formation water saturating the
voids. To do this we follow the procedure introduced by Revil and
Glover (1997), Revil and Glover (1998), Revil et al. (1999) and Revil
(2013). Since the equations related to estimate the surface elec-
trical conductivity are more related to electrochemistry, we pro-
vide these equations in Appendix A.

Surface conductivity and ionic transport at mineral surfaces are
significant phenomena applicable to all minerals, not just clay
minerals. Several researchers, including Moulin and Roques
(2003), Heberling et al. (2011), Li et al. (2016) and Al Mahrougqi
et al. (2017) have conducted modeling and measurement studies
of surface conductivity in carbonates. Integrating surface con-
ductivity does not imply neglecting the bulk conductivity of the
aqueous solution; rather, it involves accounting for both effects
simultaneously. In this study, Eq. (A.3) demonstrates the coupling
approach for surface and bulk conductivity, as proposed by Revil
and Glover (1997). The dominance of surface or bulk electrical
conductivity is influenced by factors such as pH and the ionic
concentration of the aqueous solution. Analyzing the dominance
range and presenting corresponding figures, as illustrated in
Revil's work (Figs. 3-9), falls outside the scope of this manuscript.
Readers interested in a more detailed discussion of the coupling
mechanisms and the dominance of surface and bulk ionic con-
ductivities are encouraged to consult the referenced articles for
further insights.

Unknown parameters in the first step model include the semi-
axis lengths of micro voids, along with their volumetric concen-
tration (referred to as microporosity). For the second step, the first
step results are considered the embedding matrix. Unknown pa-
rameters in the second step model include the semi-axes of macro
voids with their volumetric concentration, termed macro porosity,
which is equal to the total porosity minus the microporosity. A
comprehensive sensitivity analysis of the employed rock physics
methods to the microstructural parameters is available in
Barthélémy (2009) and Savik et al. (2014). In the next section
we present the results of the extensive sensitivity analysis on the
developed rock physics models. The inversion process is then
conducted on the constructed rock physics models to estimate the
mentioned unknown parameters using the measured wireline log
data see Fig. 3.

2.3. Well log data interpretation

As previously discussed, despite the microstructural charac-
teristics, the petrophysical attributes essential for the proposed
rock physics template (RPT) are presumed to be known. These
attributes encompass shale volume, both total and effective
porosity, bulk density, fluid saturation, and mineral composition.

2.3.1. Shale volume estimation

According to Crain's handbook (Crain, 2021) several method-
ologies are employed to gauge shale volume from well log data,
encompassing corrected and spectral gamma ray logs, SP log, re-
sistivity log, neutron porosity-neutron density cross plot, and sonic
density cross plot analyses. The most reliable technique entails
deducing thorium content from spectral gamma logs. Nonetheless,
the SP log may inaccurately represent shale volume in regions with
heightened resistivity, with its precision diminishing in environ-
ments of fresh water or saline mud. The density neutron cross plot
proves effective in discerning oil or water-bearing shaly sands but
is ill-suited for dolomite, anhydrite, or gas-bearing regions. Simi-
larly, the sonic density cross plot exhibits diminished accuracy in
shallow shaly sands and is not recommended for gas-rich zones.
Should spectral gamma ray logs be unavailable, shale volume
estimation can be achieved using corrected gamma ray logs.
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2.3.2. Total and effective porosity estimation

A comprehensive discussion is provided in Crain's handbook
within the “Porosity Indicating Logs” section. The determination of
total and effective porosity values utilizes a sophisticated complex
lithology model for density neutron cross plot analysis. This
method is favored over alternatives such as the shaly sand model
or dual water model. The algorithm of the complex lithology
model may also be applied to sonic density cross plot analysis,
proving optimal in shaly sands devoid of gas. However, its reso-
lution is compromised in carbonates, and the presence of gas may
yield inflated results.

2.3.3. Water saturation

Nearly all saturation computation methods stem from Archie's
seminal work (Archie, 1942), which delineates the relationship
between formation resistivity and water saturation in clean
sandstones. Various modifications have been proposed to incor-
porate the shale volume's effect on resistivity values, such as the
Simandoux equation (Simandoux, 1963), Waxman-Smits's equa-
tion (Waxman and Smits, 1968), Indonesia equation (Poupon and
Leveaux, 1971), and the dual water model, which should be uti-
lized alongside the dual water porosity method and resembles the
Simandoux equation. To the best of our knowledge, no definitive
preference exists among these methods.

2.3.4. Oil and gas saturation, mineral content

The determination of oil and gas saturation and mineral con-
tent involves employing the material balance equation. This as-
sumes a linear response log for neutron density and neutron
porosity and utilizes the Raymer time-average equation (Raymer
et al., 1980) for formation sonic travel time, solving these equa-
tions concurrently. For detailed algorithms and equations, one may
refer to Crain's petrophysics handbook within the “Deterministic
Analysis” section.

The estimation process for shale volume, total and effective
porosity, fluid saturation, and mineral content constitutes an
iterative hierarchical algorithm aimed at minimizing the discrep-
ancy between well log data and their corresponding response
equations. This is achieved by carefully selecting and refining the
described petrophysical parameters throughout the iterative pro-
cess. The above interpretation scheme is visualized in Fig. 3. We
employed thorium content to estimate shale volume, complex li-
thology model to compute total and effective porosity, and the
Indonesia model for water saturation assessment.

It is noteworthy that the presentation deliberately omits the
inclusion of equations and detailed algorithms for well log inter-
pretation to ensure conciseness. For an inquisitive reader seeking a
thorough understanding of the methodology employed in inter-
preting well log data, reference to Crain's Petrophysics Handbook
is recommended for an excellent explanation.

2.4. Variational Bayes inference

There is a growing need for Bayesian computation methods
capable of managing large datasets and complex models with
many unknown parameters. Traditional sampling methods like
Markov Chain Monte Carlo (MCMC) and Sequential Monte Carlo
(SMC) face scalability issues, particularly with contemporary ap-
plications such as deep neural networks and more traditional
fields like graphical and mixture modeling. In response, variational
Bayes (VB) provides an optimization-based solution for approxi-
mate Bayesian inference, proving to be a more computationally
efficient alternative to these sampling techniques. VB is a part of
the broader set of variational inference methods, which are also



M. Ghasemi and A. Javid

applicable in frequentist approaches for tasks like maximum
likelihood estimation in the presence of missing data.

In Bayesian settings, VB focuses on approximating the posterior
distributions (Tran et al., 2021):

_pW.0)_p0)/(ylo)
pO)  P)

where ¢ denotes the parameters, and y represents the data,
Bayesian inference aims to capture all information about 9 in its
posterior distribution derived from the prior distribution p(¢) and
the likelihood /(y|#). The process involves computing the
following integral (Tran et al., 2021):

(17)

poly) xp(0)p(y|0),

py) = / p©)/(yl0)da (18)

which determines the marginal likelihood or evidence. This inte-
gral is essential but challenging to calculate directly, especially
without the normalizing constant p(y), often ignored in analysis.

Traditional Bayesian analysis calculates expectations like the
posterior mean from this distribution, but complexities arise from
the intractable density p(6y). While MCMC methods address this
by sampling, VB offers a quicker alternative by using a tractable
distribution q*(6]4) hereinafter refer to as g; from a family @, such
as Gaussians, and minimizing the Kullback-Leibler (KL) divergence
to optimize the following approximation with respect to A (Tran

q:(6)

et al, 2021):
do;.
p(6ly) }

where 1 are the variational parameters that control the shape and
location of q,(8). The choice of this family should balance flexibility
for approximating the true posterior with simplicity for tractable
optimization. VB thus simplifies Bayesian inference by substitut-
ing the intractable posterior with a tractable approximation,
enhancing computation and analysis. The minimization of KL
divergence Eq. (19) effectively maximizes the lower bound (LB) on
the log of the marginal likelihood p(y) (Tran et al., 2021):

. PO/ 010) PO/ 010)
18(@.) = [ a:0log™ 75 2:00)

= [q, (h:(0)),

g =arg minqeg{1<L<qaup<-|y>> - [0 (19)

do=Eg, (log ) (20)

where, h,(0) = log‘%g)’@

pected value of a function of f(0) under the distribution q with
parameter A It is defined as (Blei et al., 2017):

Eq,0) 1= /f(g)q,l(g)dﬁ

The LB(g;) can be interpreted as a lower bound on the log
marginal likelihood of the data, log p(y), which is independent of 4.
Therefore, maximizing the LB(q,) with respect to 4, Eq. (19) is
equivalent to minimizing the KL divergence between ¢,(¢) and
p(9)y) (Eq. (20)). Variational Bayes algorithms (how to solve for Eq.
(20)) fall into two categories: mean field VB (MFVB) and fixed form
VB (FFVB), depending on the constraints applied to <. In MFVB we
can we can obtain analytical expressions for integral in Eq. (20)
(Tran et al., 2021). In the framework of FFVB, no constraints are
imposed on &, rendering the derivation of an analytical expression
for Eq. (20) potentially unfeasible. Consequently, it is advisable to

and Eg, ) [f(0)] is a notation for the ex-

(21)
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approximate Eq. (20) by generating a substantial volume of
random samples from the distribution q(¢) and subsequently

assessing the expression Eq, (log‘%) through numerical

methods.
For inversion of the constructed rock physics templates, we use
the FFVB since the analytical expression for MFVB is intractable.

2.5. Incorporating the rock physics model unknown parameters in
variational Bayes inversion

For our case we define the Model as follows:

2.5.1. The prior distributions
The model parameters which should be estimated are as fol-
lows (here we denoted the set of model parameters as 6):

Micro voids porosity, denoted as ¢4

micro*
; : : pore
Micro spherical pores porosity, denoted as ¢ ..
: : P (1)void _(2)void (3)void
Microvoids semi-axis, denoted as a; ", a0 ", ap il T
. . . 1 i 2 i i
Macrovoids semi-axis, aglvoid, o2)veid ,Bvoid

The sampling noises associated with compressional wave ve-
locity and resistivity represent a distinctive aspect of Bayesian
inversion, setting it apart from routine inversions. In routine in-
versions, such noises are typically not considered or incorporated
into the analysis.

Establishing the prior distributions necessitates the incorpo-
ration of all available user information. One approach is to propose
a diffuse (uninformative) distribution with a predetermined mean
value but a substantial standard deviation (Spikes et al., 2007;
Bosch et al., 2010).

The micro voids porosity values falling within the range of zero
to some value less than one make the choice of the beta distri-
bution appropriate. Similarly, when dealing with semiaxis values
up to the millimeter scale, selecting the beta distribution is also
justified, as it can effectively describe variables with limited ranges
and continuous values within those boundaries. It's a common
practice to select the inverse gamma distribution for describing
sampling noise. The model parameters and their respective priors
are listed in Table 3. We selected the priors so that the structural
parameters are close to their respective mean values on a loga-
rithmic scale, with sufficiently large standard deviations. This
approach can be a good choice for unbiased and diffuse priors, as
described by Berger and Bernardo (1991) and Robert (2007). The
selection of priors is an arbitrary process, and readers can adjust
the prior properties based on their knowledge or the specifics of
their particular problem (Nawaz et al., 2020; Zhang et al., 2021).

2.5.2. The variational family

The probabilities under consideration as prior model parame-
ters can also serve as a variational family for these parameters.
However, in contrast to the case of priors where we assumed shape
and scale parameters, the shape and scale parameters for these
probabilities are currently unknown and require estimation
through a robust and dependable optimization algorithm.

2.5.3. The objective function

In this stage, we defined the parameters of the rock physics
model to be determined, the sampling noises for velocity and true
formation resistivity measurements, their prior distribution, loss
function, and variational family. The next step involves
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consolidating all the aforementioned details into a final equation,
which will serve as the cornerstone for the optimization algo-
rithm. For our case we can write:

//(9|L (yest ymeas ) )

2
(est) _ y/(log)
_ ;(V(\/el()c::)) _ |n o(velocity) _ ln(2n)
o (22)
R(est) _ R(log)
olresistivity)

2
1
[ _ (resistivity) _
+ { 5 > Inec 2 (Zn)}

where, 7(.) denotes the likelihood, V(€9 | R(esY are compressional/
shear elastic waves velocities and true formation resistivities

estimated through the proposed RPT model respectively. V(1°8) and

R1°8) are measured compressional/shear elastic waves velocities
and true formation resistivities obtained from the available well

log data. s(velocity) and o(resistivity) are the sampling noise variance
for compressional/shear elastic waves velocities and true forma-
tion resistivity measurements.

p(o)= {a“) X ln(b(l)) —lnF(a(])) _ (a(l) _,_])ln(g(velocity))
—%} " {a<2> <In(5@) - Inr(a®)
- (a<2> " b2 }

(resistivity) | _
1) In (U ) olresistivity)
10
)1n(1 —0)— ln/}(a(‘)

+Z( M1 )lna +(b<‘

i=2

b<i>),

(23)

q(0)= {a’(U X ln(b'm) —lnF(a’m) - (a’ﬂ) +1)ln (U(Velocity))
Velomy }+{a 2>xln )—lnr( ))

( )m (6 resistivity) ) %}
+Z( a®=1)Ing;+ (b0 —1)In(1 -0 ~Inp(a’®,b'D),
i=2

(24)

where p(9) and q(¢) are the prior distributions and variational
family distributions respectively. a” and b") are the prior
distribution shape and scale parameters (see Table 3), pre-
defined, d® and b are parameters of the variational family
distribution (4).

The rock physics model parameters, denoted as 6;, have been
previously delineated. We have presented the distribution for
each individual parameter without any simplification to ensure
that the reader can fully grasp the intricacies of the imple-
mentation process. To calculate the expected value

(9>{log%} (Eq. (20)), it is essential to generate an

adequate amount of data from the variational family distribu-
tions for each model parameter 6;, corresponding to the sug-
gested 1, in every optimization iteration. Following this, the
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value of logp ”)/ "D’) is computed, facilitating the straightforward
acquisition of the average value.

2.6. Trust-region-reflective algorithm for maximizing the lower
bound (LB) on the log of the marginal likelihood p(y)

The trust region reflective algorithm offers several advantages
over stochastic gradient descent:

Divergence mitigation: Trust region reflective algorithm is less
prone to divergence issues compared to stochastic gradient
descent, providing a more stable optimization process.

e Global convergence: It tends to exhibit global convergence,
meaning it is more likely to converge to the global minimum
rather than getting stuck in local minima.

Robustness to noisy data: Trust region reflective algorithm is
robust in the presence of noisy or uncertain data, making it
suitable for scenarios with imperfect information.

Efficient optimization: It efficiently optimizes functions
without the need for excessive tuning of hyperparameters,
contributing to a more straightforward implementation.
Adaptability to non-convex problems: It is well-suited for non-
convex optimization problems, where the objective function
may have multiple minima and maxima.

The TRRA algorithm has been integrated into various software
packages, including Python, Matlab, and R. To use this algorithm in
these packages, it is necessary to define the functions for gradient

and hessian. The gradient in Eq. (16) of (Tran et al., 2021) as
follows:
ViLB(2) = g 0 {V.lln q;(0) ] x h;(0) }. (25)

Here we derive the equation for Hessian as follows:
ZB() = [ Vila:0))(Talln g:0))" x ha(0) +4:(0)

x 7;[In g, (0)] x hy(6) — q.(0)

x V,[In 4;(6) (V[ g:(6)] )" do

- @0 < {vin @)V g.0))"

x h;(0)+7;[In q,(0)] x h;(6)
~ V[0 g;(0)](V;[In g,(0)])" }do
[Eqﬁ-m){ {Va (In g;(6) (V. [In g;(0)])"+7,[In 4:(6) | ]
x hi(6) = V3lIn 4,(0) (VI g:(0) )" }
Eq.{ [V2In 42(0)|(V2lIn 4:(0) ) +73(In 4;(0)] |
x hy(6) = Valln 4,(0) (VI 42(0) )" }
~Eq,0)(Valln 420 |(Valln G20 )' ) -

(26)

The equation presented above was derived by utilizing an
unverified equation within the scope of this article. The equation is as
follows: Eg, ) ((V;[In q;(0)]) = 0). We can also easily obtain that
Fo) (72N @ (0)) = — Eq(Valn q:0)(ViIng;(0)). The
demonstration of these equations is straightforward. Inserting Eqgs.
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(25) and (26) in Eq. (20) and attempting to solve the quadratic
optimization problem often fails to converge due to the high variance
associated with Egs. (25) and (26). As outlined by Tran et al. (2021),
three strategies can be employed to mitigate this variance: 1)
employing the control variate method, 2) utilizing the natural
gradient approach, and 3) implementing the reparameterization
trick. As described by Tran et al. (2021), a Monte Carlo approximator
of Egs. (25) and (26) for i-th element of 4, the 4; , can be written as:

S

v,LB(2) %Z [V, (I 41(65) ] oha(65), (27)
i=1

and

ZLB() = < Z V,[In g(65) 1(V2[In q1(65)])T, (28)

where o denotes the elementwise multiplication, and 65 is “S”
sample from variational distribution q;(9) (6s ~ q;(9)). As we
mentioned before the variance of these estimators are too high to
be used in the TRRA. In order to reduce the variance we employ the
control variate approach (Tran et al., 2021). To do so we rewrite Eq.
(25) as follows:

ViLB() = < Z V[0 q;(05) Johy(65) — ¥ Vi [Inqa(65)],  (29)

i=1

which are still an unbiased estimator of Eq. (25), since
Eq.(0) (V1 In q;(6)) =0, whose variance be greatly reduced by proper
choice of ¢Y. The value for cY is obtained by Tran et al. (2021) as
follows:

v cov(V,,[In q,(0)] x h;(0), V,,[In q,(0)])
! \/(v/h [ln ql(g)]) ’

The utilization of an optimization algorithm that incorporates
the Hessian matrix of the objective function allows for a more
efficient exploration of the A-space geometry. By scaling the
gradient vector with what is known as a natural gradient, we can
enhance the convergence rate. This natural gradient guides the
optimization process in the steepest direction, facilitating the
optimization of the LB(A) objective function on the manifold
formed by the family of q,(6) distributions. The natural gradient
can be constructed by taking the regular gradient and multiplying
it by the inverse of the Fisher information matrix. (Eq. (5.10) of
Lehmann and George (1998)):

(30)

Vi (In g, ()] =1z ' (A)V,[In g(0)], (31)
where
I5(2) = Eq,0) (~V2lIn g (0)](Villn ;0" ). (32)

To enhance the likelihood of achieving convergence while
reducing computational time, the maximum a posteriori probability
(MAP) estimate can be employed as an initial guess for the TRRA.
However, it's important to note that in most scenarios, treating this
value as the ultimate solution can be misleading. In fact, the MAP
estimate can be shifted to almost any value simply by transitioning to
a new parameterization of the model that is equivalent to the pre-
vious one but connected by a nonlinear transformation (Neal, 1996).

In our case of solving the inverse problem, we selected a total
sample size of S = 5000. This choice was determined through a
trial-and-error process, involving the examination of various
sample sizes, beginning with 500.
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2.7. Markov Chain Monte Carlo methods

Markov Chain Monte Carlo (MCMC) methods are a class of al-
gorithms used to sample from probability distributions where
direct sampling is difficult. A detailed discussion of the MCMC
algorithm and its related methods is beyond the scope of this
paper. However, we will briefly mention some of the most
commonly used methods within this class of algorithms: Metro-
polis-Hastings (MH) (Metropolis et al., 1953; Hastings, 1970),
Gibbs sampling (Geman and Geman, 1984), Hamiltonian Monte
Carlo (HMC) (Duane et al., 1987), No-U-Turn Sampler (NUTS)
(Hoffman and Gelman, 2014), slice sampling, Adaptive MCMC,
Reversible Jump MCMC (RJMCMC) (Green, 1995), Sequential
Monte Carlo (SMC) (Gordon et al., 1993), Multiple-Try Metropolis
(MTM) (Liu and Chen, 1998), and Pseudo-Marginal MCMC
(Beaumont, 2003). Among the mentioned methods, Metropo-
lis-Hasting's sampling was chosen, for its simplicity in both
application and implementation.

Due to the high dimensionality of the inverse problem and the
time-consuming nature of the proposed RPT when employing
MCMC methods for the entire dataset, a full-scale application is
impractical. Instead, we select points from different microfacies,
where permeability values are relatively high and where experi-
mental values are available for one of these depths. The selected
depths are 2885 m, no experimental value is available, but the
estimated value is about 0.05 mD, and microfacies code: MF1;
2939 m, with experimental permeability equal 1.1 mbD, and
microfacies code: MF9 and 2981 m, no experimental value is
available, but the estimated value is about 0.06 mD, and microfa-
cies code: MF10. For these points, we perform inversion using
Metropolis—Hasting's sampling to validate the results obtained
through variational Bayes inversion.

To prevent divergence and reduce the time required for the
sequential operations necessary to accurately sample from the
posterior distribution, we begin with the maximum a posteriori
estimate, similar to the approach used in FFVB inversion. The
priors and likelihoods for the sampling method are identical to
those in the variational Bayes approach.

To compare the results obtained from FFVB and
Metropolis-Hastings sampling, we analyze the distributions dis-
tance for each parameter using Kullback-Leibler divergence
(Kullback and Leibler, 1951).

P(xi)

Q) (33)

Dy =Y P(x;) x In

ieN

where x; is a member from the data set X. Kullback-Leibler
divergence is a measure of statistical distance that quantifies
how one probability distribution P diverges from a reference
probability distribution Q. In this context, the reference probability
distribution is the one obtained from Metropolis-Hastings
sampling.

3. Results

3.1. Geological description of the studied formation—microfacies
and sedimentary environment

The Ilam Formation, approximately 130 m thick in Well A,
comprises shallow marine limestones from the Santonian epoch
and deeper marine shales from the Gurpi Formation. Detailed
petrographic analysis of 440 thin sections from core samples and
cuttings revealed various microfacies, categorized using the Dun-
ham classification and methods by Fliigel (2004) and Wilson
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(1975). Key microfacies include ooid grainstone, peloid grainstone,
and peloidal bioclast packstone, indicative of a high-energy,
shallow marine environment, as well as pelagic gastropod
wackestone, echinoid bioclast packstone, and radiolarian wacke-
stone, associated with deeper marine settings. These findings,
along with frequency diagrams and a sedimentary model for Well
A, are presented in the supplementary information file for further
reference (see Figs. SI1-SI4).

3.2. Gas porosity and permeability measurements

The analysis involved the measurement of porosity and
permeability in 25 rock samples obtained from depths ranging
from 2939.034 to 2975.61 m. The automated system “AP-608,”
manufactured by Coretest Systems and depicted in Fig. 2, was
employed for this purpose. Standard plugs, represented by cylin-
drical samples with dimensions of 30 mm in length and diameter,
served as the testing medium. Nitrogen was utilized as the oper-
ational gas. Geometric characteristics were ascertained using a
calliper, with 3-5 measurements taken at different locations on
each sample to enhance the accuracy of volume calculations.
Recorded data were meticulously documented. The recorded dis-
crepancies in measurements were found to be within the accept-
able limits specified in the terms of reference. Porosity
measurement using the gas-volumetric method was grounded in
Boyle-Mariotte law principles, where alterations in gas volumes
and pressure facilitated the determination of sample volume and
porosity. The absolute gas permeability values served as indicators
of the rock's filtration properties. Detailed specifications for the
gas permeability and effective porosity tester (Coretest Systems
AP-608) are provided in Table 1. The results of the effective
porosity and permeability corrected for Klingenberg are provided
in Table 2. The study adhered to the non-stationary gas filtration
method, employing nitrogen. The sample was positioned within
the core holder of the “AP-608" system, with the sample's side
surface being compressed by a rubber cuff under a pressure of
40 MPa. The confined pressure value represents the average
effective pressure within the examined depth range. It is impor-
tant to note that the assumption of a normal pore pressure
gradient is a simplification made due to the absence of any engi-
neering efforts aimed at accurately measuring the pore pressure in
the well under investigation. While acknowledging the rough
nature of this assumption, it should be underscored that no

Fig. 2. Automated system for measuring porosity and permeability “AP-608" manu-
factured by Coretest Systems.
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Fig. 3. Schematic representation of the algorithm used to well log data interpretation
and petrophysical properties estimation. Here TOL represents the predefined toler-
ance for the optimization algorithm to be stopped.

specific engineering endeavors were undertaken to conduct a
precise measurement of the pore pressure in the well under study.
This compression aimed to prevent air leakage between the side
surface of the sample and the cuff.

3.3. Avdilable well log data and the interpretation results

In the present investigation, a comprehensive set of well log
data acquired within the depth range of 2870.0-3008.8 m, with a
measurement interval of 15.24 cm, has been furnished. The
graphical representation of these data is depicted in Fig. 4. In the
aforementioned figures, the acronyms CALI, DRHO, DT, GKUT,
GRKT, NPHI, PE, RHOB, RT, RXO correspond to the caliper log,
neutron density correction, P-wave interval time, total potassium,
uranium and thorium gamma rays measured by spectral gamma
log, potassium to thorium ratio, neutron porosity, photoelectric
effect, bulk density, deep and shallow resistivities, respectively.
The determination of calcite volume, alongside oil and gas satu-
rations, as well as other pertinent petrophysical properties, is
conducted utilizing the iterative algorithm delineated in the
methodology section and depicted in Fig. 3. Fig. 5 illustrates the
interpreted well log data obtained through the aforementioned
methodologies and procedures. Figs. 4 and 5 are prepared by Corel
software.

3.4. Inversion results

The forward problem yields seismic velocity and true formation
electrical resistivity, while the inverse problem is solved using the
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Fig. 4. Full set of well log data provided for the studied well.
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Fig. 6. The probability distributions generated as the result of FFVI (black lines) and MH sampling (red lines) at the depth of 2885.0 m, with microfacies code: MF1, for (a)-(h)
model parameters and (i)-(j) estimated P-wave and S-wave travel times, (k) true formation resistivity and (1) hydraulic permeability. The Kullback Leibler divergence is rep-
resented by KLD on top of each figure for the respective PDFs. Vp demotes P-wave velocity, Vs denotes S-wave velocity.

variational Bayes approach, providing computational efficiency,
scalability, and handling uncertainty. VB excels in its ability to
approximate complex posterior distributions with tractable com-
putations, thus mitigating the computational burden often associ-
ated with parameter estimation in complex probabilistic models.
Unlike MCMC, which relies on iterative sampling techniques that can
be computationally intensive, VB offers a more streamlined approach
by optimizing a tractable variational approximation to the true
posterior distribution (Nawaz et al., 2020; Zhang et al., 2021).

Variational Bayes (VB) enables the derivation of probability
distributions for parameters, yielding a collection of data points
with associated probabilities. The median is favored for skewed
distributions due to its robustness to outliers, reflecting central
position, and balancing skewed tails. In our scenario, the structural
parameters, modeled as a beta distribution, lead us to prefer the
median over the mean for a more probable value.

To clarify the results and ensure consistency in depicting them
on a well log data scale, we have provided a supplementary infor-
mation file. This file contains figures plotted in well log scale, using
Techlog, a specialized petrophysical software, where the un-
certainties associated with the estimated and reconstructed pa-
rameters are presented by upper and lower confidence intervals,
as described in the supplementary information. This approach
aims to enhance the clarity and reliability of the presented data.

Figs. 6-8 show the probability density functions for the model
parameters, compressional and shear wave velocities, electrical
resistivity, and hydraulic permeability, at depths of 2885, 2981 and
2939 m with microfacies code MF1, MF10 and MF9 respectively.
The black line represents the FFVB results, and the red line rep-
resents the MH sampling results. We extracted 10,000 samples

from the posterior distributions around the maximum a posteriori
point obtained similarly for the FFVB approach. The acceptance
ratio of the sampling was about 0.6 and computational time of the
employed multi-cluster multi-thread processor was about 72 h for
the three depths. The Kullback-Leibler divergence values, indicated
on top of each figure, indicates that the distance between the
estimated probabilities from FFVB and the fitted probabilities from
MH sampling is quite small, demonstrating the effectiveness of the
FFVB inversion.

A comprehensive discussion on necessity of including uncer-
tainty in subsurface-property estimation from remote geophysical
measurements is provided in Bosch et al. (2010) and Zhang et al.
(2021).

Fig. 9 (see Fig. SI5 to show the results and the associated un-
certainty in well log data scale) illustrates the probability density
function of P-wave velocities (a) (see also Fig. SI5(a)) and true
formation resistivity values (b) (see also Fig. SI5(b)), with proba-
bility values represented by colors. The black line denotes the
measured P-wave and resistivity values. In both cases, the actual
(measured) values fall within the high probability zones of the
estimated density functions, indicating the success of the inver-
sion operation for both P-wave velocities and true resistivity
values. Predicted permeability values are also depicted through
their respective probability distribution functions, with the black
line representing the median. Red filled markers indicate
laboratory-measured permeability values under approximate
reservoir conditions, as detailed in the previous section (refer to
Fig. 9(c) and Fig. SI5(c)).

Fig. 10 (see Fig. SI6 to show the results and the associated un-
certainty in well log data scale) showcases both total micro-
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Fig. 7. The probability distributions generated as the result of FFVI (black lines) and MH sampling (red lines) at the depth of 2939.0 m, with microfacies code: MF9, for (a)-(h)
model parameters and (i)-(j) estimated P-wave and S-wave travel times, (k) true formation resistivity and (I) hydraulic permeability. The Kullback Leibler divergence is rep-

resented by KLD on top of each figure for the respective PDFs.

porosity (red line, comprising micro-voids porosity and micro-
spherical pores porosity) and macro-void porosity (black line, to-
tal porosity minus total micro-porosity) as well as permeability
prediction results. The results presented in Fig. 10 demonstrate a
strong alignment between the inversion results for micro-
porosities and permeability values and the geological evidence
from the earlier microfacies analysis. This figure illustrates the
inverse problem solution for the probability density function of
micro void porosity (Fig. 10(a)), the probability density function of
micro spherical pore porosity (Fig. 10(b)), and both macro void
porosity (the black line) and total micro porosity (the red line in
Fig. 10(c)) as well as (Fig. 10(d)) permeability. The colors indicate
probability, with the most probable values shown in red, tran-
sitioning to blue for lower probabilities. A colormap is included to
clarify the meaning of the colors. In Fig. 10, from 2870 to 2886 m,
Rotalida Mudstone to Wackestone (MF8) is evident, where the
fine-grained mudstone nature increases microporosity, while
weak dolomitization and vug-type porosities contribute to an
overall increase in macro-porosity and permeability. The effective
porosity falls within the range of 6%-21%, consistent with the high
permeability obtained from inversion (see Fig. 5 for well log data
interpretation results). From 2886 to 2890 m, Ooid Grainstone
(MF1) is present, exhibiting a grain-supported texture with radial
ooids, suggesting good primary porosity. However, the high degree
of cementation is the main factor reducing permeability, resulting
in low reservoir quality for this section. The effective porosity
deduced from well log data barely reaches 7% (see Fig. 5 for well
log data interpretation results). From 2890 to 2893.5 m, Peloid
Grainstone (MF2) is observed, with good macro-porosity expected
from the presence of peloids. Well log data interpretation depicts

relatively high effective porosity from 0.9% to ~16%, and perme-
ability values for this thin depth interval are in good consistency
with the fluctuation in effective porosity.

Continuing from 2893.5 to 2909 m, Peloidal Bioclast Packstone
(MF3) is encountered, where a high microporosity value is ex-
pected due to the presence of mud and cement. The obtained
micro-porosity aligns with observed geological thin sections, and
effective porosity remains similar to the previous depth interval.
The respective permeability fluctuates according to the effective
porosity values. Moving to the next depth interval, from 2909 to
2917 m, the observed microfacies is Echinoids Bioclast Packstone
(MF5), characterized by a more mud-supported interval. Conse-
quently, high micro-porosity is expected and obtained from
inversion. Due to mud-supported sections, effective porosity is
relatively low (ranging from 0.7% to 5%), resulting in low perme-
ability values. The subsequent depth interval, from 2917 to 2918 m,
reveals Sponge Spicules Calsispherolide Mudstone (MF6), where
the mud matrix is the primary reason for high microporosity
observed in inversion results. Effective porosity is extremely low
(<2%), consistent with zero permeability obtained from inversion
in this section.

From 2918 to 2935 m, 2937 to 2947 m, 2948 to 2951 m, 2952.1 to
2982 m, and 2983.1 to 3000 m, the main microfacies of the Ilam
Formation-Calsispherolide Wackestone to Packstone (MF9) are
present. Micro-porosity values are high due to the mud matrix, and
effective porosity for these intervals ranges from 2% to 20%, satis-
fying the high permeability obtained from both core sample anal-
ysis and inversion results. Thin section studies reveal dolomitization
and pyritization, contributing to increased effective porosity and
permeability values. Dolomitization is expected to result in high
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Fig. 8. The probability distributions generated as the result of FFVI (black lines) and MH sampling (red lines) at the depth of 2981.0 m, with microfacies code: MF10, for (a)-(h) model
parameters and (i)-(j) estimated P-wave and S-wave travel times, (k) true formation resistivity and (1) hydraulic permeability. The Kullback Leibler divergence is represented by KLD on top of

each figure for the respective PDFs.
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Fig. 9. Results of direct problem solution to estimate (a) the probability density function of P-wave velocity (the colour plot), and the actual measured P-wave velocity, obtained
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from well log data (the black line), and (c) the probability density function of permeability (the colour plot), the median of the probability density functions (the black line) and

the measured in laboratory permeability values (the red markers).

values of intercrystalline micro-porosity, serving as the second
reason for the observed high micro-porosities and permeabilities
from inversion. From 2935.1 to 2937 m and 2947.1 to 2948 m,
Planktonic Foraminifera Packstone (MF7) is present, with the

presence of micrite increasing microporosity, consistent with the
high microporosities observed from inversion. Effective porosity
values are about 3%-4%, indicating the presence of permeability
evident from the inversion results depicted in Fig. 9(c).
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Table 1
Technical characteristics of the Coretest Systems AP-608 system for determining
gas permeability and effective porosity in reservoir conditions.

Feature Value

Gas permeability measurement range, mD 0.001-10000
Measurement range of effective porosity, % 0.1-40
Diameter range of the samples, mm 27-33
Length range of the samples, mm 25-101
Sample pressure range, atm 500-9500
Limits of acceptable error limit for gas permeability, % 8

Limits of acceptable error limit for porosity, % 6

Limits of the relative standard deviation of the 3

random component of the acceptable error limit
of effective porosity, %

From 2951.1 to 2952 m, Pelagic Gastropode Wackestone (MF4)
is observed, where the mud matrix is the main reason for high
micro-porosity. Effective porosity values range from 13% to 15%,
and respective permeability values obtained from core analysis
and inversion are high, similar to the MF9 sections. While the
depth interval is not thick on its own, it is located between MF9
depth intervals, contributing to a good reservoir section. From
2982 to 2983 m, Radiolarian Wackestone, characterized by a mud
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matrix with high micro-porosities, is present. Effective porosity
values are lower than MF9 and MF4, ranging from 8% to 9%, and
permeability values are consequently lower than the mentioned
sections but higher than other microfacies sections.

Examining the microfacies characterized by relatively high
permeability values allows us to infer that the microfacies within
the outer ramp sedimentary environment demonstrate compara-
tively elevated microporosity and permeability values. The fine-
grained nature of sediments in the outer ramp facilitates the cre-
ation of abundant micropores, contributing to higher micropo-
rosity values. Additionally, the relatively low energy environment
limits compaction, preserving these small-scale pores and further
enhancing microporosity. The heightened permeability observed
in the outer ramp can be attributed to the processes of dolomiti-
zation and pyritization that occur within this sedimentary
environment.

Figs. 11 and 12 represent the inversion result for semi-axis of
the voids, which are assumed to be in form of general ellipsoids, in
micro (Fig. SI7(a)-(c)) and macro scales (Fig. SI7(d)-(f)). Again,
here we obtained the probability density functions for these semi-
axes and the probability values are depicted in form of colors.

Since in rock physics modelling the concept of aspect ratio —
ARy = ay /a1 and AR; = a3/ay, where the ARy, ARy, aq, a3, a3 are

Table 2

Absolute Klinkenberg-corrected permeability and effective porosity by gas volumetric method.
Sample Length, cm Diam, cm V bulk, cm® Weight, gr P conf, MPa V pore, cm® Porosity K air, mD K klink, mD
B11-14/1 3.025 2.982 21.123 53.220 40.10 2.220 10.51 1.126 1.0900
B11-14/2 2.561 2.972 17.763 44.595 40.11 1.178 6.63 0.063 0.0157
B11-14/3 2.665 2977 18.547 45.817 40.12 2.250 12.13 0.042 0.0240
B5-8/1 2.965 2.979 20.666 54.692 40.11 2.738 13.25 0.050 0.0183
B5-8/2 2.841 2.980 19.822 52.320 39.98 2.085 10.52 0.108 0.0296
B5-8/3 3.034 2.978 21.133 55.581 40.10 4.339 20.53 0.119 0.0186
B6-5/1 3.011 2972 20.892 54.536 39.99 2.460 11.77 0.020 0.0120
B6-5/2 3.022 2.980 21.081 54.450 40.13 3.663 17.38 0.085 0.0263
M2-16/1 3.036 2.976 21.118 50.430 40.05 2.634 12.47 0.083 0.0154
M2-16/2 3.014 2978 20.993 51.143 40.03 3.801 18.11 0.108 0.0288
M4-8/2 2.909 2.959 20.004 36.349 39.97 2.680 13.40 0.090 0.0344
M4-8/3 2910 2.953 19.930 48.096 39.99 3.917 19.66 0.096 0.0203
M4-8/4 2.959 2.961 20.379 48.949 40.00 3.368 16.53 0.030 0.0136
M4-2/1 3.047 2.990 21.395 51.740 40.00 2.569 12.01 0.110 0.0201
M4-2/2 2.872 2.990 20.173 48.623 40.17 3.395 16.83 0.095 0.0366
M4-2/3 3.039 2.990 21.338 51.713 40.16 2.880 13.49 0.101 0.0164
M4-2/4 2.945 2.988 20.654 48.805 40.09 4.486 21.72 0.088 0.0554
M4-2/5 3.015 2.987 21117 53.631 40.09 2.859 13.54 0.098 0.0000
M4-2/6 3.012 2.986 21.082 53.741 40.10 2.565 12.17 0.121 0.0292
M4-2(7 2.990 2.971 20.718 54.213 40.10 3.825 18.46 0.118 0.0254
M4-2/8 2.851 2.990 20.008 54111 39.97 3.725 18.62 0.026 0.0182
M4-2/9 2.985 2.899 19.693 52.366 39.98 2.308 11.72 0.064 0.0299
M4-2/10 3.015 2.956 20.681 54.612 40.12 1.225 5.93 0.104 0.0204
M4-2/11 3.014 2.984 21.067 55.491 40.11 3.207 15.22 0.076 0.0375
M4-2/12 3.022 2.963 20.827 48.953 40.12 3.978 19.10 0.116 0.0259

Table 3

The model parameters and their respective prior distribution details.
Parameter Prior type Shape factor (a) Scale factor (8) Mean (u) Standard deviation (¢)
Compressional wave velocity sampling noise Inverse Gamma 4 0.2 ~0.07 ~0.05
True formation resistivity sampling noise Inverse Gamma 4 0.2 ~0.07 ~0.05
Micro voids porosity ¢/%d Beta 0.5(1 —¢/2)/(¢/2) 0.5 - -
Micro spherical pores porosity P Beta 05(1 —¢/2)/(¢/2) 0.5 - -
Microvoids semi-axis in x; direction agi):rooid Beta 5x 10° 0.5 ~10~7 ~2x 1077
Microvoids semi-axis in x, direction agi)éﬁ)id Beta 5x 108 0.5 ~1077 ~2x 1077
Microvoids semi-axis in x5 direction agi);’r";d Beta 5 x 10° 0.5 -1077 ~2x1077
Macrovoids semi-axis in x; direction a4 Beta 5x 103 0.5 ~107* 2x 1074
Macrovoids semi-axis in x, direction a{2)r%d Beta 5x 103 0.5 104 2x 1074

(3)void Beta 5% 103 0.5 104 2x104

Macrovoids semi-axis in x3 direction amacro
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Fig. 10. Results of inverse problem solution for (a) probability density function of micro void porosity, (b) probability density function of micro spherical pores porosity, and (c)
macro voids porosity (the black line). Red line in (c) represents the total micro porosity. (d) The mean estimated (black line) and measured permeability values (red markers).
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first and second aspect ratio, semi axis's align with x1, x2 and x3 axis
of cartesian coordinate axis respectively, is more familiar we
represent the aspect ratio values obtained by dividing the median
of the probability density functions of the semi — axes in Figs. 11
and 12(a)~(c) (Fig. SI7(a)-(c)). For clarity and familiarity, we pre-
sent the aspect ratio values obtained by dividing the median of the
probability density functions of the semi-axes in Fig. SI8. As
depicted in Fig. SI 8(a) and (b) the micro-voids exhibit a tendency
towards a penny-shaped ellipsoidal morphology, while the results
presented in Fig. SI 8(c) and (d) indicate that macro-voids exhibit a
needle-shaped morphology. In high-permeability zones, the pores
tend to be more spherical.

Justifying the morphological characteristics of the voids faces
practical challenges due to the following reasons: 1) Assumption
of general ellipsoids: The obtained semi-axis values for voids are
based on the rough assumption of considering the voids as general
three-dimensional ellipsoids. This assumption may not accurately
represent the actual morphological complexity of voids in many
cases. Despite its simplicity, this approach facilitates methods such
as effective medium theory. 2) Limitations of equipment for void
characterization: Comprehensive characterization of the
morphological characteristics of voids requires a three-
dimensional micro tomographic scanner. However, even if such a
device is available, it may face limitations in monitoring void
morphology at microscales. Generating three-dimensional images
from two-dimensional images obtained from scanning electron
microscopy (SEM) might not be successful in the case of hetero-
geneous carbonates, where the complexity of the rock structure
could impede accurate reconstruction. In summary, the challenges
in justifying the morphological characteristics of voids stem from
the inherent assumptions made during analysis and the limita-
tions of current imaging technologies, particularly in capturing the
intricate features of micro- and macro-voids in heterogeneous
carbonate formations.

Again, we emphasize that Figs. 9-12 were created using a
combination of MatLab and Corel, specifically in the microfacies
and sedimentary environment section on the left side of the fig-
ures was prepared by Corel and the color plots were prepared by
MatLab. As far as our knowledge extends, there is currently no
commercially available software capable of generating color plots
in a well log scale. The disparity in style between Figs. 3 and 4
compared to Figs. 9-12 arises from the distinct software utilized
for their respective plotting processes. These figures are recon-
structed in well log data scale, in another form, using Techlog
software, in supplementary information file.

4. Discussion

4.1. Suitability of the proposed RPM for carbonate reservoirs pore
complexity

The hierarchical methodology proposed builds upon well-
established theoretical precedents in carbonate rock physics
modeling. The conceptual framework of treating carbonate reser-
voirs as an ensemble of matrix blocks separated by fractures and
vugs represents standard industry practice, as demonstrated by
extensive literature documenting the dual-porosity dual-perme-
ability nature of these systems (van Golf-Racht, 1982; DeGraff
et al., 2005; Uba et al., 2007; Saidian et al., 2021). Carbonate res-
ervoirs exhibit extraordinary pore structure complexity spanning
multiple orders of magnitude in scale, from nanometer-scale
microporosity within matrix blocks to meter-scale vugs and frac-
tures. Carbonates also exhibit distinction between matrix micro-
porosity (typically poorly connected) and fracture-vug networks
(providing primary flow pathways) which is critical for accurate
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permeability prediction. The proposed two-stage approach effec-
tively captures this multi-scale heterogeneity through: Stage 1
(Matrix Block Characterization): Models the intra-matrix micro-
porosity system using ellipsoidal microvoids (o™, apm'cr |
a3m ) combined with spherical micropores, representing the
complex diagenetic porosity that dominates fluid storage in car-
bonate systems. This stage accounts for the typically tortuous,
poorly connected microporosity that characterizes carbonate
matrix blocks. Stage 2 (Inter-Block System Modeling): In-
corporates the macro-scale fracture-vug network (aym3r | apm3cr |
a3m3<r ) that controls primary fluid flow pathways. This separation
is geologically appropriate as it reflects the distinct formation
mechanisms and flow characteristics of these pore systems (Nie
et al,, 2012; Mondal and Singh, 2024).

4.2. Impact of pore structure in different microfacies on
permeability

Fig. 13 visualizes the impact of microfacies on effective
porosity, permeability, effective porosity-permeability relation,
and microporosity, and all estimated through the proposed FFVB
inversion. Because of their low value, we normalized the
permeability and microporosity values, and divided the normal-
ized values into five scores, score 0 (zero permeability/micropo-
rosity) to score 5 (high permeability/microporosity). According to
the obtained results presented in Fig. 13, the nine microfacies
identified in the Ilam Formation demonstrate a complex rela-
tionship between pore structure characteristics and permeability
that defies simple depositional texture-based predictions. The
comprehensive analysis reveals that only two microfacies (MF1
and MF2) exhibit grain-supported textures, while seven microf-
acies (MF3-MF9) are mud-supported, yet the permeability dis-
tribution across these facies shows remarkable variability that
highlights the critical role of diagenetic processes in overriding
primary depositional controls. The grain-supported microfacies
present contrasting reservoir quality outcomes despite sharing
similar primary depositional characteristics. MF1 (ooid grain-
stone) demonstrates how intensive calcite cementation can
completely negate the advantages of excellent primary frame-
work porosity, reducing effective porosity to approximately 7%
and permeability to low values. The radial ooid framework
initially provides optimal interparticle pore space, but cement
precipitation blocks critical pore throats and destroys connec-
tivity pathways. In contrast, MF2 (peloid grainstone) maintains
good reservoir quality with effective porosity ranging from 0.9%
to 16% due to less intensive cementation, allowing preservation of
both primary porosity and flow pathways through the peloid-
supported framework. The mud-supported microfacies demon-
strate the most significant variations in reservoir quality, ranging
from zero permeability (MF6) to excellent permeability (MF4,
MF8, MF9). This dramatic range illustrates how secondary
diagenetic processes can either enhance or further degrade
originally unfavorable depositional textures. MF6 (sponge spic-
ules mudstone) represents the extreme case where mud matrix
dominance creates abundant microporosity but extremely poor
connectivity, resulting in effective porosity below 2% and zero
permeability. The fine-grained nature creates numerous micro-
pores within the mud matrix, but the absence of larger pore
throats prevents effective fluid flow. Conversely, the high-
performing mud-supported microfacies (MF4, MF8, MF9)
demonstrate how specific diagenetic processes can transform
poor primary textures into excellent reservoir intervals. MF4
(pelagic gastropode wackestone) achieves effective porosity of
13%-15% and high permeability through strategic location be-
tween high-quality MF9 intervals and weak dolomitization
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Comprehensive pore structure analysis: all microfacies MF1-MF9
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Fig. 13. Comprehensive pore structure analysis and its relation to permeability all estimated using the proposed FFVB inverison. (a) Effective porosity, (b) normalized permeability
score, (c) normalized permeability score vs effective porosity, (d) normalized microporosity score for detected microfacies.

processes. MF8 (rotalida mudstone to wackestone) develops the
highest effective porosity range (6%-21%) through the combina-
tion of weak dolomitization and vug-type dissolution porosity,
creating a dual-porosity system with both micropore storage and
macropore flow capacity. MF9 (calsispherolide wackestone to
packstone) represents the most volumetrically significant
microfacies and demonstrates the optimal combination of dolo-
mitization and pyritization processes. These diagenetic modifi-
cations create intercrystalline porosity between dolomite rhombs
while pyritization contributes additional porosity through min-
eral replacement mechanisms. The resulting pore system main-
tains effective porosity of 2%-20% with excellent connectivity
through multiple scales of pore networks, from micropores
providing storage to larger intercrystalline and dissolution pores
providing flow pathways. The intermediate-performing mud-
supported microfacies (MF3, MF5, MF7) illustrate gradational
reservoir quality controlled by varying degrees of mud content
and diagenetic modification. MF3 (peloidal bioclast packstone)
exhibits moderate permeability due to the presence of peloids
that provide some framework support within the mud-supported
texture. MF5 (echinoids bioclast packstone) demonstrates poor
reservoir quality due to its more mud-supported nature, with
effective porosity limited to 0.7%-5% and correspondingly low
permeability values. MF7 (planktonic foraminifera packstone)
shows low to moderate permeability controlled by micrite
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content, with effective porosity of 3%-4% representing a
compromise between microporosity abundance and limited
connectivity. The relationship between microporosity and
permeability across all microfacies reveals critical insights into
pore structure controls. High microporosity levels characterize
most mud-supported microfacies (MF3-MF9), but permeability
effectiveness depends entirely on the development of larger pore
throats and connectivity networks through diagenetic processes.
The dolomitization process emerges as the most significant
permeability enhancer, creating intercrystalline spaces that serve
as critical flow conduits between storage micropores. Pyritization
provides additional enhancement through mineral replacement
and potential dissolution of pyrite crystals under specific
geochemical conditions. The depositional environment influence
becomes apparent when examining the outer ramp microfacies,
where fine-grained sediment deposition creates optimal condi-
tions for subsequent diagenetic enhancement. The abundant
reactive surface area in fine-grained sediments facilitates exten-
sive dolomitization and pyritization, while the initially low
permeability focuses diagenetic fluids along preferred pathways,
enhancing the development of connected secondary porosity
systems. This explains why outer ramp microfacies like MF9
achieve superior reservoir quality despite unfavorable primary
depositional characteristics. The comprehensive analysis dem-
onstrates that pore structure impact on permeability in carbonate
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microfacies is fundamentally controlled by the complex interplay
between primary depositional texture and secondary diagenetic
modification, with diagenetic processes often serving as the ul-
timate determinant of reservoir quality. The counterintuitive su-
perior performance of mud-supported microfacies over grain-
supported ones in several cases underscores the critical impor-
tance of understanding both depositional and post-depositional
controls for accurate carbonate reservoir characterization and
development planning.

4.3. Computational considerations

Variational inference stands as a potent method for addressing
intricate inverse problems spanning diverse scientific domains.
Nevertheless, the approach necessitates an extensive number of
Monte Carlo samples from the proposed variational family in each
iteration, involving 5000 samples. Over 200 iterations on the
sampled set are required to achieve convergence. Our computations,
conducted on a high-performing computer with an 11th Gen Intel(R)
Core (TM) i7-11370H @ 3.30 GHz processor, reveal that a single
iteration consumes nearly 600 s. Consequently, determining varia-
tional family parameters for a single data point demands an
impractical 40-h computational effort. Given 923 data points in our
well log dataset, the overall computational demand extends to an
unmanageable four-year timeframe for completion. To address this
formidable challenge, we propose a pragmatic solution: providing
access to a high-performance computing system equipped with a
substantial number of threads, located at University of Houston, and
write the codes to distribute the tasks on the available threads using
parallel computing techniques. This resource significantly reduces
the time required to solve the variational Bayes problem for our
extensive dataset. Distributing Monte Carlo sampling and simulta-
neously processing sampled data points across multiple threads
holds the potential to transform our research approach. Preliminary
simulations demonstrate that utilizing a high-performance super-
computer with a substantial thread count results in a significant
reduction in computation time. This not only renders the research
feasible within a reasonable timeframe but also unlocks opportu-
nities for exploring more intricate and computationally demanding
inverse problems, pushing the boundaries of scientific inquiry. In
resolving the aforementioned challenge, we leveraged the super-
computer infrastructure available at Huston University, which pro-
vides 40 clusters, each with 25 threads, totaling 1000 threads. This
opportunity allowed us to perform all computations in approxi-
mately 6 days.

4.4. Advantages and drawbacks of variational inference over
Markov chain Monte Carlo (MCMC)

MCMC methods and fixed form variational inference (FFVB, we
also use FFVB interchangeably, “B” stands for Bayes) offer distinct
approaches to Bayesian inference. MCMC relies on Markov chains
to sample from posterior distributions, guaranteeing convergence
but potentially suffering from slow computation, while FFVB op-
timizes predefined variational families for faster computation,
especially in high-dimensional or large datasets. MCMC exhibits
robustness in sampling complex posterior distributions but may
require extensive tuning, whereas FFVB's deterministic nature and
reliance on predefined families may limit its applicability in
certain scenarios. For our case we deal with a high dimensional
sampling problem which should be done for over 923 data points
separately. While we utilized a large number of randomly sampled
values from the suggested distributions to diminish variance Eqgs.
(25) and (26) address Eq. (20), the procedure can be readily par-
allelized across proficient computational resources.
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The best way to perform parallelized sampling using any of the
mentioned MCMC algorithms is to implement the operations in a
vectorized manner. For this, the function used in inversion should
accept a vector input and produce a vector output. In our case, if we
could input the model parameters asan M x N matrix, where, M is the
number of depths and N is the number of model parameters, and
parallelize this operation on a GPU, we would achieve results much
faster. However, the problem lies in the RPT models, which include
operations such as two-dimensional numerical integration (used in
computing the depolarization and concentration tensors, as
described in Egs. (2) and (11)) and tensor algebra (contraction,
inversion), which impede vectorization. Using complex rock physics
models such as the general singular approximation (Shermergor,
1977), high-frequency T-matrix approach (Jakobsen et al., 2003a,b),
and attenuative T-matrix (Jakobsen et al., 2003a,b; Jakobsen and
Chapman, 2009) presents a significant challenge.

5. Conclusion

Our principal objective was to estimate permeability through
effective rock physics modeling by solving the inversion problem
using sonic and resistivity logs. To validate our findings, we
incorporated detailed geological information, including microfa-
cies and sedimentary environment analyses. The application of
variational Bayes in conjunction with the trust region optimization
algorithm enabled us to derive probability density functions for
textural parameters, sonic wave velocity, resistivity, and perme-
ability, thereby incorporating uncertainty in subsurface charac-
teristic estimates. Given that the trust region algorithm
necessitates the Hessian for the target function, we extended the
simple stochastic gradient descent algorithm with momentum to
obtain an analytical solution for the Hessian of the lower bound
(LB) function for variational Bayes. The control variate algorithm
was then implemented to reduce the variance of datasets gener-
ated from the obtained probability density functions. To expedite
computations, parallel computing code techniques were employed
to distribute computational tasks across available threads. The
supercomputer facility at Huston University, equipped with 1000
computing threads, was instrumental in solving the inverse
problem using variational Bayes. We also, utilized the Metropolis-
Hastings algorithm to obtain samples from the actual posterior
distributions at three different depths and compare the results
with results obtained by FFVB inversion. The rationale for choosing
a limited number of depths for Metropolis-Hastings sampling was
due to the constraints of implementing the proposed RPT in a
vectorized format and the inherently time-intensive process of the
hierarchical Metropolis-Hastings sampling method. Furthermore,
we applied the Kullback-Leibler divergence as a measure to assess
the similarity between the posterior distributions derived from
the Metropolis-Hastings sampling and the family of variational
distributions acquired via the FFVB technique.

Our computations lead us to the following conclusions: Varia-
tional Bayes, coupled with the trust region optimization algorithm,
prove to be a powerful technique devoid of divergence problems
associated with stochastic gradient descent. The main drawback of
this algorithm lies in its computational demands due to the necessity
of high sampling numbers (in our case, 5000 samples), requiring
high-performance computational resources. Estimated sonic travel
time and true formation resistivity align well with the actual
measured log data, demonstrating the success in solving the inverse
problem and the efficacy of the proposed rock physics template for
the studied carbonate formation (the Ilam Formation). Estimated
permeability values show a strong correlation with measured
permeability data on core samples at average reservoir pressure.
These values exhibit robust consistency with actual geological and
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microfacies analyses, particularly where experimental data are ab-
sent. The low values of Kullback-Leibler distances computed for the
three depths also demonstrate the accuracy of the proposed varia-
tional family and inversion algorithm employed to minimize the
variational function. The primary challenge persists in the compu-
tational efficiency of the rock physics models utilized. We acknowl-
edge that sophisticated multi-threaded and multi-cluster
computational facilities are not universally accessible. Moving for-
ward, our focus will be on effectively addressing this issue by
developing algorithms that can operate efficiently on simpler
computational resources, such as personal laptops. This approach
aims to broaden accessibility and facilitate broader application of our
methodologies in future studies.
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Appendix A

Surface and bulk conductivity of voids
The second rank tensor of conductivity coefficient R as
follows:

RO=3" b,

where, Y. is the total rock conductivity, I is the identity for
second rank tensors.

(A1)

(A.2)

where o, ; is the i th ionic contribution to rock conductivity and
the sum is over all the ionic species present in the pore fluid.

S.hf
. ey
oci =t oG |ffhf 5}, (A3)
ti.’ of
where,
R 2
al :b+cX+dX (A4)

1+aX
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where Sp,Vp is the area and the volume of an arbitrary ellipse,
respectively, and ¢ is tortuosity. The parameters 1 and A are the
characteristic dimensions associated with pore and surface
transport, respectively. In the pore space scale these two micro-
structural parameters are same (Revil and Glover, 1997). The free
electrolyte conductivity is:

o= eZpict, (A.10)
i

where Cl.f is the concentration of ionic species i in the free elec-
trolyte. Effective mobilities B; defined by B; = p; + 2erkgT/nseZ;
where 7 is the fluid dynamic viscosity (s ~ 10~3 Pa for water at
25 °C), T is the temperature, & is the fluid dielectric permittivity
(in Fm1), kg is the Boltzmann's constant (1.381 x 1023 J K1), e
is the electron charge (1.602 x 1019 Coulombs), and Z; the
valence of ion (all quantities including e and the ionic valences are
taken to be positive). g; is the classic ionic mobility and can be
found for each ion type in Physical Chemistry Handbooks such as
(Brummer et al., 1971).

Transference and Hittorf numbers of species i (respectively, t,.f

and tif'hf) in the free electrolyte are defined by:
+1)pleCt
tf = %7 (A11)
of
(0 = (+1)Z¢f, and > (tif’hf) =1, (A.12)
1

The parameters t{"hf represent the ratio between the electrical

current due to species i divided by the total electrical current in the
free electrolyte. According to their definition, the Hittorf numbers
are positive for all ions (with 0 < tif’hf <1).

The specific surface conductance, g , represents the anoma-
lous conduction in the EDL. In the present approach, we do not
consider electrical conduction in the Stern layer or directly
through the surface sites, and consequently surface conduction
only takes place in the EDL. The specific surface conductance can
be described from the sum of the individual specific surface
conductance in the EDL by:

Zs = Ei:erZiS'

The ionic contributions 3°7 are dimensionally different from
>s. Surface transference and Hittorf numbers of species i

(A.13)
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(respectively, tl.s and tis’hf) can be now defined by analogy with t,.f
and tif*hf:
S
£ =(£1)ed . /ZS, (A.14)
£0F = (+1)z¢f, and Z(tf’“f) -1, (A.15)
i

where tl.s’hf represents the difference of electrical charges fraction

transported by species i during electrical conduction (including an
electro-osmotic contribution) between the EDL and the free elec-

trolyte (the matrix is always chosen as the reference frame). We
have 0 < tis’hlr <1.

The total specific surface conductance >, can be divided into
an electromigration conductance 3¢ and an electro-osmotic

conductance >°.

e 0s

D 5=t
The two surface conductance terms introduced previously can
be described using the sum of their ionic contributions Y ¢ =

eXsi(ZiXo7), 2°8° = eX(Zi307°) consequently:

SRS

The Stern plane potential is calculated with following equation:

(A.16)

(A17)

ey

Tt (A.18)

¢=

where ¢ is the dimensionless reduced local potential in the EDL, kg
is the Boltzmann's constant (1.381 x 10~23 J K1), e is the electron
charge, and T is the temperature.

The Stern plane potential must satisfy the following equation:

FX]=0, (A.19)
where the function F[X] is given by:
_n —pH Hopko (x_ L
F[X]fz\/Cf—s—lo PH | 10PH-P (x x)*
K
—pHy2 N f f —pH
(1 +K(;)107PPX +107;HCN3+ + K C-107P )
K
—pHy2 (=) y—2
+K4y107P7X _WX ,
(A.20)

where, = \/8erkgTN103 /(eTg), and X = exp (¢/2), T? is total
surface site density, C; is the electrolyte concentration, for the
direct problem pH and C; are the input parameters, and ¢ is the
output parameter. ¢ is the fluid dielectric permittivity (dielectric
constant of water & ~ £,80, and ¢y = 8.84 x 10712 Fm), N = 6.022
%1023 is Avogadro's constant, pKy = —log; Kw, Kw is the disas-
sociation constant of water (Kw close to 10-138 at 20 °C), Cf,- =
C¢ + Ca, C; = 103N10-PH is acid concentration (mol/L), le\w =G+
C,, and C, =103N10PH-PKw js base concentration (mol/L).
K(4), K-y are the intrinsic equilibrium constants.
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