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a b s t r a c t

Seismic properties play a fundamental role in the geological and petrophysical modeling of reservoirs 
due to their dependence on petrophysical properties. Most existing stochastic seismic inversion 
methods are based on Gaussian probability distribution functions and assume linear dependence. Ex-
amples include sequential Gaussian co-simulation (SGCS) and direct sequential simulation (DSS). In 
contrast, spatial stochastic co-simulation methods based on Bernstein copulas (BCCS) have recently 
been developed. These methods do not require a specific distribution type or linear dependence, thereby 
overcoming the limitations of traditional approaches.
In this context, we propose a novel approach for the joint seismic inversion of elastic and petro-

physical properties using parametric copulas within a Bayesian inference framework. A joint probability 
distribution is constructed using well-scale petrophysical and elastic property data, fitted to parametric 
copula functions and treated as prior information. The model parameters are then updated a posteriori 
using petrophysical properties scaled by a moving window averaging method and seismic properties 
upscaled using the Backus averaging method. The resulting posterior model is used within the inversion 
process to generate elastic property realizations at the seismic scale.
The inverse problem is solved using a simulated annealing algorithm that minimizes a global 

objective function combining the root-mean-square (RMS) error between synthetic and observed 
seismic traces, and the semivariogram error between the simulated and target variogram models. For 
each elastic realization, a reflectivity series is computed and convolved with a seismic wavelet to 
generate a synthetic seismic trace. The best-fitting elastic realization is then used to simulate the cor-
responding petrophysical property using the same joint probability distribution.
The proposed method was applied to a deepwater reservoir case study to estimate total porosity and 

acoustic impedance at the seismic scale. Results demonstrate that the use of parametric copulas reduces 
computational cost and execution time while enabling effective integration of nonlinear dependencies. 
The synthetic traces exhibit RMS errors below 8%, validating the accuracy and robustness of the copula-
based inversion framework.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-

nd/4.0/).

1. Introduction

The prediction of seismic and petrophysical properties is a key 
challenge in the geological and petrophysical modeling workflow 
(Cosentino, 2001). To predict the spatial distribution of petro-
physical properties at the seismic scale, it is first necessary to es-
timate the spatial distribution of elastic properties. These elastic
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properties act as a bridge between seismic and petrophysical 
models, making it essential to establish a methodology that links 
them through an inverse modeling approach. The process of 
transforming seismic traces to estimate elastic and petrophysical 
properties is commonly known as seismic inversion. This tech-
nique is based on the concept of the inverse problem, which in-
volves estimating model parameters from a set of observations. 
Typically, seismic inversion involves three main stages: (1) 
defining an objective function that quantifies the misfit between 
observed and simulated data, (2) optimizing this function, and (3) 
solving the resulting system of equations to obtain a quantitative 
model of subsurface properties. In this context, the forward model 
refers to the physical process that simulates seismic traces from 

elastic properties under specific assumptions, such as vertical 
incidence and horizontal layering. Traditional approaches to 
seismic inversion often rely on forward models formulated using 
convolutional or finite-difference approximations. The objective 
function evaluates how well these simulated traces match the 
observed seismic data and serves as the basis for guiding the 
inversion process through optimization. These are commonly 
optimized using criteria such as the L 1 norm or least squares, 
aiming to minimize the objective function and obtain the most 
probable solution. However, a major limitation of these ap-
proaches is their reliance on linearization, which can introduce 
uncertainty into the predictive model.
Seismic inversion in the petroleum industry has been an active 

area of research since the 1980s. Foundational studies by 
Oldenburg et al. (1983), Cooke and Schneider (1983), and 
Gelfand and Larner (1984) introduced linearized inversion tech-
niques that utilized seismic surveys and well-log data, often 
optimizing objective functions based on maximum likelihood or 
the L 1 norm. Since the 1990s, geostatistical seismic inversion 
(GSI) methods have progressively evolved, integrating petrophy-
sics, rock physics, and seismic data under Gaussian distribution 
assumptions, as demonstrated by the works of Bortoli et al. 
(1993), Haas and Dubrule (1994), Buland and Omre (2003), 
Dubrule et al. (2003), Doyen (2007), and Grana (2014). Unlike 
deterministic inversion approaches that yield a single best-fit 
model, GSI generates multiple equiprobable realizations that 
honor well-log information and spatial continuity through var-
iogram modeling using the Sequential Gaussian Simulation
method (Chil�es and Delfiner, 2012). This allows for the quantifi-
cation of subsurface uncertainty and provides a probabilistic 
framework for estimating elastic and petrophysical proper-
ties—making it highly suitable for reservoir characterization and 
risk analysis.
Several recent developments in geostatistical seismic inversion 

(GSI) have extended traditional Gaussian-based formulations to-
ward non-linear, data-driven, and hybrid frameworks to capture 
fine-scale heterogeneity and characterize porosity and perme-
ability distributions even at sub-seismic resolutions. For instance, 
Penna and Lupinacci (2024) applied a three-dimensional GSI 
workflow to model metric-scale flow units in Brazilian pre-salt 
carbonate reservoirs, emphasizing the value of sequential simu-
lation and variogram constraints in facies-dependent petrophys-
ical modeling. Similarly, Fernandes et al. (2024) combined GSI with 
Bayesian facies classification to improve porosity estimation and 
lithological discrimination in heterogeneous carbonate–igneous 
systems, demonstrating the effectiveness of integrating facies-
related rock-physics models. de Figueiredo et al. (2025) intro-
duced a Direct Multivariate Simulation (DMS) approach for non-
linear and non-parametric rock-physics inversion, enabling the 
efficient generation of spatially correlated realizations that pre-
serve heteroscedastic dependencies among variables. The DMS 
method extends traditional sequential simulation by employing a

stepwise conditional transformation—a generalization of the 
normal-score and back-transformation procedures to multivariate 
non-Gaussian distributions—to generate realizations that strictly 
follow the empirical joint distribution of multiple variables. This 
framework allows the simulation of complex non-linear de-
pendencies without assuming global Gaussianity, while main-
taining spatial coherence among petrophysical and elastic 
properties. Despite these advances, many GSI techniques still rely 
on Gaussian or multi-Gaussian distributions (Azevedo and Soares, 
2017; Pereira et al., 2020, 2023) or mixed-Gaussian models (Grana 
et al., 2017), which may be limited in representing complex, non-
linear dependencies. To address such challenges, data-driven 
methods have also gained traction. For example, Zhang and Yang 
(2025) proposed a dual-learning network that directly inverts 
seismic attributes into reservoir properties, bypassing conven-
tional forward modeling. While these neural approaches improve 
computational efficiency, they often require large training datasets 
and may lack physical interpretability. However, these approaches 
has notable disadvantages due to the limitations inherent to 
Gaussian simulations. For instance, Kriging equations are con-
strained to preserve low covariance between the original data and 
their estimates, and the variance of the random function is 
assumed to be stationary (Pyrcz and Deutsch, 2014). Moreover, 
these methods are not suitable when the number or spatial dis-
tribution of wells is insufficient, or when the measured of corre-
lation (e.g., Pearson correlation) between petrophysical, seismic, 
and rock physics properties is too weak to support the linear 
dependence structure assumed by Gaussian-based models. In such 
cases, alternative methods capable of capturing nonlinear or 
weakly correlated dependencies such as copula-based approaches 
are more appropriate. To address these issues, alternative simu-
lation techniques have been explored. Copula-based stochastic 
simulation is a promising alternative for simulating properties 
such as petrophysical or seismic attributes, given their conditional 
dependence. A key advantage of this approach is its flexibility: it 
offers a nonparametric technique that avoids assumptions about 
specific distribution function or dependence structures. In the 
geological-petrophysical modeling context, copula-based simula-
tion enables the estimation of petrophysical and elastic models 
that are consistent with well-log statistics. As shown by Diaz-Viera 
et al. (2017), the resulting realizations do not exhibit artificial 
smoothing away from wells. This methodology improves GSI by 
reducing uncertainty. However, existing applications of copulas 
have primarily used nonparametric distribution functions, 
which—while accurate—require significant computational re-
sources. To address this limitation, this work proposes the use of 
parametric copulas. These are simpler to implement within a 
Bayesian framework and require fewer computational resources, 
although they may sacrifice some accuracy compared to their 
nonparametric counterparts.
This work introduces a novel copula-based joint seismic 

inversion method, developed in response to the limitations of 
existing stochastic seismic inversion approaches. This is a signifi-
cant constraint because it often requires transforming the data to 
satisfy distributional assumptions, potentially introducing bias 
during reverse transformation. To improve the simulation of the 
elastic property and reduce uncertainty compared to traditional 
approaches such as sequential Gaussian simulation, we define a 
joint probability distribution using a parametric copula. This dis-
tribution is fitted to geophysical well-log data describing petro-
physical and elastic properties and subsequently updated using 
upscaled logs through a Bayesian inference framework. The 
resulting posterior model captures the joint dependence structure 
at the seismic scale and is used to generate elastic realizations 
within the inversion process.
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The inverse problem is solved using the simulated annealing 
algorithm, which iteratively minimizes a global objective function. 
This objective function combines two terms: (1) the root-mean-
square (RMS) error between synthetic and observed seismic 
traces, and (2) the semivariogram error between the variogram of 
the simulated elastic property and a target variogram derived from 

upscaled well-log data. Together, these components ensure that 
the resulting model honors both the seismic response and the 
spatial continuity observed in the wells. During optimization, the 
posterior model—estimated through the Bayesian copula frame-
work—is used in the search function to generate realizations of the 
elastic property. For each candidate realization, a reflectivity series 
is computed and convolved with a seismic wavelet to produce a 
synthetic seismic trace. The misfit between this trace and the 
observed seismic data is evaluated using the objective function. 
The best-fitting elastic realization is then used as a conditioning 
variable to simulate the corresponding petrophysical property 
using the same joint probability distribution.
To demonstrate the theoretical framework and advantages of 

the proposed method, this paper is organized into eight sections. 
Section 1 presents the introduction, offering a concise overview of 
seismic inversion. Section 2 outlines the theoretical basis of the 
copula-based joint seismic inversion approach. Section 3 describes 
the application workflow, offering a detailed, step-by-step imple-
mentation guide. Section 4 presents the case study, including 
geological context, statistical analysis of well logs, dependence 
modeling, and variogram estimation. Section 5 provides a valida-
tion of the method using the seismic trace closest to the well. 
Section 6 details the inversion process using the nearest seismic 
inline, applying the parameters defined earlier. Section 7 discusses 
the results, and Section 8 presents the conclusions.

2. Parametric copula-based joint geostatistical seismic 
inversion method

GSI is a well-established approach for solving the inverse 
problem using a trace-by-trace scheme, as proposed by Bortoli 
et al. (1993) and Haas and Dubrule (1994). This type of inversion 
employs stochastic simulation to generate multiple realizations of 
an elastic property. These realizations are convolved with a 
wavelet to produce synthetic seismic traces, which are then 
compared to real seismic traces using an optimization method. 
The process iterates until a stopping criterion is satisfied, either 
based on the objective function or the maximum number of 
iterations.
The Copula-Based Joint Geostatistical Seismic Inversion 

Method integrates copula-based spatial stochastic co-simulation 
method to jointly simulate elastic and petrophysical properties. 
This method has been presented in several works by Diaz-Viera
and Casar-Gonz� alez (2005), Diaz-Viera et al. (2006), Erdely and
Díaz-Viera (2010), Hern� andez-Maldonado et al. (2012),
Hern� andez-Maldonado et al. (2014), Erdely and Díaz-Viera
(2015), Diaz-Viera et al. (2017), V� azquez-Ramírez (2018), Le et al.
(2020) and Le (2021). Its main advantage lies in offering a 
nonparametric simulation approach through Bernstein Copula Co-
simulation (BCCS), which eliminates the need to assume a specific 
marginal distribution or specific dependence structure. This 
method provides a robust alternative for simulating one property 
(e.g., elastic or petrophysical) conditioned on another, under a 
flexible dependence model. The resulting realizations are statis-
tically consistent and preserve spatial distribution characteristics.
Several studies, such as those by B� ardossy and Li (2008) and Gnann
et al. (2018), have applied Gaussian copulas, which belong to the 
class of parametric copula models—these rely on multivariate 
normal distribution function to describe dependence structures. In

contrast, nonparametric copula models offer greater flexibility by 
not assuming a predefined functional form, allowing them to 
capture more complex and potentially unknown dependence 
patterns. Despite their advantages, nonparametric copulas have 
not yet been applied to solve the geostatistical inverse problem. 
The Bernstein Copula Co-simulation method is a procedure 

which can be basically subdivided into two steps:

• The joint probability distribution function is constructed using 
a dependency model based on the nonparametric Bernstein 
copula and the marginal distributions of the primary and sec-
ondary variables.

• A joint stochastic simulation of the primary variable condi-
tioned by the secondary variable is performed in a global 
optimization framework using the simulated annealing 
method, where the objective function consists of the joint 
probability distribution function and the variogram model of 
the primary variable.

However, prior studies that apply this method to predict pet-
rophysical properties at the seismic scale often follow a deter-
ministic scheme. They typically subsample geophysical well-log 
data and rely on elastic property images, which may increase 
uncertainty. This is because the dependence model derived at the 
well scale can differ significantly from that obtained using 
upscaled or subsampled logs. To address this issue, parametric 
copula co-simulation (PCCS) is proposed as an alternative to BCCS. 
The use of parametric functions facilitates lower computational
cost while maintaining modeling flexibility (V �azquez-Ramírez 
et al., 2023).
The Parametric Copula-Based Joint Geostatistical Seismic 

Inversion Method involves the following three main steps:

• Estimate the joint probability distribution model is estimated 
using a parametric copula, rather than a nonparametric Bern-
stein copula, within a Bayesian inference framework (see 
Appendix B).

• Generate realizations of the elastic property using its spatial 
dependence structure (variogram) until the synthetic trace 
with the lowest mean square error, relative to the observed 
seismic trace, is found—using the PCCS method.

• Predict the petrophysical property conditioned on the elastic 
property obtained in the previous step, using the same PCCS 
method.

The key innovation in this work is the use of Bayesian inference 
to update the dependence model, as demonstrated in the works by 
Kohn et al. (2006), Silva and Lopes (2008), Ausin and Lopes (2010), 
Min and Czado (2010) and Smith (2011). This approach allows the 
joint posterior probability distribution function to be updated 
using upscaled and/or subsampled well-log data, ensuring con-
sistency with all available information sources. Because the 
dependence model can incorporate multiple elastic and petro-
physical properties estimated from well logs, it enables the joint 
generation of realizations for these properties.
As part of the inversion procedure, joint realizations of petro-

physical properties (e.g., porosity) and elastic properties (e.g., 
acoustic impedance) are generated. The simulated acoustic 
impedance is convolved with a wavelet to produce synthetic 
seismic traces, which are optimized using the global heuristic 
method of Simulated Annealing.
The theoretical framework described above serves as the 

foundation for the practical implementation of the inversion 
method. In the following section, we describe a detailed workflow 
that operationalizes this approach, from exploratory data analysis
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to the generation of synthetic traces and petrophysical property 
simulation.

3. Joint geostatistical seismic inversion based on copulas 
workflow

The joint geostatistical seismic inversion method based on 
copulas is developed through the execution of seven steps, as 
illustrated in Fig. 1. The following subsections provide a detailed

explanation of each step and the requirements for their 
implementation.

3.1. Exploratory data analysis

This step involves univariate and bivariate analysis of well logs 
and their upscaled versions. The univariate analysis includes the 
computation of descriptive statistics (e.g., minimum and 
maximum values), as well as the generation of histograms and 
boxplots to assess the impact of upscaling. The bivariate analysis

Fig. 1. Proposed workflow using co-simulation models based on parametric copulas for joint seismic inversion of elastic and petrophysical properties.
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entails evaluating dependence measures and visualizing scatter-
plots before and after upscaling, to detect potential changes in 
relationships between variables.

3.2. Variographic analysis

This step consists of estimating and modeling the spatial cor-
relation function (variogram) (Díaz-Viera, 2002) from the upscaled 
samples. The variogram model should be fitted to samples in the 
time domain, which facilitates the integration of seismic-scale 
realizations. Preprocessing is required to eliminate trends, and 
cross-validation should be employed to validate the chosen var-
iogram model.

3.3. Estimation of the joint distribution model via Bayesian 
inference

The estimation of a joint probability distribution model be-
tween petrophysical and elastic properties is a key preparatory 
step in the proposed inversion framework. This step, corre-
sponding to Step 1 in Fig. 1, defines the statistical dependence 
structure required to perform stochastic simulations. The model is 
constructed using a parametric copula function, which allows 
flexible modeling of nonlinear and asymmetric dependencies, and 
is calibrated using well-log data.
A Bayesian inference framework is used to estimate the pa-

rameters of both the marginal distributions and the copula model. 
The resulting posterior joint distribution model forms the basis for 
subsequent steps in the inversion workflow, including the simu-
lation of elastic properties (Step 2) and the conditional simulation 
of petrophysical properties (Step 3). This modular structure en-
sures that the dependence model remains consistent throughout 
the inversion process and improves the robustness of the final 
estimates.

3.3.1. Prior information
Each marginal variable, X 1 and X 2 , representing the elastic and 

petrophysical properties respectively, is independently fitted to 
several candidate parametric distributions. The marginal proba-
bility density functions f 1(x 1 ; α 1 ) and f 2 (x 2 ; α 2 ), where x i is the
random variable and α is the parameter vector of the corre-
sponding distribution, are selected based on maximum log-
likelihood, as well as model selection criteria such as the Akaike 
Information Criterion (AIC; Hofert et al., 2019) and the Bayesian 
Information Criterion (BIC; Claeskens and Hjort, 2008). These 
criteria are briefly explained in Appendix D. Visual diagnostics 
such as histograms and cumulative distribution functions support 
the final selection.
Once the marginals are defined, a parametric bivariate copula 

with parameter θ is used to model the dependence between X 1 and 
X 2 . The resulting joint prior distribution over the parameters is:

π(θ; α 1 ; α 2 ) = π(θ)⋅π(α 1 )⋅π(α 2 ); (1)

where π(α 1 ), π(α 2 ), and π(θ) are the prior distributions of the 
respective parameters.

3.3.2. Posterior model and likelihood function
The likelihood function is defined as the product of the copula 

density and the marginal densities evaluated at each observed pair

(x (j) 1 ; x
(j)
2 ), for j = 1, …, n. The univariate margins are computed as

u = F 1 (x
(j)
1 ; α 1 ) and v = F 2 (x

(j)
2 ; α 2 ), where F 1 and F 2 are the marginal

cumulative distribution functions of the elastic and petrophysical 
properties, respectively.

To simplify computation and improve numerical stability, the 
log-likelihood form is used. The resulting log-posterior is:

log(π(θ; α 1 ; α 2 |x 1 ; x 2 ))∝log(π(θ)) + log(π(α 1 )) + log(π(α 2 ))

+ 
∑ n

j=1
log(c(u; v; θ) ) + 

∑n

j=1
log f 1 

(
x (j) 1 ; α 1 

) 
+ 
∑ n

j=1

log f 2 
(
x (j) 2 ; α 2 

) 
;

(2)

where c(u, v; θ) is the bivariate copula density function, and f 1 , f 2 
are the marginal probability density functions. A full explanation 
of this modeling framework and the general form of the likelihood 
function is provided in Appendix B.
The parameter vector (θ, α 1 , α 2 ) is estimated using the Random 

Walk Metropolis-Hastings algorithm. After the initial estimation 
based on upscaled data, a second Bayesian update is performed 
using subsampled data as prior information. This two-stage 
inference acts as a quality control step, ensuring that the final 
model honors both well-scale statistics and seismic resolution 
constraints.
The resulting bivariate distribution function is used to generate 

synthetic samples during the inversion process. It is important to 
distinguish that the posterior model describes the probabilistic 
structure of the input variables, while the inversion algorithm uses 
an objective function that evaluates how well synthetic seismic 
traces match the observed data.
This model serves as the basis for generating elastic property 

realizations using the PCCS method. These realizations are evalu-
ated using a hybrid objective function that balances spatial 
structure via variogram error and amplitude fidelity via RMS error. 
While the posterior model is estimated using Bayesian inference, 
the inversion itself is driven by a simulated annealing algorithm 

that minimizes this geostatistical–seismic misfit. This decoupling 
ensures that the statistical relationships learned from the input 
data are preserved, while still honoring the seismic response.

3.4. Spatial simulation of the elastic property using the PCCS 
method

To generate the synthetic trace that best matches the seismic 
trace, elastic properties are simulated using the Simulated 
Annealing method, which relies on two main components: the 
objective function and the search function.
The objective function includes the terms to be minimized. 

When it comprises multiple components, their contributions 
should be normalized to ensure a balanced optimization process. 
Deutsch and Journel (1998) recommended generating a few re-
alizations for each individual term to assess their convergence 
behavior. In the global objective function, both the semivariogram 

error and the RMS are considered. The first objective function (Eq. 
(3) computes the semivariogram error:

O = 
∑ 

h

[γ * (h) − γ(h)] 2

γ(h) 2
(3)

where γ*(h) is the semivariogram of the perturbed elastic property 
and γ(h) is the model variogram.
To generate realizations of the elastic property and subse-

quently estimate γ*(h), the search function within the simulated 
annealing algorithm introduces perturbations to the initial elastic 
property image as follows:
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• Propose an initial image.
• Randomly select a position in the image.
• Generate a candidate elastic value from the posterior joint 
distribution model estimated in Section 3.3.

• Accept the sample if its value lies within the observed range; 
otherwise, resample.

• Insert the new value into the selected position to generate a 
perturbed image, which is evaluated using Eq. (3).

This process is repeated until a maximum number of iterations 
is reached or the objective function reaches its minimum value.

3.5. Estimation of the synthetic trace using the convolutional 
model

The convolutional model is used to compute the synthetic 
seismic trace from the perturbed elastic property. First, the 
reflectivity series is computed by evaluating the P-wave reflection 
coefficient at normal incidence, r t , as a function of the acoustic 
impedance contrast between two adjacent layers. The reflectivity 
series is calculated using Eq. (4):

r t = 
(ρ 2 ) 

( 
V p2 

) 
− (ρ 1 ) 

( 
V p1 

)

(ρ 2 ) 
( 
V p2 

) 
+ (ρ 1 ) 

( 
V p1 

) = 
AI 2 − AI 1
AI 2 + AI 1

(4) 

where ρ 1 and V p1 are the density and P-wave velocity of the upper 
layer, and ρ 2 and V p2 are those of the lower layer; the acoustic 
impedances are defined as AI 1 = ρ 1 ⋅ V p1 and AI 2 = ρ 2 ⋅ V p1 .
Then, the synthetic trace is obtained by convolving the reflec-

tivity series r t (Eq. (4)) with a wavelet f t , which is estimated from 

the dominant frequency of the seismic image:

S st = f t *r t (5)

3.6. Estimation of the difference between the synthetic and real 
seismic traces using RMS error

The second objective function is the RMS error between the real 
and synthetic traces. If the RMS error is smaller than in the pre-
vious iteration, the proposal is accepted. Otherwise, a new reali-
zation of the elastic property must be generated.

3.7. Spatial simulation of the petrophysical property conditional on 
the elastic property using the PCCS method

After estimating the elastic property through seismic inversion 
process (Step 2), the petrophysical property is subsequently 
simulated. This step also employs the Simulated Annealing 
method, guided by the same posterior joint distribution model 
introduced in Section 3.3, ensuring statistical consistency between 
both attributes. The variogram model for the petrophysical prop-
erty is derived from the subsampled well logs in the time domain. 
During the optimization, the posterior joint distribution is used 
within the search function to generate candidate realizations of 
the petrophysical property, which are conditioned to the elastic 
property obtained in the inversion step.

4. Case study description

4.1. Data description

To implement the stochastic simulation using parametric cop-
ulas, geophysical well logs were obtained from a deepwater well

drilled in the Gulf of Mexico. This well penetrates the Miocene 
turbidite system, a significant unit due to the presence of unassoci-
ated hydrocarbon fields. The Miocene is subdivided into Lower, 
Middle, and Upper intervals. This study focuses on the Lower 
Miocene, where flow direction is primarily from southwest to 
northeast, with dominant channel systems. The lithology consists of 
medium-grained sandstones with evidence of volcanic material, 
feldspars, quartz, and metamorphic fragments. The rock is poorly 
consolidated and mineralogically immature, with reported porosity 
values ranging from 12% to 28% (Arreguin-Lopez et al., 2011). 
The well used in this study was selected based on the quality 

and completeness of its available data. It is the most informative 
well in the study area, containing interpreted logs for acoustic 
impedance and total porosity, along with other petrophysical 
properties. Its depth coverage, vertical resolution, and the avail-
ability of well-established interpretations make it representative 
of the stratigraphic interval targeted in this work and suitable for 
validating the proposed inversion methodology. 
The interval analyzed spans from 3035 to 3404.5 m, with a 

sampling interval of 0.1 m. The available well logs are acoustic 
impedance (AI) and total porosity (ϕ t ), as shown in Fig. 2. These 
logs were upscaled using two methods: total porosity was
upscaled using the moving average technique, while acoustic 
impedance was upscaled using the Backus method based on V p (P-
wave velocity) and ρ (density) logs. Both methods apply a vertical 
seismic resolution of 28.44 m. Subsampled AI and ϕ t values were 
extracted by computing the median within a ±2 ms interval 
around each seismic grid node. 
To predict the seismic attribute that best reproduces the 

observed seismic trace via convolution, the wavelet must be esti-
mated. The wavelet is selected based on the dominant frequency 
observed in the amplitude spectrum of the inline seismic section 
closest to the well. As shown in Fig. 3, the dominant frequency is 
20.16 Hz. In the absence of information about the seismic source 
type, a Ricker wavelet with a frequency of 20.16 Hz and a 4-ms 
sampling interval is used.

4.2. Exploratory data analysis from well logs

Descriptive statistics for the well, upscaled, and subsampled 
logs are provided in Table 1. The well and upscaled logs contain 
3696 observations, while the subsampled log has 63 observations. 
For total porosity ϕ t at the well scale, the difference between the 
mean and median is − 0.008, with most outliers appearing on the 
left side of the histogram (Fig. 4(b)). In contrast, the AI log has a 
larger difference between the mean and median is 158.726, indi-
cating positive skewness due to high-value outliers (Fig. 4(a)). 
The upscaled total porosity values range from 0.165 to 0.261, and 

the histogram in Fig. 4D is visually similar to that of the well-scale 
data. The upscaled AI values range from 5835.096 to 8891.212 (m/ 
s)⋅(g/cm 3 ) and display apparent bimodal behavior in Fig. 4(c). 
Subsampled AI values range from 5919.722 to 8539.996, indicating 
a reduction of approximately 2500 (m/s)⋅(g/cm 3 ) compared to the 
well-scale log. Subsampled ϕ t values range from 0.167 to 0.257, with 
mean and median values similar to those of the original ϕ t well log. 
The dependence measures and corresponding scatterplots for 

(AI, ϕ t ) are presented in Table 2 and Fig. 5. At the well scale, the 
Spearman, Kendall, and Pearson coefficients are − 0.7107, − 0.5335, 
and − 0.8563, respectively. After upscaling and subsampling, the 
dependence measures increase, particularly for Spearman and 
Kendall, which increase by approximately 0.2. However, the dif-
ferences between the upscaled and subsampled cases remain 
small, less than 0.1, suggesting that the overall dependence 
structure remains stable despite changes in the univariate 
statistics.
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4.3. Variographic analysis of petrophysical and seismic properties

Variogram models were estimated for the subsampled acoustic 
impedance and total porosity. Three models were tested: exponential,

Gaussian, and spherical. The best-fit model for acoustic impedance 
was spherical, with a sill of 375,000, a range of 62 ms, and a nugget of 
500 (Fig. 6(a)). For total porosity, the spherical model was also selected, 
with a sill of 0.0004, a range of 50 ms, and a nugget of zero (Fig. 6(b)).

Fig. 2. Acoustic impedance (left) and total porosity ϕ t (right) in depth and time domains.
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Fig. 3. Left: Ricker wavelet with a frequency of 20.16 Hz. Right: Amplitude spectrum calculated from the nearest inline seismic section.
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5. Method validation: geostatistical seismic inversion based 
on copulas

5.1. Bayesian estimation of the dependence model

This section applies the Bayesian inference framework 
described in Section 3.3 to estimate the joint distribution model 
that characterizes the dependence between acoustic impedance 
and total porosity. The posterior parameters used in this section 
are obtained through the two-stage updating process, where 
well-log-based priors are first refined using upscaled logs and 
then validated with subsampled data. These posterior estimates

form the core of the forward model used in the seismic 
inversion.
The results of the parametric analysis are presented in the work

by V� azquez-Ramírez et al. (2023). That study demonstrated that
the functions most compatible with geophysical well logs are, in 
order of suitability: the lognormal distribution is optimal for 
acoustic impedance, the Weibull distribution is optimal for total 
porosity, and the Frank copula model is optimal for the depen-
dence structure. Thus, the prior model consists of five parameters: 
the lognormal parameters (log μ, log σ) and its normalized mar-
ginal u representing acoustic impedance; the Weibull parameters 
(α, λ) and its normalized marginal v representing total porosity;

Table 1
Basic statistics of (AI, ϕ t ) well logs at well scale, upscaled, and subsampled resolutions.

Statistics AI AI AI ϕ t ϕ t ϕ t

Upscaled Subsampled Upscaled Subsampled

Samples 3696 3696 63 3696 3696 63
Minimum 5086.007 5835.096 5840.124 0.062 0.165 0.167
1st quartile 6157.005 6178.118 6159.766 0.214 0.212 0.215
Median 6809.557 6831.465 6450.822 0.229 0.231 0.232
Mean 6968.283 6892.898 6817.802 0.221 0.222 0.223
3rd quartile 7321.616 7353.490 7254.240 0.241 0.236 0.236
Maximum 11661.464 8891.212 8838.185 0.293 0.261 0.257
Range 6575.456 3056.115 2998.060 0.231 0.095 0.089
Interquartile range 1164.611 1175.372 1094.474 0.026 0.024 0.021
Variance 1310302.936 708798.264 687258.826 0.001 0.0005 0.0005
Standard deviation 1144.684 841.901 829.010 0.033 0.022 0.021
Skewness 1.561 0.596 0.684 − 1.810 − 1.213 − 1.303
Kurtosis 5.765 2.189 2.350 6.996 3.241 3.722

Fig. 4. Histograms of acoustic impedance AI (a), total porosity ϕ t (b), upscaled AI (c), upscaled ϕ t (d), subsampled AI (e), and subsampled ϕ t (f).
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and the Frank copula dependence parameter (θ). The prior func-
tion is expressed as:

ℙ(m) = π(log μ; log σ; α; λ; θ) (6)

The likelihood function is given by:

ℙ(d|m) = c α (u; v)⋅f 1 (x 1 ; log μ; log σ)⋅f 2 (x 2 ; α; λ) (7)

where f 1 is the lognormal density function evaluated with acoustic 
impedance samples (x 1 ), f 2 is the Weibull density function evalu-
ated with total porosity samples (x 2 ), and c α (u, v) is the Frank

copula density function (Eq. (A.10)). The posterior distribution 
ℙ(m|d) is obtained by combining Eqs. (6) and (7).
The Random Walk Metropolis-Hastings algorithm was used to 

estimate the posterior parameters. Normal distributions were 
assumed for all parameters, with means defined by their prior 
values and variances defined as a percentage of the prior value. The 
variance was chosen to ensure an acceptance rate between 20% 
and 30%. A total of 10,000 iterations were performed.
In the first iteration, the prior parameter values were initialized 

using the optimal fits to well-log samples based on the Akaike In-
formation Criterion (AIC). These values are listed in Table 3, second 
column. The parameters were then updated using the upscaled 
geophysical well logs. To maintain the desired acceptance rate of 
23.5%, only four of the five parameters were used in the update, as 
the initial θ parameter restricted convergence. As shown in Table 3, 
fourth column, the parameters of the lognormal and Weibull dis-
tributions exhibit minimal change. However, the comparison of 
prior and posterior cumulative distributions in Fig. 7(a) and (c) 
shows significant shifts. The posterior distribution is considered

Fig. 5. Scatter plots of (AI, ϕ t ) well log (left), upscaled log (center), and subsampled log (right).

Fig. 6. (a) Variogram model of acoustic impedance. (b) Variogram model of total porosity. Both estimated in the time domain.

Table 2
Dependence measures of (AI, ϕ t ) for well log, upscaled, and subsampled cases.

Dependence measure Pearson Spearman Kendall

(AI, ϕ t ) well log − 0.8563 − 0.7107 − 0.5335
(AI, ϕ t ) upscaled − 0.9063 − 0.8692 − 0.7010
(AI, ϕ t ) subsampled − 0.9026 − 0.8673 − 0.6989
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Table 3
Prior and posterior parameter values. First priors were estimated using well-scale samples; second priors are posteriors from upscaled logs. Final posterior values were 
estimated using subsampled logs.

Parameter 1st prior (well logs) Variance, % 2nd prior (upscaled logs) Variance, % Posterior (subsampled logs)

Lognormal (μ) 8.837 1.800 8.804 1.700 8.790
Lognormal (σ) 0.150 1.800 0.151 1.700 0.151
Weibull (α) 9.373 1.800 9.400 1.700 9.330
Weibull (λ) 0.234 1.800 0.235 1.700 0.237
Frank copula (θ) − 6.265 – − 12.600 2.300 − 21.000

Fig. 7. (a) Posterior distribution of AI using upscaled logs, (b) posterior distribution of ϕ t using upscaled logs, (c) posterior distribution of AI using subsampled logs, (d) posterior 
distribution of ϕ t using subsampled logs, (e) prior dependence model, (f) posterior dependence model using upscaled logs, and (g) posterior dependence model using subsampled 
logs. The blue contour lines in panels (e), (f) and (g) represent iso-density levels of the fitted copula density function, illustrating the dependence structure between the pseudo-
observations.
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acceptable given its proximity to the empirical distribution of the 
upscaled logs. Although the posterior θ value increased to − 12.6, 
this aligns with the increased dependence observed in Tables 2 and 
is also visible in Fig. 7(e) and (f), which show how the model cap-
tures the distribution of pseudo-observations.
In a second iteration, the posterior parameter values from the 

first search were used as priors, and the new information was the 
subsampled logs. This time, all five parameters were included, and 
the acceptance rate was 21.5%. As seen in Table 3, sixth column, 
most parameters changed only slightly—except for the depen-
dence parameter θ, which shifted from − 12.6 to − 21. While this is a 
substantial change, it reflects the increase in dependence docu-
mented in Table 2. It is worth noting that the Frank copula 
parameter can range between − 100 and 100 (Joe, 2014).

5.2. Seismic inversion using the nearest borehole trace

The objective of geostatistical seismic inversion is to solve the 
inverse problem by simulating elastic properties that reproduce the 
observed seismic trace under a given forward model. In this study, 
the convolutional model is used, requiring two components: a 
wavelet and a reflectivity series. The wavelet is the 20.16 Hz Ricker 
wavelet, and the reflectivity series is computed from acoustic 
impedance as described in Section 4.1. Multiple realizations of 
acoustic impedance are generated to minimize the squared error 
between synthetic and observed seismic traces. The seismic trace 
closest to the well, located at 18.5 m, is used for validation. 
Simulated annealing is used to generate realizations of acoustic 

impedance and total porosity. The initial image is the subsampled 
log data, and the search function employs the dependence model 
from Section 5.1. The objective functions are the variogram model 
of Fig. 6(a) and the RMS between the synthetic and real seismic 
traces. Once the best-fitting acoustic impedance realization is 
found, it is used as a conditional variable to simulate total porosity 
using the same dependence model. The variogram model for 
porosity (Fig. 6(b)) is used as the objective function. For all simu-
lations, simulated annealing is initialized with a temperature of 
0.001, a cooling parameter of 0.22, and stops at a convergence 
value of 0.0001 or after 20,000 iterations.
As shown in Table 4, the statistics for acoustic impedance and 

porosity are consistent across well, subsampled, and simulated data. 
However, differences between the seismic and synthetic traces are 
notable in minimum, maximum, and first quartile, exceeding 1000 
units. Visually, the seismic and synthetic traces in Fig. 8(a) are closely 
aligned, with only minor discrepancies. Similarly, the acoustic 
impedance and porosity simulated from the dependence model

closely resemble the subsampled logs (Fig. 8(b) and (c)). These results 
indicate that the copula-based inversion method is effective.

6. Application case using seismic inline section

Using the results from the seismic trace nearest to the well, a 
trace-by-trace scheme was employed to simulate acoustic 
impedance across a seismic inline section. The dimensions of this 
inline section are as follows: the Y-axis spans 248 m, and the X-axis 
spans 612 m. These dimensions are divided into 32 traces, with a 
spacing of 4 m along the Y-axis. The results of this application are 
presented below.
As shown in Fig. 10, the amplitude spectrum of the synthetic 

traces estimated via the simulated annealing method closely ap-
proximates that of the original seismic image in the frequency 
range between 0 and 50 Hz. Moreover, both spectra exhibit a 
similar dominant frequency, confirming the consistency of the 
synthetic response with the real data.
In Fig. 9(a), the original seismic inline is shown, while Fig. 9(b) 

displays the inline constructed from the synthetic traces estimated 
using simulated annealing. The similarity between the two images is 
evident, with a calculated error ranging from 2% to 10%, as illustrated 
in Fig. 9(c). Areas of higher standard deviation, particularly between 
20,980–20,990 and 3300–3350, may correspond to zones of high 
seismic amplitude and could be attributed to abrupt changes in facies. 
Fig. 9(d) shows the acoustic impedance section obtained from 

the synthetic traces. The structures derived from the simulated 
annealing method align well with the well log. For example, the 
high acoustic impedance zone between 3300 and 3350 ms corre-
sponds to a similar zone in the well log. Another structure between 
3200 and 3250 ms exhibits positive amplitude, suggesting a small 
high-impedance body not observed in the well log. This may be 
due to the well not intersecting the structure directly, although its 
proximity allowed it to be detected by the seismic survey. 
Furthermore, a total porosity prediction was made using the 

dependence model, with acoustic impedance from each trace 
serving as the conditioning variable. The resulting porosity image, 
simulated from the acoustic impedance via the simulated 
annealing method and shown in Fig. 9(e), displays a high degree of 
consistency with the upscaled well log. A zone of low porosity is 
observed between 3300 and 3350 ms. In contrast, the structure 
between 3200 and 3250 ms does not appear to exhibit a signifi-
cantly different porosity, suggesting that its porosity is comparable 
to that of adjacent intervals.
The anomaly between 3300 and 3350 ms, characterized by high 

acoustic impedance and low porosity, is consistent with a more

Table 4
Descriptive statistics of the seismic and synthetic traces, acoustic impedance, and total porosity from subsampled and simulated data.

Statistics Seismic Synthetic AI subsampled AI simulated ϕ t subsampled ϕ t simulated

Samples 63 63 63 63 63 63
Minimum − 26641.828 − 24934.981 5840.124 5842.385 0.167 0.170
1st quartile − 3642.293 − 3465.436 6159.766 6220.179 0.215 0.217
Median 2596.174 1946.605 6450.822 6652.424 0.232 0.226
Mean 258.079 176.649 6817.802 6676.113 0.223 0.224
3rd quartile 5913.707 6287.291 7254.240 6806.351 0.236 0.237
Maximum 15073.054 13508.371 8838.185 8194.131 0.257 0.255
Range 41714.882 38443.352 2998.060 2351.746 0.089 0.085
Interquartile range 9556.000 9752.728 1094.474 586.171 0.021 0.019
Variance 85621835.670 76456030.042 687258.826 334984.199 0.0005 0.0003
Standard seviation 9253.206 8743.913 829.010 578.778 0.021 0.018
Skewness − 1.145 − 0.891 0.684 0.982 − 1.303 − 0.754
Kurtosis 3.821 0.616 − 0.602 0.632 3.722 0.713
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compacted or lithologically distinct interval, possibly indicative of 
a tighter sandstone or reduced reservoir quality. This interpreta-
tion is supported by well-log data and aligns with the seismic 
response observed in the original inline section.
Given the strong match between the synthetic and observed 

seismic traces, and the agreement with log-based petrophysical 
trends, we interpret this anomaly as a genuine geological feature 
rather than an artifact or noise. As such, its presence enhances 
rather than detracts from the reliability of the inversion results by 
confirming the method's ability to resolve laterally continuous, 
high-contrast features consistent with ground truth.

7. Discussion

As shown in Section 5.1, the Bayesian approach yielded a pos-
terior dependence model that is consistent with the well-log in-
formation. While the marginal distributions remained relatively 
stable despite upscaling and subsampling, the dependence 
parameter θ experienced a significant change—from − 6.265 
to − 21. Interestingly, the Spearman dependence measure did not 
exhibit a corresponding large change, highlighting the sensitivity 
of the copula parameter to the joint structure.
When comparing the cumulative distribution function (CDF) 

generated using the posterior parameter values against total 
porosity ϕ t , Fig. 7(c) shows good agreement with the scaled 
porosity values, particularly in the range of 0.17–0.23. At higher 
porosity values, however, some deviation is observed. For acoustic 
impedance (Ip), Fig. 7(a) reveals that the posterior cumulative 
distribution closely follows the scaled CDF, with only minor dis-
crepancies between 5950 and 6200 (m/s)⋅(g/cm 3 ). The posterior

fits shown in Fig. 7(c) and (d) represent improvements over the 
scaled distributions.
The acoustic impedance results obtained via the simulated 

annealing method also demonstrate high consistency with the 
subsampled logs. As shown in Table 4, most statistical descriptors 
are comparable between the simulated and subsampled acoustic 
impedance, with the main exception being variance. Similarly, the 
total porosity simulation yields statistics that closely match those 
of the subsampled data.
Another notable observation is the use of subsampled logs as 

the initial image in the simulation process. This contributes to 
consistency with the borehole structure and facilitates alignment 
with seismic features. For instance, the degradation pattern in the 
amplitude value between 20,963 and 20,970 reveals a decrease in 
acoustic impedance that corresponds to a polarity reversal in the 
seismic trace—from positive to negative—highlighting the inver-
sion method's sensitivity to seismic features.
The current implementation assumes uniform vertical resolu-

tion across the seismic inline, and the well-log data were upscaled 
accordingly. Total porosity was averaged using a moving window 
equivalent to the vertical seismic resolution, and acoustic imped-
ance was computed using the Backus averaging method applied to 
V p and ρ logs. The dominant frequency of the seismic signal, esti-
mated at 20.16 Hz (see Fig. 3), was used to define the resolution 
scale. While this approach mitigates resolution mismatch, seismic 
data often exhibit variable resolution due to acquisition and pro-
cessing differences. Future work will incorporate adaptive 
upscaling strategies or multiresolution inversion frameworks 
(Bunks et al., 2012), enabling the model to better adapt to spatially 
variable resolution and improve inversion accuracy.

Fig. 8. (a) Seismic vs. synthetic trace with lowest quadratic error. (b) Subsampled vs. simulated acoustic impedance. (c) Subsampled vs. simulated total porosity (conditioned to 
acoustic impedance).
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A key limitation of the current implementation is the absence 
of lateral variogram modeling. The inversion was carried out using 
a trace-by-trace scheme with vertical variograms estimated in the 
time domain, restricting spatial continuity to the vertical direction. 
Although the inverted sections display structural coherence that 
aligns with the well data and reflectivity patterns, the lack of 
lateral spatial constraints may limit the model's ability to capture 
horizontally extensive geological features. Future efforts will focus 
on integrating three-dimensional spatial models by including 
lateral variograms derived from seismic attributes or well-log 
correlations, thereby improving the realism and consistency of 
the simulated volumes.
While the proposed method demonstrates stable and consis-

tent results using parametric copulas, it is important to

acknowledge the trade-offs associated with this choice. Parametric 
copulas, such as the Frank copula used here, are less flexible than 
non-parametric alternatives like Bernstein copulas. Their analyt-
ical structure imposes assumptions that may limit accuracy in 
datasets with tail asymmetry or multimodal joint behavior. 
Nonetheless, parametric copulas offer computational efficiency, 
interpretability, and ease of integration into a Bayesian framework, 
making them suitable for moderately complex dependencies like 
the negatively correlated acoustic impedance and porosity in this 
study. Users are advised to evaluate the dependence structure in 
their data before selecting a copula model. Future work may 
explore hybrid approaches that combine the efficiency of para-
metric forms with the flexibility of non-parametric models to 
handle more complex geological scenarios.

Fig. 9. (a) Seismic image. (b) Synthetic traces estimated using the simulated annealing method. (c) Standard deviation of the synthetic traces. (d) Acoustic impedance derived 
from the synthetic traces. (e) Total porosity predicted using simulated annealing. A1 is the upscaled well log; B1 is the original geophysical well log.
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Scalability to large-scale datasets is another consideration. 
Although parametric copulas reduce the computational cost, the 
current inversion framework is constrained by the trace-by-trace 
simulation scheme and reliance on MCMC for Bayesian estima-
tion. As such, the method is best suited for 2D lines or small-to-
moderate 3D volumes. To improve scalability, future de-
velopments will explore parallelized simulations across traces, as 
well as more efficient inference techniques (e.g., variational Bayes, 
Hamiltonian Monte Carlo). Global optimization strategies may also 
reduce dependence on repeated forward modeling, enabling the 
method's application to high-resolution 3D seismic datasets. 
Another limitation of this study is the use of a single well to 

define marginal distributions and dependence structure. This 
choice was driven by data availability: while neighboring wells 
exist, most lack total porosity or acoustic impedance logs. Never-
theless, multi-well integration would increase the statistical 
robustness and spatial representativeness of the joint model. In 
future applications, this could be achieved by jointly estimating 
copula parameters across multiple wells or allowing spatially 
varying copula models. Additional wells would also improve

variogram calibration and simulation conditioning, especially in 
areas far from the reference well.
A broader methodological perspective is also valuable to assess 

how the proposed approach compares with existing geostatistical 
seismic inversion (GSI) techniques. Table 5 presents a qualitative 
comparison across several criteria, including inversion targets, 
simulation techniques, optimization strategies, noise robustness, 
uncertainty quantification, and key strengths and limitations. This 
synthesis helps situate our copula-based inversion method among 
traditional approaches such as sequential Gaussian simulation (SGS), 
direct sequential simulation (DSS), and AVA/AVO elastic inversion. 
This comparative overview emphasizes that the proposed 

copula-based approach offers a balanced trade-off between 
modeling flexibility and computational efficiency. In particular, it 
is well suited for scenarios involving nonlinear dependence or 
weak correlation between petrophysical and elastic attrib-
utes—conditions under which traditional Gaussian-based 
methods may underperform. Although the current implementa-
tion lacks lateral continuity modeling and is optimized for small-
to-moderate scale applications, its conceptual framework is 
extensible to more complex and higher-dimensional problems.

8. Conclusions

The joint seismic inversion of elastic and petrophysical prop-
erties using copula-based stochastic co-simulation models pre-
sents a novel approach that enables the simultaneous simulation 
of both property types using a flexible dependence structure, 
without assuming a predefined joint probability distribution. The 
method is effective for generating spatially consistent realizations, 
particularly when the principal elastic attribute (acoustic imped-
ance) is used as a conditioning variable. Furthermore, new data 
from additional wells or seismic surveys can be integrated into the 
model via a Bayesian inference framework.
By embedding the copula-based dependence model into the 

forward modeling process, the Bayesian approach enables the 
estimation of posterior parameters using both scaled and sub-
sampled log samples. The resulting joint posterior distribution 
supports robust simulations through simulated annealing, 
yielding stable elastic and petrophysical models that honor both 
geophysical and statistical constraints.
The inversion results demonstrate that, when acoustic imped-

ance is available at the seismic scale, the copula-based method can 
generate predictive realizations of petrophysical properties—such 
as total porosity—that are consistent with upscaled well-log data. 
These realizations preserve key spectral characteristics, including

Fig. 10. Comparison of amplitude spectra between the original seismic image and the 
image with synthetic traces.

Table 5
Comparison of geostatistical seismic inversion methodologies.

Criteria Trace-by-trace GSI Global GSI (DSS) Global elastic inversion Seismic AVA/AVO inversion Copula-based joint GSI

Inversion target Local elastic attribute Global elastic attribute Global elastic attribute ρ, V p , V s (pre-stack) Elastic and petrophysical 
attribute

Simulation
technique 

SGS DSS DSS and co-DSS DSS and co-DSS PCCS

Optimization
approach 

Monte Carlo algorithm Genetic Algorithm Genetic Algorithm Weighted genetic algorithm Simulated annealing

Noise handling Poor in low SNR Robust High robustness Very robust High
Uncertainty
quantification

High High High Very high High

Strengths Simple; fast; good with 
clean data

Captures spatial 
continuity 

Multi-property elastic 
modeling

Full elastic recovery Flexible for nonlinear 
dependence

Limitations Sensitive to noise; lacks 
global consistency

Requiring significant 
computational 
resources

Requires high-quality logs Pre-stack data requirement; 
high cost

Trace-by-trace may lack lateral 
continuity; best for 2D/small 
3D
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the dominant frequency and bandwidth of the seismic signal, and 
align well with observed reflectivity patterns.
While the method currently employs vertical variograms and a 

trace-by-trace inversion scheme, it produced coherent spatial 
distributions in both acoustic impedance and porosity. Future 
research will incorporate lateral variogram modeling to enhance 
horizontal continuity and structural realism.
The use of parametric copulas, particularly the Frank copula, 

provides a balance between modeling capacity and computational 
efficiency. Although less flexible than non-parametric alternatives, 
parametric copulas are well-suited for moderate complexity 
datasets, such as the negatively correlated acoustic impedance and 
porosity observed in this case study.
This framework is most applicable to 2D seismic lines or small-

to-moderate 3D volumes. Future extensions will focus on 
improving scalability through parallelized inversion routines and 
more efficient Bayesian inference techniques. Additionally, incor-
porating data from multiple wells and extending the framework to 
simulate multiple elastic and petrophysical properties such as 
those required in amplitude versus offset (AVO) inversion are 
promising directions for continued development.
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Appendix A. Parametric Archimedean copula models

Appendix A.1. Copula definition
As defined by (Nelsen, 2006), a copula is “a function that joins or 

couples multivariate distribution functions to their one-dimensional 
marginal distribution functions”. If you want to use copulas in the 
field of statistics, you should use Sklar's theorem. Sklar's theorem 

is defined as: Let H be a joint distribution function with margins F
and G. Then there exists a copula C such that for all (x, y) in R.

H(x; y) = C(F(x); G(y)) (A.1)

If u = F(x) and v = G(y) are marginal distribution functions and 
C(u, v) = C(F(x), G(y)) is a valid distribution function, then for any 
copula C(u, v) its partial derivatives are ∂C∂u and 

∂C
∂v
exist for almost all 

(u, v) in [0; 1]. Then ∂C
∂u∂v

and ∂C
∂v∂u exist and are continuous on I 

2 . If
this is true, the density function of the copula is

c(u; v) = 
∂ 2 (C)
∂u∂v

(A.2)

And the joint probability density function of x and y is given by

f (x; y) = 
∂ 2 (C)
∂u∂v

⋅ 
dF
dx

⋅ 
dG 
dy 

(A.3)

Appendix A.2. Definition of Archimedean copulas
Parametric copulas represent a specific type of copulas, offering 

the advantage of controlling the dependence between variables 
through the use of parameters associated with the joint distribu-
tion function. This approach is applicable across three primary 
families of parametric copulas, namely elliptic, extreme value, and 
Archimedean (Joe, 2014). In this work, we will limit our discussion 
to the Archimedean copula.
In strict technical terms, Eq. (A.4) is the Archimedean equation.

C(u; v) = φ [− 1] (φ(u) + φ(v)) (A.4)

where the function φ is called copula generator. If φ(0) = ∞, φ is 
strictly generator, then φ [− 1] = φ − 1 and C(u, v) = φ [− 1] (φ(u) + φ(v)) 
and is said to be strictly an Archimedean copula.
Let varphi be a strictly decreasing continuous function of I on 

the interval [0, ∞] such that varphi(1) = 0, the pseudo-inverse of φ 
is the function φ [− 1] with Domφ [− 1] = [0, ∞] and Ranφ [− 1] = I given 
by

φ [− 1] (t) = 

{
φ [− 1] (t); if 0 ≤ t ≤ φ(0) 
0; if φ(0) ≤ t ≤ ∞

(A.5)

Another significant attribute is the Archimedean density 
copula, which can be derived from the generator and its de-
rivatives as follows (Shemyakin and Kniazev, 2017):

c(u; v) = 
∂ 2 C(u; v) 

∂u∂v
= − 

φ ́́ (C(u; v))φ ́ (u)φ ́ (v)
(φ ́ (C(u; v))) 3

(A.6)

Appendix A.3. Frank copula
This family of copulas is very popular because it can be used in 

models with positive and negative dependencies. It is a sym-
metric copula in both tails and includes both Frechet bounds in 
the entire (− infty, ∞) region. The disadvantage of the Frank 
copula is that the dependence tends to be weak in the tails and
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strong in the central part, as can be seen in the density function of 
Fig. A.1. Therefore, it is recommended to use this type of copula 
when the dependence model has tails with low dependence 
(Trivedi and Zimmer, 2007).
Frank copula is defined as (Shemyakin and Kniazev, 2017)

C α (u; v) = −
1 
α
ln 
( 

1 + 
(e − αu − 1)(e − αv − 1)

(e − α − 1)

) 

; α ∕= 0 (A.7)

Its generator is

φ(t) = − ln
e − αt − 1
e − α − 1

(A.8)

Its pseudo-inverse is

φ [− 1] (s) = − 
1 
α 
ln[1 + e − s (e − α − 1) ] (A.9)

The copula density function is

c α (u; v) = 
α(1 − e − α)e − α(u+v)

(e − α − 1 + (e − αu − 1)(e − αv − 1) ) 2 
(A.10)

Appendix B. Bayesian estimation of the joint distribution 
model

Bayesian inference provides a flexible framework for esti-
mating the parameters of a joint distribution model based on 
copulas. This approach enables the integration of prior knowledge 
with observed data and supports the modeling of complex 
multivariate dependence structures. The framework is applicable

to a wide range of problems where flexible joint distribution 
modeling is required, particularly in the presence of nonlinear or 
non-Gaussian dependence.

Appendix B.1. Prior information
In the Bayesian setting, prior distributions are assigned to the

parameters of the marginal distributions and the copula. For each
marginal variable X i , the parameter α i governs the shape of the 
univariate probability density function f i(x i; α i). The dependence
structure between variables is modeled using a copula density
function c(u 1 , …, u d; θ), where θ is the copula parameter and 
u i = F i (x i ; α i ) are the transformed uniform margins.
The prior distributions π(α i ) and π(θ) are typically selected 

empirically by fitting candidate parametric models to available 
data and evaluating them using statistical criteria such as the 
log-likelihood, Akaike Information Criterion (AIC; Hofert et al., 
2019), and Bayesian Information Criterion (BIC; Claeskens and 
Hjort, 2008). Visual inspection using histograms and cumula-
tive distribution functions may also be used to support model 
selection.
The joint prior distribution is defined as:

π(θ; α 1 ; …; α d ) = π(θ) 
∏ d

i=1

π(α i ); (B.1)

where d is the number of variables.
Appendix B.2. Likelihood function
According to Bayes’ theorem, given a sample of n observations

x (j) = (x(j)1 ; …; x(j)d ), and assuming parametric marginal distribu-
tions f i (x i ; α i ) and a copula density function c(u 1 , …, u d ; θ), the 
likelihood function is given by (Hofert et al., 2019):

Frank copula density, θ = 3(a) (b)

u

v
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Fig. A.1. Projection on the u-v plane of: (a) the density function and (b) the probability function of a bivariate Frank copula (red regions indicate a higher degree of dependence).
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L(x|θ;α 1 ;…;α d ) = 
∏n

j=1

c 
( 
F 1 (x

(j)
1 ;α 1 );…;F d (x

(j)
d ;α d );θ 

) 
⋅ 
∏ d

i=1

f i (x
(j)
i ;α i );

(B.2)

where u (j)i = F i (x
(j)
i ; α i ) are the univariate margins.

To improve numerical stability and computational efficiency, 
particularly in algorithms such as Metropolis-Hastings, the log-
likelihood corresponding to Eq. (B.2) is used:

log L = 
∑ n

j=1

log 
( 
c 
( 
F 1 (x

(j)
1 ; α 1 ); …; F d (x

(j)
d ; α d ); θ 

) ) 
+ 
∑ d

i=1

× 
∑ n

j=1

log f i (x
(j)
i ; α i ): (B.3)

Appendix B.3. Posterior model.
The posterior distribution is derived by combining the prior 

distribution (Eq. (B.1)) with the likelihood function (Eq. (B.2)). For a 
sample of n observations x, the joint log-posterior is:

log(π(θ; α 1 ; …; α d |x))∝log(π(θ)) + 
∑ d

i=1

log(π(α i ))

+ 
∑n

j=1
log 

( 
c 
( 
F 1 
(
x (j) 1 ; α 1 

) 
; …; F d 

(
x (j) d ; α d 

) 
; θ 
) )

+ 
∑ d

i=1 

∑ n

j=1
log f i 

(
x (j) i ; α i 

) 
;

(B.4)

where f i (x i ; α i ) are the marginal density functions and c(⋅) is the

copula density function. The terms x (j)i denote the observed values
of variable X i in sample j, and F i (x i ; α i ) are the corresponding 
marginal cumulative distribution functions.
The posterior distribution captures the joint uncertainty in 

both the marginal parameters and the dependence structure. The 
estimation of these parameters is carried out using the Random 

Walk Metropolis-Hastings algorithm, as described in Section 5.1.

Appendix C. Backus averaging method

The Backus averaging method (Backus, 1962) is used to model 
the long-wavelength behavior of seismic waves propagating 
through a stack of thin, isotropic, horizontally layered media. Each 
layer is assumed to be isotropic and transversely homogeneous, 
and the averaging produces an equivalent transversely isotropic 
(TI) medium that captures the effective elastic behavior in the 
vertical direction.
Following Liner (2014), the method begins with well-log 

measurements of V P , V S , and density ρ, typically sampled at 
fine vertical resolution. These values define isotropic elastic
layers via Hooke's law, where Lam�e parameters λ and μ are
computed as:

μ = ρV 2S ;

λ = ρ 
( 
V2P − 2V

2
S

) 
;

λ + 2μ = ρV 2P :

(C.1)

From these, the stiffness coefficients (a, c, f, l, m) are determined 
for each layer. The Backus average then produces effective elastic 
coefficients (A, C, F, L, M) over a vertical window L B :

A = 4〈
μ(λ + μ)
λ + 2μ

〉 + 〈
1

λ + 2μ 
〉
− 1

〈 
λ

λ + 2μ 
〉
2
;

C = 〈
1

λ + 2μ 
〉
− 1
;

F = 〈
1

λ + 2μ 
〉
− 1

〈 
1

λ + 2μ 
〉;

L = 〈 
1 
μ 

〉
− 1
;

M = 〈μ〉:

(C.2)

The resulting effective stiffness parameters allow the con-
struction of a vertically transversely isotropic (VTI) model and 
can be used to derive anisotropy parameters (ϵ, δ, γ) and vertical 
velocities V P0 and V S0 . This process enables consistent upscaling 
of well-log elastic properties to the seismic resolution.

Appendix D. Model selection in copula models using 
information criteria

Selecting an appropriate copula model is a critical step in 
multivariate dependence modeling. The goal is to choose a 
model that either best fits the overall data structure or best 
estimates a parameter of specific interest. Classical model se-
lection criteria such as the Akaike Information Criterion (AIC) 
and the Bayesian Information Criterion (BIC) are widely used for 
this purpose. These criteria are rooted in likelihood-based the-
ory and offer a compromise between model fit and complexity. 
In the context of copula models, especially those estimated via 
pseudo-likelihood or two-stage maximum likelihood, the 
applicability and performance of these criteria must be carefully 
assessed.

Appendix D.1. Akaike information criterion (AIC).
The AIC is an estimator of the expected Kullback-Leibler dis-

tance between the true model and a candidate model (Claeskens 
and Hjort, 2008). In the context of copula models, when using a 
fully parametric formulation, the AIC can be expressed as:

AIC = 2(ℓ n;max − p); (D.1)

where ℓ n, max is the maximized likelihood function and p is the 
number of parameters in the model, including both marginal and 
copula parameters (Hofert et al., 2019).
This formulation remains valid for the pseudo-likelihood under 

the assumption that the full model, including the margins and 
copula, is parametric (Ko et al., 2019). In this case, the AIC can be 
reliably used for selecting among copula models.

Appendix D.2. Bayesian information criterion (BIC).
The BIC is derived from a Bayesian perspective and incorporates 

a stronger penalty for model complexity compared to AIC. It is 
defined as:

BIC = 2ℓ( ̂ θ) − klog(n); (D.2)

where n is the sample size and k is the total number of parameters 
of both marginal and copula parameters (Claeskens and Hjort, 
2008).
While BIC assumes that the true model is among the candidate 

models, it can be used for model selection in copula-based settings 
under similar assumptions as AIC. BIC may be particularly sensitive 
to the number of parameters in high-dimensional copula models, 
which can result in a preference for simpler structures.
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