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a b s t r a c t

Fractured-caved gas reservoirs are widely distributed and hold substantial reserves in northwestern
China, showing considerable development potential. However, their strong heterogeneity and signifi-
cant variations present challenges. Conventional multi-media well test interpretation models are not
well-suited to fractured-caved gas reservoirs, while more suitable numerical models often require
lengthy modeling times and extensive computations. To address these limitations, this paper introduces
an efficient semi-analytical well test interpretation model adaptable to various fracture–cave combi-
nations. This model integrates methods such as fluid flow and storage flow theory, the point source
solution method, and multi-parameter optimization. Results demonstrate that for different well-
bore–fracture–cave configurations, the point source solution method requires only the construction of a
coupled solution matrix for each unit to obtain the pressure and flow rate distributions, significantly
reducing the workload associated with model setup and solution. Additionally, applying the semi-
analytical models to typical wells in the Shunbei field yielded strong fitting accuracy and effectively
inverted key parameters related to the wellbore, fracture regions, and caves. The models developed in
this paper provide valuable guidance for the efficient development of fractured-caved reservoirs.
© 2026 Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In fractured-caved carbonate reservoirs, caves, fracture regions,
and matrix serve as the three primary storage spaces (Ahmadi
et al., 2014; Mohammed et al., 2021; Tang et al., 2023). Notable
examples of these reservoirs include the Tahe oilfield, Tarim
Ordovician reservoirs, and the Liuhua oilfield, South China Sea.
These reservoirs predominantly feature large caves and fractures
as the main storage and flow spaces, with pore sizes that can reach
meters in scale (Gao et al., 2016; Wu et al., 2022; Zhao et al., 2014).
Their storage and flow characteristics exhibit significantly more
complex flow mechanisms compared to sandstone and fractured
carbonate reservoirs. Fractured-caved reservoirs exhibit consid-
erable spatial scale variability, with discrete cave distributions and
intricate combinations of fracture regions and caves. This multi-
scale nature results in complex flow dynamics, with diverse flow
patternswithin fractured-caved units and ambiguousmechanisms

governing fluid exchange between the media. For example, based
on fluid dynamics principles, fluid flow within large pores is
classified as free flow (Golfier et al., 2015; Loucks, 1999; Yang et al.,
2024). As a result, conventional dual-, triple-, or multi-porosity
well test interpretation models are often unsuitable for
fractured-caved reservoirs, as they struggle to accurately represent
and interpret parameters related to fracture regions and caves.
The challenge of modeling such reservoirs builds upon many

studies of fractured systems. Foundational work, such as the dual-
porosity model by Warren and Root (1963), provided the first
conceptual framework for reservoirs with two distinct media.
Modern well test interpretation has been profoundly shaped by
the use of the pressure derivative, a technique pioneered by
Bourdet et al. (1989) that greatly enhances the ability to di-
agnose flow regimes. As comprehensively reviewed by Gringarten
(2008), the field has continuously evolved towards models that
can more accurately capture reservoir complexity. For the
fractured-caved reservoirs central to this study, extensive research
has been conducted on well test interpretation models for these
complex fracture–cave combinations. Current models for fracture
flow can be divided into two main categories: analytical models
and numerical models. Analytical models seek to establish simple
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analytical expressions. Consequently, caves are generally treated
as either high-permeability bodies or equipotential bodies. In
high-permeability body models, caves are represented as highly
permeable porous media, facilitating the development of mathe-
matical flow models for well test interpretation. However, since
most large caves are unfilled, the flow within them does not
adhere to Darcy's law and instead follows free-flow behavior
characteristic of such caves. Consequently, representing caves as
high-permeability bodies can overlook the unique properties of
unfilled caves, resulting in inaccuracies in well test pressure
response curves (Liu, 2020).
The equipotential body model assumes that pressure within a

cave propagates rapidly to its boundaries, reaching pseudo-steady
state, making the model suitable for caves with extremely high
permeability. In this approach, caves are treated as zero-
dimensional units with uniform internal pressure during flow.
Liu (2020) applied an equipotential body model to represent
caves and modeled flow in the fracture region as one-dimensional
unsteady flow, resulting in a well test model designed for one-
dimensional fractured-caved reservoirs. Wei et al. (2022) devel-
oped a multi-cave, multi-fracture zone model for vertical bead-
string wells, incorporating four media types: large caves, small
caves, high-angle structural fractures, and matrix. Flow within
fracture zones follows Darcy's law, while flow within large caves
follows free flow. Ai et al. (2023) proposed two mathematical
models for acid fracturing well testing in carbonate reservoirs,
treating caves as equipotential media and coupling acid-fracture
flow, fracture flow, and cave flow.
Numerical models provide a more precise and visually illus-

trative representation of the position and shape of fractured-caved
reservoirs, enabling more accurate simulation of fluid flow in
porousmedia. To achieve this, sophisticated numerical approaches
are used, such as discrete fracture network (DFN) models that
explicitly map fracture connectivity (Karimi-Fard, 2004) or
coupled-physics models that solve for both Darcy flow in the
matrix and Stokes/Brinkman flow in open conduits. However, the
flexibility and computational accuracy of numerical simulation
models come at the cost of significant computational resources.
Flow coupling is achieved through boundary continuity condi-
tions, yielding a comprehensive flowmodel (Arbogast and Gomez,
2009; Huang et al., 2020). Lin et al. (2007) introduced a coupled
model of pipe flow and Darcy flow, conceptualizing fractured-
caved reservoirs as alternating cave and fracture units. They
described cave flowusing pipe flowand fracture flowusing Darcy's
law, and constructed a linear flow physical model solved through

numerical methods. Xu et al. (2023) embedded randomly gener-
ated natural fractures into reservoirs, developing a 3D numerical
model for oil–water two-phase flow in fractured-caved reservoirs.
They employed the Hagen–Poiseuille law to describe cave fluid
flow, effectively coupling interactions between fractures, caves,
and matrix. Li et al. (2023) developed a numerical model inte-
grating a continuous medium with vugs to examine vug impacts
on transient pressure response. Although numerical models depict
fluid flow with high accuracy in complex media, their extensive
computational requirements limit their practicality for engineer-
ing applications. Current fractured-caved well test models are
relatively limited in their applicability and lack suitability for a
broader range of fractured-caved reservoir types.
To clearly position the contribution of this work, we provide a

focused comparison with existing approaches in Table 1. While
numerical models (e.g., Xu et al., 2023) offer high precision, they
suffer from significant computational inefficiency and complex
grid generation, limiting their use in routine well test interpreta-
tion. Conversely, traditional analytical models (e.g., Liu, 2020) are
computationally fast but lack the flexibility to represent the
diverse fracture–cave combinations found in fields like Shunbei.
Recent semi-analytical models have improved this, but often
require case-by-case model derivation (Pan et al., 2024). The pri-
mary contribution of this paper is the development of a semi-
analytical framework that provides a unified treatment of well-
bore, fracture, and cave elements. By using a modular, point-
source-based matrix solution, our method allows for the flexible
assembly of arbitrary configurations (as demonstrated for all six
scenarios in Fig. 8) without re-deriving governing equations. This
unique combination of flexibility and computational efficiency
significantly reduces the modeling workload and provides a
practical tool for the rapid interpretation of pressure transient data
in complex fault-controlled reservoirs.

2. Physical model

The reservoirs in the Shunbei field are representative of fault-
controlled, fractured-caved gas systems characterized by a
distinct storage-conduit duality. Large-scale karst caves, often
appearing as beaded reflections on seismic profiles, serve as the
dominant storage medium. In contrast, fractures primarily func-
tion as high-permeability conduits that connect these caves and
facilitate fluid flow, while contributing slightly to the overall
storage capacity. This complex geological structure, confirmed by

Table 1
Comparative analysis of the proposed model and representative existing models.

Model Model flexibility Unified treatment Computational efficiency Modeling workload Applicability example

Representative
numerical model
(e.g., Xu et al., 2023)

High (handles complex
geometries)

No (different grids for
free and Darcy flow)

Low (requires extensive
meshing and long
computation time)

High (complex grid
generation)

Simulates detailed physics in a
single complex scenario

Representative
analytical model
(e.g., Liu, 2020)

Low (limited to simple,
idealized geometries)

No (separate
derivations for
different
configurations)

High (fast analytical
solution)

Low (simple setup) Models a single W–F or W–C
system

Representative semi-
analytical model
(e.g., Pan et al., 2024)

Medium (often targets
specific configurations)

Partial (may require
new derivations for
novel configurations)

Medium (faster than
numerical model, slower
than purely analytical
model)

Medium (derivation can be
complex)

Analyzes W–F, W–F–C, W–C–F,
and W–C–F–C system

Proposed model in this
work

Medium (handles
arbitrary
wellbore–fracture–cave
combinations via
matrix assembly)

Yes (well, fracture, and
cave treated as
consistent, modular
units)

Medium (matrix solution is
non-iterative and
extremely fast)

Low (requires only matrix
definition, avoids re-
derivation)

Can model all scenarios in
Fig. 8 within a single unified
framework
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extensive core and well-logging data, results in highly heteroge-
neous reservoirs with complex flow dynamics.
The spatial distribution and connectivity of these fractured-

caved systems are structurally controlled by large-scale strike-
slip faults. These faults serve a dual role, acting as both high-
permeability flow pathways and as boundaries that define
lengthened fracture corridors. Fracture regions typically develop
parallel to the fault planes, and extensive dissolution often forms
large caves along these corridors. A conceptual schematic of this
fault-controlled geological setting is illustrated in Fig. 1.
Based on the geological characteristics of the Shunbei field, four

typical combination patterns of wellbore, caves, and fracture re-
gions are summarized in Table 2.

(1) Wellbore–fracture model: This represents a scenario where
the wellbore is directly connected to a fracture region, and
no large-scale caves are encountered nearby.

(2) Wellbore–fracture–cave model: This pattern describes a
wellbore connected to a fracture, which in turn communi-
cates with a single, far-end cave.

(3) Wellbore–cave–fracture model: This describes a case where
the wellbore directly penetrates a large-scale cave, which is
then connected to an adjacent fracture region.

(4) Wellbore–cave–fracture–cave–fracture model: This repre-
sents a complex series or ‘bead-on-a-string’ configuration,
where thewell penetrates a near-well cave that is connected
via a fracture to a second, more distant cave system.

3. Mathematical models of fluid flow

In this section, a semi-analytical model is developed for the
complex wellbore–fracture–cave configurations identified previ-
ously. The model solution is derived in the Laplace domain and
inverted numerically to generate type curves. These curves are then
used to identify characteristic flow regimes and analyze the under-
lying flow mechanisms. The wellbore–cave–fracture–cave–fracture
configuration, shown schematically in Fig. 2, is used as the primary
example to illustrate the model's formulation.
The model is based on the following key assumptions: (1) The

reservoir contains a single-phase gas. (2) A single vertical well
produces at a constant rate. (3) Wellbore storage and skin effects

are considered. (4) Flow within the fracture regions is character-
ized as one-dimensional (1D) linear flow. (5) The large-scale caves
have high conductivity, allowing them to be treated as uniform-
pressure equipotential bodies (Gao et al., 2016; Wei et al., 2022).
(6) The transient deliverability from each cave is modeled as a
storage-dominated flow (pseudo-steady state) governed by a
material balance equation.
Based on the physical model and the assumptions outlined

previously, the governing equations for fluid flow in the different
domains can be formulated as follows.

3.1. Fluid flow in the wellbore

The equation considering the wellbore storage effect is as
follows:

qsfgBg − qscgBg = 24Vbcg
dpw
dt

(1)

where qsfg is the gas reservoir sandface flow rate; qscg is the ground
flow rate of the gas reservoir; Bg is the gas volume coefficient; Vb is
the wellbore volume; cg is the gas compression coefficient; and pw
is the bottomhole flow pressure.

3.2. Fluid flow in cave 1

Because the cave is usually unfilled or partially filled, it has
great conductivity, and the pressure in the cave propagates very
rapidly. It can be considered that the pressure inside the cave is
equal everywhere, and the gas is supplied outward in a pseudo-
steady-state flow mode. Therefore, the flow equation of cave 1
adjacent to the wellbore is

qsfgBg= − 24Vc1ϕc1cg
dpc1
dt

−
86:4kf1wf1h

μg
∂pf1
∂x

⃒
⃒
⃒
⃒
x=x1

(2)

where Vc1 is the volume of cave 1; ϕc1 is the porosity of cave 1,
which is usually assumed to be 1; pc1 is the pressure of cave 1; pf1
is the pressure of fracture region 1; kf1 is the permeability of
fracture region 1; wf1 is the width of fracture region 1; h is the
reservoir thickness; μg is the viscosity of gas. The left side of Eq. (2)
is the supply term from the cave to the wellbore. The first term on
the right side is the pseudo-steady-state flow of the cave, and the
second term is the supply term from the fracture region on the
right side of the cave.

3.3. Fluid flow in fracture region 1

Flow within the high-conductivity fracture region is one-
dimensional. According to the assumptions, the flow can be
described by Darcy's law, the governing equation for linear flow is
expressed as follows:

1
∂x

(
pf1
Zμg

∂pf1
∂x

)

=
ϕf1cgμg

kf1

(
pf1
Zμg

∂pf1
∂t

)

(3)

where Z is the gas compressibility factor; ϕf1 is the porosity of
fracture region 1.
The coupling between caves and fracture regions is established

via pressure continuity and pseudo-steady state flow equations,
where caves serve as dynamic storage units and fractures act as
transmissive channels. Therefore, the pressure at the adjacent
position between fracture region 1 and cave 1 is continuous:Fig. 1. Conceptual model of fault-controlled fractured-caved reservoir.

P. Jia, Q.-Y. Pan, J. Li et al. Petroleum Science 23 (2026) 332–349

334



pf1
⃒
⃒
⃒
x=x1

=pc1 (4)

The pressure at the adjacent position between fracture region 1
and cave 2 is continuous:

pf1
⃒
⃒
⃒
x=x2

= pc2 (5)

where pc2 is the pressure of cave 2.

Table 2
Physical models and seismic detection maps for typical fractured-caved reservoirs.

Reference Region Seismic or monitoring map Physical model

Liao et al. (2015) Halahatang field

Du et al. (2022) Shunbei field

Du et al. (2019) Shunbei field

Li et al. (2021) Shunbei field

Fig. 2. Wellbore–cave–fracture–cave–fracture model.
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3.4. Fluid flow in cave 2

Similar to cave 1, the gas is supplied outward in a pseudo-
steady-state flow mode, so the flow equation of cave 2 is as
follows:

86:4kf1wf1h
μg

∂pf1
∂x

⃒
⃒
⃒
⃒
x=x2

= − 24Vc2ϕc2cg
dpc2
dt

−
86:4kf2wf2h

μg
∂pf2
∂x

⃒
⃒
⃒
⃒
x=x3

(6)

where Vc2 is the volume of cave 2; ϕc2 is the porosity of cave 2,
usually assumed to be 1; kf2 is the permeability of fracture region
2; wf2 is the width of fracture region 2; pf2 is the pressure of
fracture region 2. In Eq. (6), the left side is the supply term from the
cave to fracture region 1, the first term on the right side is the
pseudo-steady-state flow term of the cave, and the second term is
the supply term from the fracture region on the right side of the
cave.

3.5. Fluid flow in fracture region 2

Similarly, the flow within fracture region 2 can be described by
Darcy's law, the governing equation for linear flow is expressed as
follows:

1
∂x

(
pf2
Zμg

∂pf2
∂x

)

=
ϕf2cgμg

kf2

(
pf2
Zμg

∂pf2
∂t

)

(7)

The pressure at the adjacent part between fracture region 2 and
cave 2 is continuous:

pf2
⃒
⃒
⃒
x=x3

=pc2 (8)

The infinite boundary condition, closed boundary condition,
and constant pressure boundary condition are as follows:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

pf2
⃒
⃒
⃒
x→∞

= pi

pf2
⃒
⃒
⃒
x=x4

= pi

∂pf2
∂x

⃒
⃒
⃒
⃒
x=x4

= 0

(9)

where ϕf2 is the porosity of fracture region 2; pi is the initial
pressure or boundary pressure of the gas reservoir.
Due to the compressibility of the gas, the flow equations (Eqs.

(1)–(3), (6), and (7)) are all nonlinear flow equations. The
pseudo-pressure is defined as follows, and is introduced into Eqs.
(1)–(9), and the equations are linearized.

m(p)=2
∫ p

p0

p
Zμ
dp (10)

The dimensionless variables of pseudo-pressure and dimen-
sionless time are defined to linearize and nondimensionalize Eqs.
(1)–(9), and the Laplace transform is further performed to obtain
the dimensionless Laplace space form of Eqs. (1)–(9), that is, the
flow mathematical model of the wellbore–cave–fracture
–cave–fracture model (see detailed derivations at Appendix A) is
described as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2πqsfgD = 2πsCc1Dmc1D + Fc1D

(
∂mf1D

∂xD

)

xD=x1D

∂2mf1D
∂x2

=
s

ηf1D
mf1D

Fc1D

(
∂mf1D

∂xD

)

xD=x2D
= − 2πsCc2Dmc2D − Fc2D

(
∂mf2D

∂xD

)

xD=x3D

∂2mf2D
∂x2

=
s

ηf2D
mf2D

1
s
− qsfgD = 2πsCwDmwD

mf1D
⃒
⃒
⃒
xD=x1D

= mc1D

mf1D
⃒
⃒
⃒
xD=x2D

= mc2D

mf2D
⃒
⃒
⃒
xD=x3D

= mc2D

mf2D
⃒
⃒
⃒
xD→∞

= 0

mf2D
⃒
⃒
⃒
xD=x4D

= 0

∂mf2D
∂xD

⃒
⃒
⃒
⃒
xD=x4D

= 0

(11)

where s is Laplace operator; mD is the dimensionless pseudo-
pressure; tD is the dimensionless time; ηfD is the dimensionless
fracture hydraulic diffusivity; FcD is the dimensionless fracture
conductivity; CcD is the dimensionless cave storage coefficient; the
overbar on a variable denotes that the variable is in the Laplace
domain; subscripts i, r, f, c, and g refer to initial, reference, fracture,
cave, and gas, respectively.
When an early concave response appears on the derivative

curve, this indicates strong cave storage behavior and supports the
validity of this assumption; nevertheless, in cases of significant
filling or high-velocity flow, deviations may occur and further
refinement would be needed. Therefore, a potential extension of
the model could incorporate non-Darcy flowmechanisms, such as
Forchheimer-type corrections, to account for inertial effects if
needed.

4. Model solution and verification

The mathematical model presented in Eq. (11) poses significant
challenges for analytical solutions, particularly due to the complex
interactions among karst caves and fracture regions. The funda-
mental flow mechanism of the fracture–cave combination model
lies in the various configurations of three key units: the wellbore,
cave, and fracture. The karst cave is treated as an equipotential
body, while fracture flow is modeled as porous media flow,
allowing the karst cave to be represented as a source or sink term
within the fracture region. Therefore, the crux of the semi-
analytical solution involves deriving the point source solution for
the fracture region under different boundary conditions. By
combining this with the well and cave storage solutions, a general
solution can be obtained for any configuration.
In this paper, the semi-analytical approach discretizes the

wellbore, fracture region, and karst cave into linear units,

P. Jia, Q.-Y. Pan, J. Li et al. Petroleum Science 23 (2026) 332–349

336



employing the point source solution to establish a coupling matrix
and form an efficient, semi-analytical solution. This method offers
the advantage of a universal well test interpretation model that is
adaptable to any wellbore–fracture–cave combination. It elimi-
nates the need to construct unique models for each physical sce-
nario, significantly reducing modeling effort and enhancing
flexibility.

4.1. Basic solution of fracture region flow

As shown in Fig. 3, the fracture region is represented as a linear
element. An analytical approach is used to derive the basic pres-
sure solution of this linear element, assuming a source or sink of
fixed strength under various boundary conditions. This allows for
the construction of the source function governing flow within the
fracture region.
The flow mathematical model of the fracture region under the

above three different boundary conditions is as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2mfD
∂x2D

=
s

ηfD
mfD

∂mfD
∂xD

⃒
⃒
⃒
⃒
xD=x1D

= −
2π

FcD⋅s

mfD(xD→∞) = 0

∂mfD
∂xD

⃒
⃒
⃒
⃒
xD=x2D

= 0

mfD
⃒
⃒
⃒
xD=x2D

= 0

(12)

The basic solutions of solving the above model under different
boundary conditions can be as follows:
Solution of infinite boundary:

G(FcD; s; a; xD)=
2π

FcD⋅s
eax1D

a
e− axD (13)

Solution of closed boundary:

G(FcD; s; a; xD)= −
2π

FcD⋅s
eax1D

a

(
eaxD + e2ax2D− axD

)
(14)

Solution of constant pressure boundary:

G(FcD; s; a; xD)= −
2π

FcD⋅s
eax1D

a

(
eaxD − e2ax2D− axD

)
(15)

with

a=
̅̅̅̅̅̅̅
s

ηfD

√

4.2. Coupled solution matrix

Based on the source functions in Eqs. (13)–(15), each unit in the
physical model shown in Fig. 2, wellbore, cave, and fracture are
discretized as illustrated in Fig. 4. Using the source function and
applying flow and pressure continuity conditions across the
different units, pressure equations are developed separately for
the cave and the fracture. By combining these pressure equations,
a coupled solution matrix is established, enabling the calculation
of pressure distributions and unit flow distributions throughout
the model.
Furthermore, the source function is employed to calculate the

pressure resulting from the flow in cave 1, the left and right
pressures due to flow in fracture region 1, the pressure from the
flow in cave 2, and the left pressure due to flow in fracture region 2.
The resulting equations are as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
s
− q2D = sCc1Dmc1D

sG1lq2D − sG1rq3D = mc1D
sG1rq2D − sG1lq3D = mc2D

q3D − q4D = sCc2Dmc2D

sG2lq4D = mc2D

(16)

with

G1l=G(F1cD; s; a; x2D)

G1r=G(F1cD; s; a; x3D)

G2l=G(F2cD; s; a; x4D)

The system of equations (Eq. (16)) is written in matrix form,
then the coupled solution matrix is as follows:

Fig. 3. Three types of boundaries.

Fig. 4. Discretization and unit numbering for the W–C–F–C–F model.
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⎡

⎢
⎢
⎢
⎢
⎣

1 sCc1D
sG1l − sG1r − 1
sG1r − sG1l − 1

1 1 − sCc2D
sG2l − 1

⎤

⎥
⎥
⎥
⎥
⎦

⋅

⎡

⎢
⎢
⎢
⎢
⎣

q2D
q3D
q4D
mc1D
mc2D

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

1=s
0
0
0
0

⎤

⎥
⎥
⎥
⎥
⎦

(17)

Considering the wellbore and skin effects (Hegeman et al.,
1993):

mwD=
smc1D + S

s+ CwDs2(smc1D + S)
(18)

Compared with traditional analytical or numerical models, our
semi-analytical method employs a point-source-based coupled
matrix solution that avoids case-specific derivation or grid gen-
eration. It enables fast computation for multiple well-
bore–fracture–cave configurations using a unified framework. This
significantly reduces the model-building and solving workload,
especially compared to numerical simulations that require
extensive meshing and iterative solvers.

4.3. Coupled solution matrix of different fractured-caved
combinations

For different wellbore–cave–fracture combination modes, the
coupled solution matrix is constructed for each unit, so that the
pressure and flow distributions can be obtained. The workload of
well test interpretation model establishment and solution is
greatly reduced.
When the well is drilled outside the cave, the matrix of the

wellbore–fracture model is as follows:

mfD=
2π

FcD⋅s
1
a

(19)

When the well is drilled outside the cave, the matrix of the well-
bore–fracture–cave–fracture model is as follows:
⎡

⎣
sG1l 0 1
1 − 1 − sCcD
0 sG2l − 1

⎤

⎦⋅

⎡

⎣
q2D
q3D
mcD

⎤

⎦ =

⎡

⎣
1=s
0
0

⎤

⎦ (20)

When the well is drilled into the cave, the matrix of the well-
bore–cave–fracture model is as follows:
[
1 sCcD

sG1l − 1

]

⋅
[
q2D
mcD

]

=

[
1=s
0

]

(21)

By employing the Stehfest numerical inversion method
(Stehfest, 1970), it is possible to obtain the bottomhole pressure
solution in real space.
Compared with traditional semi-analytical models that often

target single fractured-caved geometries, the proposed method
adopts a modularized matrix approach, which allows flexible
combination of fracture and cave elements without the need for
repeated derivation. This enables relatively efficient calculations
across a variety of wellbore–fracture–cave configurations
encountered in fault-controlled carbonate reservoirs. While the
core flow mechanisms remain consistent with classical assump-
tions, the extended structure enhances the model's applicability to
complex reservoir systems.

4.4. Model verification

In order to verify the accuracy of these models, we choose
models in the reference for analysis and verification. Pan et al.

(2024) used the sequential solution method to study the pres-
sure response characteristics of the fracture–cave model. The
pressure solution of the fracture–cave models obtained by the
point source solution method in this paper is compared with the
pressure solution of Pan et al. (2024). The basic parameters of the
model are shown in Table 3. By observing the pressure response
curve shown in Fig. 5, we can find that the model in this paper is in
good agreement with the curve in the reference.
To validate the flexibility and unified-treatment capability of

the proposed framework, a comparison is made against the con-
ventional approach of developing mentioned models for specific
geological configurations, as exemplified by Liu (2020). In his
work, Liu (2020) developed multiple, independent mathematical
models to address distinct scenarios, including a “multi-fractur-
e–cave series” model and a “fractured well communicating with a
cave” model.
As shown in Fig. 6(a), by utilizing the single, unified framework

proposed in this study, the typical pressure transient response of a
“bead-on-a-string” configuration (e.g., a wellbore–cave–
fracture–cave series) is successfully reproduced simply by input-
ting the dimensionless parameters (CwD = 9, S = 2, Cc1D = 4×
104, ηfD = 40, FcD = 10, x1D = 1, x2D = 12, and Cc2D = 4× 105).
Similarly, Fig. 6(b) demonstrates that our model can also readily
simulate the response of a fractured well communicating with a
cave, by providing a different set of input parameters (CwD = 1, S =

2, Cc1D = 0, ηfD = 30, FcD = 100, x1D = 0, x2D = 250, and Cc2D =

5000).
This comparison highlights themain advantage of the proposed

framework, which is that it eliminates the need for repeated
mathematical re-derivation and reprogramming for each new
geological scenario. Instead, users can flexibly examine a wide
range of complex configurations through a modular, building-
block-based configuration of elements. This helps reduce the
modeling workload and improves the model's applicability.
To further demonstrate the model's practical applicability and

computational performance on a real field case, we performed a
history matching study of the field well data, previously presented
by Pan et al. (2024).
As illustrated in Fig. 7, our model achieves a good history match

with the measured pressure and pressure derivative data. The
interpretation results, shown in Table 4, are in good agreement
with those from the original study, validating the accuracy of our
model. In terms of computational efficiency, the entire automated
history matching process for this case took only 10 s on a standard
workstation (Intel i7 CPU, 16 GB RAM). This quantitatively dem-
onstrates the high efficiency of the proposed semi-analytical
model for practical applications.
However, the principal advantage of our framework lies in its

superior workflow efficiency when testing alternative geological
concepts. For instance, evaluating a different conceptual model (e.
g., a ‘well–fracture–cave’ instead of a ‘well–cave–fracture–cave’
configuration) would necessitate selecting and configuring a
completely separate model within a multi-model suite like that of

Table 3
Basic parameters of the model.

Parameter Value

Dimensionless wellbore storage coefficient CwD 1
Fracture region conductivity FcD 500
Dimensionless wellbore radius rwD 1
Dimensionless storage coefficient of cave 2 Cc2D 5000
Dimensionless storage coefficient of cave 1 Cc1D 100
Skin factor S 0.5
Fracture hydraulic diffusivity ηfD 50
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Pan et al. (2024). In contrast, our unified framework requires only a
minor modification to the input connectivity matrix. This ability to

rapidly and seamlessly test multiple hypotheses is a key practical
advantage that significantly reduces the overall modeling work-
load and enhances the iterative interpretation process.

5. Pressure response characteristics

5.1. Type curves of typical fracture–cave combination models

To analyze the fluid flow characteristics of different
fracture–cave combination models, the pressure and pressure
derivative curves under various fracture–cave distributions are
examined by plotting the pressure response curves on double
logarithmic coordinates. Fig. 8(e) and (f) illustrate two complex
reservoir configurations that incorporate acid-fractured (AF) well
completions. In these models, acid fracturing is used to enhance
the conductivity near the wellbore, followed by a sequence of
fracture–cave structures. Specifically, the W–AF–C–F–C–F model
represents a scenario where the acid fracturing treatment fully
penetrates and enhances the entire fracture region. In contrast,
the W–AF–F–C–F–C–F model reflects a partial stimulation case,
where the acid fracturing only modifies the near-wellbore

Fig. 5. Model verification results.

Fig. 6. Validation of the unified framework by reproducing typical pressure transient responses for distinct geological configurations.

Fig. 7. History matching of the field case from Pan et al. (2024).
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segment, while the downstream sections remain as natural frac-
ture regions. The basic parameters for this model are provided in
Table 5. For the acid-fractured models in Fig. 8(e) and (f), specific
fracture parameters are modified. In Fig. 8(e), the dimensionless
fracture lengths are 20, 200, and 300, with conductivities of 200

and 50 for the first two regions, respectively. In Fig. 8(f), the
dimensionless fracture lengths are 10, 20, 200, and 300, and the
first two regions have a conductivity of 200. A uniform skin factor
of 0.1 is applied in both cases, while other parameters remain
consistent with Table 5.

Fig. 8. Pressure response curves under different wellbore–cave–fracture combination models (notes: W-wellbore; AF-acid fracture; C-cave; F-fracture region).
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The pressure response charts of the wellbore–fracture model,
wellbore–cave–fracture model, wellbore–fracture–cave–fracture
model, wellbore–cave–fracture–cave–fracture model, wellbore–
acid fracture–cave–fracture–cave–fracture model, and wellbore-
acid fracture–fracture–cave–fracture–cave–fracture model are
analyzed.
As shown in Fig. 8, according to the six types of typical curves,

the following four main stages are divided: constant wellbore
storage flow stage, fracture region linear flow stage, karst cave
storage flow stage, and transition flow stage.

(1) Wellbore storage flow stage (WSF): The wellbore is single-
phase gas, and the wellbore storage capacity is determined
by the gas compression coefficient. The pressure curve and
pressure derivative curve of this stage overlap and are
straight line segments with a slope of 1.

(2) Fracture region linear flow stage (FLF): According to the
basic assumptions, the flow in the fracture region conforms
to Darcy's law, which is presented as one-dimensional linear
flow. On the pressure derivative curve, it appears as a
straight-line segment with a slope of 1/2.

(3) Cave storage flow stage (CSF): The flow form in the large-
scale cave is free flow, and the pressure derivative curve in
this stage is a straight-line segment with a slope of 1.

(4) Transition flow stage (TF): Transition flow is the interme-
diate flow stage in the transition process of the wellbore,
fracture region, and cave flow stage.

Among them, the flow stages of the wellbore–fracture model
are constant wellbore storage flow, transition flow, and fracture
region linear flow. The flow stages of the wellbore–cave–fracture
model are constant wellbore storage flow, transition flow, cave
storage flow, transition flow, and fracture region linear flow. The
flow stages of the wellbore–fracture–cave–fracture model are
constant wellbore storage flow, transition flow, linear flow in the
fracture region, transition flow, cave storage flow, transition flow,
and linear flow in the fracture region. The flow stages of the
wellbore–cave–fracture–cave-fracture model are constant well-
bore storage flow, transition flow, cave storage flow, transition
flow, fracture region linear flow, transition flow, cave storage flow,
transition flow, and fracture region linear flow. The flow stages of
the wellbore–acid fracture–cave–fracture–cave–fracture model are
constant wellbore storage flow, fracture region linear flow, tran-
sition flow, cave storage flow, transition flow, fracture region linear
flow, transition flow, cave storage flow, and fracture region linear

flow. The flow stages of the wellbore–acid fracture–fractur-
e–cave–fracture–cave–fracture model are constant wellbore stor-
age flow, fracture region linear flow, fracture region linear flow,
transition flow, cave storage flow, transition flow, fracture region
linear flow, transition flow, cave storage flow, and fracture region
linear flow.

5.2. Effect of pressure response of the wellbore–fracture model

The effect of skin factor and fracture region conductivity on the
pressure response curves are analyzed by the wellbore–fracture
model, as shown in Figs. 9 and 10.
Skin factor: By setting different skin factor values (S = 0.1, 0.5,

2.5), it is found that the skin factor affects the end time of the
wellbore storage flow. The larger the skin factor, the greater the
flow resistance near the bottom of the well, the longer the storage

Table 4
Comparison of interpretation results between this work and Pan et al. (2024).

Model Wellbore storage coefficient, m3/MPa Skin factor Cave 1 volume, 104 m3 Fracture region permeability, μm2 Cave 2 volume, 104 m3

Pan et al. (2024) 0.29 5.87 1.19 0.482 12.10
Our model 0.31 5.92 1.08 0.480 12.02

Table 5
Basic parameters of the model.

Parameter Value

Dimensionless wellbore storage coefficient CwD 1
Fracture region conductivity FcD 400
Dimensionless wellbore radius rwD 1
Dimensionless storage coefficient of cave 1 Cc1D 80
Dimensionless storage coefficient of cave 2 Cc2D 5000
Skin factor S 0.5
Dimensionless fracture hydraulic diffusivity ηfD 40
Dimensionless fracture region 1 length xfD 600

Fig. 9. Sensitivity analysis under different skin factors.

Fig. 10. Sensitivity analysis under different fracture region conductivities.
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flow time, and the shallower the concave at the initial stage of
flow.
The conductivity of fracture region: By setting different fracture

region conductivity values (FcD = 100, 400, 1600), it is found that
the conductivity of the fracture region affects the occurrence of the
storage flow section and the level of linear flow section on the
pressure response curve. The greater the conductivity of the
fracture region, the faster the pressure propagation, and the more
obvious the storage effect from the fracture region to the wellbore.

5.3. Effect of pressure response of the
wellbore–fracture–cave–fracture model

The sensitivity analysis of fracture region length and fracture
region width to pressure response curve is carried out using the
wellbore–fracture–cave–fracture model, as shown in Figs. 11 and
12.
Fracture region length: By setting different fracture region

length values (xfD = 300, 600, 900), it is found that the length of
the fracture region affects the duration of linear flow. The longer
the fracture region is, the longer the duration of linear flow is, and
the concave on the pressure derivative curve moves upward.
Fracture region width: By setting different fracture region

conductivity to represent the change of fracture region width
(FcD = 100, 400, 1600), it is found that the fracture region width
affects the start time of linear flow. The wider the fracture region
is, the earlier the start time of linear flow is. The concave on the
pressure derivative curve moves downward.

5.4. Effect of pressure response of
wellbore–cave–fracture–cave–fracture model

The sensitivity analysis of cave volume to pressure response curve
is carried out by using the wellbore–cave–fracture–cave–fracture
model, as shown in Figs. 13 and 14.
Cave 1 volume: By setting different cave storage coefficients to

represent different cave volumes (Cc1D = 20, 80, 320), it is found
that the volume of cave 1 affects the depth of the first concave and
affects the time to enter the next flow stage. The larger the volume
of cave 1 is, the longer the time required for the pressure wave to
propagate to the next stage is, and the stronger the ability to
supply to the next flow stage is. The larger the volume of cave 1 is,
the wider and deeper the concave is, and the slope of the pressure
derivative curve is closer to 1.

Cave 2 volume: By setting different cave 2 storage coefficient
values (Cc2D = 1000, 5000, 25000), it is found that the cave 2 vol-
ume affects the depth of the second concave. The larger the cave
2 volume is, the stronger the supply capacity to the next flow stageFig. 11. Sensitivity analysis under different fracture region lengths.

Fig. 12. Sensitivity analysis under different fracture region widths.

Fig. 13. Sensitivity analysis under different cave 1 volumes.

Fig. 14. Sensitivity analysis of different cave 2 volumes.
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is, and the wider and deeper the concave is. Moreover, the volume
change of the far side cave (cave 2) has no obvious effect on the
flow of the near-wellbore cave (cave 1).

6. Case study

To evaluate the applicability of the proposed model under
different geological configurations, three representative sce-
narios are examined in this section, including a wellbore–fracture
model, a wellbore–fracture–cave model, and a well-
bore–cave–fracture–cave model. Each case incorporates both the
qualitative identification of typical flow regimes and the quan-
titative interpretation of key parameters, enabling a compre-
hensive understanding of pressure behaviors and geological
implications. Standard preprocessing was applied to the field
data to enhance derivative stability while retaining essential flow
regime features.

6.1. Wellbore–fracture model

6.1.1. Typical feature analysis and qualitative interpretation
The pressure derivative curve exhibits a linear flow stage in the

fracture region. The late-time upward trend suggests potential
boundary effects and may also imply the presence of a secondary
fracture region connected to the far end of the reservoir. Figs. 15
and 16 present the production and pressure history, along with
the fitting results from the well test interpretation. As shown in
Fig. 16(a), the flow stages can be divided into wellbore storage,
transition flow, fracture linear flow, and boundary response.

6.1.2. Parameter interpretation
Based on the flow stage analysis of the reservoir, the estab-

lished well test interpretation model is used. The results of well
test interpretation and analysis of well A are shown in Table 6, in
which the well storage coefficient is 0.16 m3/MPa, the skin factor is
5.41, the permeability of the fracture region is 0.06 μm2, the length
of the fracture region is 712.54 m.

Fig. 15. Production history and pressure of well A.
Fig. 16. Well test interpretation fitting results of well A (tp is the production time; t is
the shut-in time).
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6.2. Wellbore–fracture–cave model

6.2.1. Typical feature analysis and qualitative interpretation
The pressure derivative on the pressure recovery curve of the

well consists of one linear section, with a concave section after.
The flow stages include the linear flow section of the fracture re-
gion, the storage flow section of the cave. Figs. 17 and 18 present
the production and pressure history, along with the fitting results
from thewell test interpretation. As shown in Fig.18(a), the log-log
derivative curve reveals five flow stages: wellbore storage, tran-
sition flow, fracture linear flow, transition flow, and cave storage.

6.2.2. Parameter interpretation
Based on the flow stage analysis of the reservoir, the estab-

lished well test interpretation model is used. The results of well
test interpretation and analysis of well B are shown in Table 7, in
which thewell storage coefficient is 2.92m3/MPa, the skin factor is
1.68, the permeability of the fracture region is 0.03 μm2, the length
of the fracture region is 23.62 m, and the volume of the cave is
12.8 × 104 m3. The well is drilled on the fracture region, and the
distance between the well and the cave is close.

6.3. Wellbore–cave–fracture–cave model

6.3.1. Typical feature analysis and qualitative interpretation
The pressure derivative in the pressure recovery curve of the

well displays two concave sections with a linear section in the
middle. These features reveal the flow stages, which include the

Table 6
Well test interpretation analysis results of well A.

Medium Wellbore Fracture region

Parameter Wellbore
storage
coefficient, m3/MPa

Skin factor Fracture region
permeability, μm2

Fracture region
length, m

Value 0.16 5.41 0.06 712.54

Fig. 17. Production history and pressure of well B.

Fig. 18. Well test interpretation fitting results of well B.
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cave 1 storage flow section, the fracture region linear flow section,
and the cave 2 storage flow section. Figs. 19 and 20 present the
production and pressure history, alongwith the fitting results from
the well test interpretation. As shown in Fig. 20(a), the pressure
derivative curve can be divided into six flow stages: wellbore
storage, transition flow, cave 1 storage, fracture linear flow, tran-
sition flow, and cave 2 storage.

6.3.2. Parameter interpretation
Based on the flow stage analysis of the reservoir, the estab-

lished well test interpretation model is used. The well test inter-
pretation and analysis results for well C are summarized in Table 8,
inwhich thewell storage coefficient is 2.16m3/MPa, the skin factor
is 0.6863, the permeability of the fracture region is 0.52 μm2, the
length of the fracture region is 245.98 m, the volume of cave 1 is
6.53 × 104 m3, and the volume of cave 2 is 39.4 × 104 m3.

7. Conclusions

This study introduces a novel well test interpretation model
and an efficient semi-analytical solution method for fault-
controlled fractured-caved reservoirs with typical fracture–cave
combinations. By integrating fluid flow and storage flow the-
ories, the study systematically investigates the effect of various
reservoir parameters on the pressure response characteristics of
fault-controlled fractured–caved reservoirs. Field applications of
the proposed models led to the following findings:

(1) Mathematical models for fluid flow in the fracture region
were developed, incorporating source-sink terms. The
source functions were derived to account for different
boundary conditions, including various karst and wellbore

boundaries. The proposed model is applicable to the diverse
boundary conditions encountered in the fracture region.

(2) A generalized well test interpretation model was developed,
suitable for a wide range of well, fracture region, and cave

Table 7
Well test interpretation analysis results of well B.

Medium Wellbore Fracture region Cave

Parameter Wellbore storage
coefficient, m3/MPa

Skin
factor

Fracture region
permeability, μm2

Fracture
region
length, m

Volume,
104 m3

Value 2.92 1.68 0.03 23.62 12.8

Fig. 19. Production history and pressure of well C.

Fig. 20. Well test interpretation fitting results of well C.
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combinations. The bottom-hole pressure solution was
derived through matrix computation, enabling the con-
struction of a coupled solution matrix for individual units.
This approach allows for the determination of pressure and
flow distributions without the need for a separate well test
model for each physical configuration. Consequently, this
method reduces modeling effort while enhancing the flex-
ibility of well test models.

(3) The storage and skin effects significantly affect the early
stage of fluid flow. A larger storage coefficient results in a
smaller intercept with the y-axis. The skin factor affects the
wellbore flow termination time, with a higher skin factor
leading to a longer wellbore flow duration. The length and
conductivity of fracture regions strongly affect the linear
flow within the fracture regions. The length of the fracture
regions affects the duration of linear flow, while the con-
ductivity impacts the start of linear flow, with higher
permeability leading to faster pressure propagation and an
earlier onset of linear flow. The cave volume plays a crucial
role in cave storage flow, with a larger cave volume corre-
sponding to a greater supply capacity and a wider, deeper
concave shape.

(4) The pressure recovery data of three representative well-
bore–fracture–cave combinations from the Shunbei
fracture–cave gas reservoir was effectively interpreted using
the established well test interpretationmodels. This enables
the precise determination of wellbore, fracture region, and
cave parameters, providing valuable insights for the devel-
opment of fault-controlled fractured-caved reservoirs.
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Appendix A. Mathematical modeling of flow in fracture–cave
models

In Appendix A, we list the development of mathematical
models for flow in wellbore–cave–fracture–cave–fracture model.
According to the expression of gas compressibility, the trans-

formations of Eqs. (1)–(3), (6), and (7) are as follows:
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Introducing gas pseudo-pressure, there are

m(p)=2
∫ p
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Table 8
Well test interpretation analysis results of well C.

Medium Wellbore Cave Fracture region Cave

Parameter Wellbore storage coefficient, m3/MPa Skin factor Volume, 104 m3 Fracture region permeability, μm2 Fracture region length, m Volume, 104 m3

Value 2.16 0.6863 6.53 0.52 245.98 39.4
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The following are the definitions of dimensionless pressure,
dimensionless time and other variables:

mD=
78:489krh[m(pi) − m(p)]

qscgT
(A.11)
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The dimensionless form of Eqs. (1)–(9) can be obtained as
follows:
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2πqsfgD = 2πCc1D
dmv1D
dtD

+ Fc1D

(
∂mf1D

∂xD

)

xD=x1D

∂2mf1D
∂x2

=
1

ηf1D
∂mf1D

∂tD

Fc1D

(
∂mf1D

∂xD

)

xD=x2D
= − 2πCc2D

dmc2D
dtD

− Fc2D

(
∂mf2D

∂xD

)

xD=x3D

∂2mf2D
∂x2

=
1

ηf2D
∂mf2D

∂tD

1 − qsfgD = 2πCwD
dmwD
dtD

mc1D = mf1D(xD;0) = mc2D = mf2D(xD;0) = 0

mf1D
⃒
⃒
⃒
xD=x1D

= mc1D

mf1D
⃒
⃒
⃒
xD=x2D

= mc2D

mf2D
⃒
⃒
⃒
xD=x3D

= mc2D

mf2D
⃒
⃒
⃒
xD→∞

= 0

mf2D
⃒
⃒
⃒
xD=x4D

= 0

∂mf2D
∂xD

⃒
⃒
⃒
⃒
xD=x4D

= 0

(A.17)

After Laplace transformation of Eqs. (1)–(9), there are
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2πqsfgD = 2πsCc1Dmc1D + Fc1D

(
∂mf1D

∂xD

)

xD=x1D

∂2mf1D
∂x2

=
s

ηf1D
mf1D

Fc1D

(
∂mf1D

∂xD

)

xD=x2D
= − 2πsCc2Dmc2D − Fc2D

(
∂mf2D

∂xD

)

xD=x3D

∂2mf2D
∂x2

=
s

ηf2D
mf2D

1
s
− qsfgD = 2πsCwDmwD

mf1D
⃒
⃒
⃒
xD=x1D

= mc1D

mf1D
⃒
⃒
⃒
xD=x2D

= mc2D

mf2D
⃒
⃒
⃒
xD=x3D

= mc2D

mf2D
⃒
⃒
⃒
xD→∞

= 0

mf2D
⃒
⃒
⃒
xD=x4D

= 0

∂mf2D
∂xD

⃒
⃒
⃒
⃒
xD=x4D

= 0

(A.18)

Appendix B. Source function solutions for fracture region
flow

According to the flow equation in Eq. (12):

∂2mfD
∂x2D

=
s

ηfD
mfD (B.1)

First, the generalized solution of the equation is obtained

mfD(xD)=C1e
axD + C2e

− axD (B.2)

with

a=
̅̅̅̅̅̅̅
s

ηfD

√

(1) According to the infinite boundary condition:

mfD(xD→ +∞)=0 (B.3)

Therefore

C1=0

mfD(xD)=C2e
− axD (B.4)

Moreover, according to the constant production boundary
conditions:

∂mfD
∂xD

⃒
⃒
⃒
⃒
xD=x1D

= −
2π

FcD⋅s
(B.5)

Therefore,

C2e
− ax1D ⋅ (− a) = −

2π
FcD⋅s

(B.6)

C2=
2π

FcD⋅s
eax1D

a
(B.7)

Thus, the fracture region pressure solution at the infinite
boundary is

mfD(xD)=
2π

FcD⋅s
eax1D

a
e− axD (B.8)

(2) According to the closed boundary conditions:

∂mfD
∂xD

⃒
⃒
⃒
⃒
xD=x2D

=0 (B.9)

Combining Eq. (B.9) with the inner boundary conditions gives
⎧
⎪⎨

⎪⎩

C1e
ax1D ⋅a − C2e

− ax1D ⋅a = −
2π

FcD⋅s

C1e
ax2D ⋅a − C2e

− ax2D ⋅a = 0

(B.10)

Therefore,
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C1 = −
2π

FcD⋅s
eax1D

a

C2 = −
2π

FcD⋅s
eax1D

a
e2ax2D

(B.11)

Thus, the fracture region pressure solution at the closed
boundary conditions is

mfD(xD)= −
2π

FcD⋅s
eax1D

a

(
eaxD + e2ax2D − axD

)
(B.12)

(3) According to the constant-pressure boundary condition:

mfD(xD= x2D)=0 (B.13)

Combining Eq. (B.13) with the inner boundary conditions gives:
⎧
⎪⎨

⎪⎩

C1e
ax1D ⋅a − C2e

− ax1D ⋅a = −
2π

FcD⋅s

C1e
ax2D ⋅a+ C2e

− ax2D = 0

(B.14)

Therefore,
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C1 = −
2π

FcD⋅s
eax1D

a

C2 =
2π

FcD⋅s
eax1D

a
e2ax2D

(B.15)

Thus, the fracture region pressure solution at the constant-
pressure boundary conditions is
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mfD(xD)= −
2π

FcD⋅s
eax1D

a

(
eaxD − e2ax2D− axD

)
(B.16)

where mfD(xD) is the G in Eqs. (13)–(15).
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