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a b s t r a c t

Seismic amplitude variation with offset (AVO) inversion is a cornerstone of oil and gas reservoir pre-
diction, enabling the estimation of subsurface elastic parameters and characterization of stratigraphic
interfaces. However, balancing inversion accuracy and computational efficiency remains a critical
challenge. To address this, we propose a novel probabilistic AVO inversion framework integrating three
key innovations. First, we derive a high-precision quadratic approximation for compressional (P-wave)
reflectivity by retaining first- and second-order terms from the exact Zoeppritz equations through a
perturbation strategy. This approach significantly enhances accuracy compared to conventional linear
approximations, particularly in reflecting the true amplitude variation at large angles. Subsequently, to
improve lateral continuity and stratigraphic resolution, we introduce an instantaneous phase constraint
derived via the Hilbert transform. This constraint leverages phase sensitivity to seismic waveform
coherence, ensuring geologically consistent interface characterization during stochastic inversion.
Furthermore, we develop a hybrid Markov Chain Monte Carlo (MCMC) algorithm combining adaptive
Gibbs sampling with the independent doubly adaptive rejection Metropolis sampling (IA2RMS) method.
This framework efficiently samples high-dimensional posterior probability density functions (PDFs) of
elastic parameters: Gibbs sampling generates adaptive proposal distributions, while IA2RMS accelerates
Markov chain convergence through location- and scale-adjustable proposals. Numerical experiments
and field seismic data demonstrate the robustness and feasibility of the proposed probabilistic AVO
inversion method.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Seismic amplitude variation with offset (AVO) inversion
method plays an extremely important role in oil and gas reservoir
prediction, which is an effective way to obtain various elastic
parameters of the subsurface medium and reveal the distribu-
tion, physical properties and hydrocarbon properties of the sub-
surface reservoir (Yin et al., 2015; Li et al., 2020; Pan et al., 2021;
Dai et al., 2022; Yu et al., 2023). As oil and gas reservoirs continue

to be developed and exploited, the accuracy of geophysical
inversion methods for deep or complex geological formations is
becoming more demanding (Chen et al., 2020a,b; Li et al., 2021; Li
et al., 2022a; Chen and Innanen, 2023). Compared to conven-
tional deterministic inversion methods (Li and Zhang, 2017; Ajaz
et al., 2021; Yang et al., 2022), stochastic inversion methods (Pan
et al., 2017) have certain advantages in identifying oil and gas
reservoirs with thin inter-tuning effects, so stochastic inversion
techniques with higher reservoir prediction accuracy have come
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into being. The Monte Carlo method (also known as the statistical
simulation method) is one of the more common methods of
optimization search (Geman and Geman, 1984), in which the
samples are randomly drawn from a sample space, and the mean
and variance of the samples are finally used to estimate the sta-
tistical characteristics of the overall model parameters. The
Metropolis algorithm (Metropolis et al., 1953) was first proposed
by Metropolis, based on which Hasting developed the Metrop-
olis-Hastings (MH) algorithm. The Markov Chain Monte Carlo
(MCMC) stochastic inversion method is a widely used heuristic
nonlinear stochastic inversion approach within Monte Carlo
methods. The advantage of the heuristic algorithm (Fjeldstad and
Omre, 2020) over the non-heuristic algorithm (Zhi et al., 2016;
Cheng et al., 2019; Zhou et al., 2022) is that the problem of in-
tegral operations and local polarization, which are difficult to
solve in Bayesian algorithms, are avoided, so that the global
optimal solution of the inverse problem is better solved (Conti
et al., 2013). In geophysical inversion problems, we typically use
Markov ChainMonte Carlo algorithms to evaluate the uncertainty
in the a priori models and posterior probabilities of the param-
eters (Chen et al., 2017). The solution of a probabilistic inverse
problem is usually expressed in terms of a posteriori probability
density functions, which can also be represented by multiple
realizations of the model (Ely et al., 2018). Since the petro-
physical model (Grana, 2022) is a bridge between elastic pa-
rameters such as velocity, density, impedance and other relevant
reservoir physical properties such as lithology and porosity
(Figueiredo et al., 2018), this relationship can be used as a
constraint on the spatial correlation of stochastic simulations
(Huang et al., 2021). Different physical characteristics and elas-
ticity parameters in the same region usually present different
Gaussian or non-Gaussian distributions (Fjeldstad and Grana,
2018), and the distributions mixed together by these attributes
are called mixed Gaussian distributions (Guo et al., 2021), which
can be sampled by the MCMC method to obtain the multimodal
posterior distributions of the model parameters (Figueiredo et al.,
2019). The MCMC method can effectively improve the vertical
resolution of reservoir prediction, however, how to solve the
computational efficiency and lateral resolution of the method
(Robert et al., 2018) has been a difficult problem. Martino et al.
(2015) and Li et al. (2022b) introduced an adaptive MCMC algo-
rithm (Zhang and Taflanidis, 2019) that effectively accelerates the
convergence of Markov chains and improves inversion efficiency.
Meanwhile, the implementation of higher-order approximation
(Zhang et al., 2015; Yang et al., 2023) in pre-stack seismic inver-
sion establishes a robust framework that achieves optimal bal-
ance between computational stability, processing efficiency, and
inversion fidelity. This methodology substantially overcomes
limitations inherent in conventional weak-contrast assumptions
for neighboring geological units, exhibiting superior performance
in scenarios with increased impedance contrasts. There are many
factors affecting the accuracy of geophysical inversion, such as
the multiple solutions of seismic inversion as well as the noise
effect of seismic data and the limited resolution, but MCMC is an
inversion method by evaluating the uncertainty of elastic or
physical parameters, which determines that the method is more
noise-resistant compared to deterministic inversion. In the
identification of oil and gas reservoirs with thin mutual tuning
effect, the accuracy and stability of the inversion are greatly
affected by the noise. Pei et al. (2022) took advantage of the
property that the instantaneous phase of seismic traces is

sensitive to the weak changes of seismic signals, and use the
instantaneous phase as the constraint of the objective function
for the inversion, by which the seismic thin layers can be effec-
tively identified, and the accuracy of the inversion and the speed
of convergence can be improved. Therefore, it is crucial to carry
out probabilistic AVO inversion that can simultaneously improve
the stability, convergence speed, acceptance rate, lateral conti-
nuity, and inversion accuracy of stochastic inversion.

In this study, we first derive novel higher-order approximation
equations to enhance the accuracy and stability of stochastic
inversion. Given the seismic response's heightened sensitivity to
elastic parameters' higher-order terms, we implement a pertur-
bation strategy that retains both first- and second-order terms in
the elastic parameter expansions. Subsequently, we develop an
enhanced IA2RMS-Gibbs sampler incorporating adaptive proposal
distributions that progressively converge to the posterior proba-
bility distribution, thereby enabling efficient high-dimensional
Bayesian inference. Furthermore, we propose a probabilistic
seismic AVO inversion framework constrained by instantaneous
phase information. The instantaneous phase constraints are inte-
grated into the Bayesian framework through Hilbert transform-
derived relationships, significantly improving sensitivity to low-
reflectivity zones in seismic data and enhancing thin-bed reservoir
identification capability. The model experiment and a field data
application are utilized to demonstrate the feasibility and stability
of the proposed method.

2. Theory and method

2.1. Derivation of second order approximation for PP-reflectivity

The formulas for the reflection and transmission coefficients in
the case of plane wave incidence were derived by the famous
German physicist Zoeppritz (1919) on the basis of the fluctuation
equation and the theory of elasticity. The reflection and trans-
mission can be expressed as follows:
⎡

⎢
⎢
⎣
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(1)

with

A32 =
VP1
VS1

cos 2β1; A33 =
VP1
VP2

V2
S2

V2
S1

ρ2
ρ1

sin 2α2;

A34 = −
VP1VS2
V2
S1

ρ2
ρ1

cos 2β2; A42 = −
VS1
VP1

sin 2β1;

A43 = −
ρ2
ρ1
VP2
VP1

cos 2β2; A44 = −
ρ2
ρ1
VS2
VP1

sin 2β2;

where VP, VS and ρ are denoted as longitudinal (P-) wave, trans-
verse (S-) wave velocities and the bulk density, respectively; α and
β represent the angles of incidence of P- and S-waves, respectively.
The subscripts 1 and 2 indicate the parameters of the layers above
and below the reflection interface, respectively.
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To assess the reflection coefficients dependent on the angle of
incidence, we obtain the second-order partial derivatives from Eq.
(1) in terms of the three parameters:

p1 =
ΔVP
VP

; p2 =
ΔVS
VS

; p3 =
Δρ
ρ
; (2)

where ΔVP and VP are the difference and average value of P-wave
velocity of the upper and lower layers of the interface, and
correspondingly for ΔVS, VS, Δρ, and ρ. The second-order partial
derivative operator can be expressed as follows:

Δ2 =pipj
∂

∂pi∂pj

⃒
⃒
⃒
⃒
⃒
pi=0;pj=0

(3)

It is worth noting that we should take into the consideration
the special case where the plane waves incident on the upper and
lower layers of the interface are the same, that is, pi = 0 (i = 1;2;
3). Then, Eq. (1) can be expressed as

A0B0 =C0 (4)

where A0 = A|pi=0, B0 = B|pi=0, and C0 = C|pi=0 are the undis-
turbed terms. Considering the first- and second-order perturba-
tions for all small quantities pi (i = 1;2;3), thematrix A and vectors
B and C can be written as follows:

A = A0 + A
′

+ A
′′

+ ⋯; B = B0 + B
′

+ B
′′

+ ⋯; C

= C0 + C
′

+ C
′′

+ ⋯: (5)

The second-order matrix representation of Eq. (1) can be
written as

(A0 +Aʹ
+Aʹ́

)(B0+Bʹ+Bʹ́ )= (C0 +Cʹ
+Cʹ́

) (6)

According to Eq. (6), the first order approximation equation can
be expressed as: AʹB0 + A0B

ʹ = Cʹ. For the second-order terms of
Eq. (6), expanding it yields the following equation:

Aʹ́B0+AʹBʹ + A0B
ʹ́ = Cʹ́

: (7)

The analytic form of the second order matrix for reflection and
transmission (Yang et al., 2023) can be expressed as follows:

Bʹ́ =A− 1
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whereAʹ and Bʹ are conventional first-order approximationmatrix,
and it is worth mentioning that we derive novel second-order
approximation matrix (Aʹ́ and Cʹ́ ) based on Snell's rule and the Aki
approximation (Aki and Richards,1980). B0 = [0;0;1;0]Τ is a vector
that is not all zero. The inverse of the matrix A0 can be derived
using the Cramer's rule as follows:

A− 1
0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎢
⎣
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(9)

The second order approximation of PP reflectivity consists of a
combination of two parts—a first order term and a second order
term, expressed analytically as follows:

RPP(α)=R1(α) + R2(α); (10)

where

R1(α)=
1
2

ΔVP
VP

(
1+sin2 α+sin2 α tan2 α

)
+
1
2

Δρ
ρ

(
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)
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R2(α)=
h3 sin α tan α

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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√

(
1
4
−
1
2
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ρ
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−
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − h2 sin2 α

√

(
ΔVS
VS

)2
;

where h = VS=VP is the ratio of the averages of the S- and P-wave
velocities. The construction of the forward operator based on the
approximate second order analytical formulation of Eq. (10) is
shown in Appendix A.

2.2. Instantaneous phase constraints

Within the geophysical domain, instantaneous phase (Abreu
et al., 2019; Pei et al., 2022) is exceptionally sensitive to seismic
response, and interface information and discontinuities in the
stratigraphy can be effectively reflected. Therefore, in this section,
we propose to add the constraints of instantaneous phase in the
seismic inversion so as to effectively improve the lateral continuity
and vertical resolution of the seismic inversion method.

Typically, the seismic data we apply is the real part of the
complex signal, and the imaginary part of the seismic signal is
represented by the Hilbert transform (HT) of the seismic data, then
the complex domain of the seismic signal can be expressed as:

~d=d+ id
_

(11)

where ~d represents the complex signal of the seismic signal, d

represents the seismic data, and d
_

= Hilbert(d) represents Hilbert
transform of the seismic data.

The instantaneous phase of the seismic data can be calculated
using the Hilbert transform, which is expressed as:

P= tan− 1
(
d
_/

d
)

(12)

with
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Fig. 1. Comparison of Hilbert transforms of seismic signals. The black curve repre-
sents the noise-free synthetic seismic data, the blue curve represents the Hilbert
transform curve calculated by the equation d

_

= Hilbert(G1m+ G2 [(Qm)∘(Qm) ] ), and
the red dotted curve represents the Hilbert transform curve calculated by the equa-
tion d

_

= GH1m+ GH2[(Qm) ∘(Qm)].
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Fig. 2. Comparison of instantaneous phase constraint terms for seismic signals. The
black curve is calculated from equation DSH = tan(P), and the red dotted curve is
calculated from equation GSHm = GSH1m+ GSH2[(Qm) ∘(Qm)].
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d=G1m+ G2[(Qm) ∘ (Qm)];

where P represents the instantaneous phase of the seismic data.
For details of the definition of equation d = G1m+

G2[(Qm) ∘(Qm)], please read Appendix A.

Then, d
_

= Hilbert(d) can be rewritten as:

d
_

= Hilbert(G1m+ G2[(Qm)∘(Qm) ] + N )

= Hilbert(G1)m+Hilbert(G2)[(Qm)∘(Qm) ] + N̂

= GH1m+ GH2[(Qm)∘(Qm) ] + N̂; (13)

with

GH1 =
1
2

⎡

⎢
⎢
⎣

C1(α1)H (W1) C2(α1)H (W1) C3(α1)H (W1)

C1(α2)H (W2) C2(α2)H (W2) C3(α2)H (W2)

⋮ ⋮ ⋮
C1(αk)H (Wk) C2(αk)H (Wk) C3(αk)H (Wk)

⎤

⎥
⎥
⎦D;

GH2 =

⎡

⎢
⎢
⎣

C4(α1)H (W1) C5(α1)H (W1) C6(α1)H (W1)

C4(α2)H (W2) C5(α2)H (W2) C6(α2)H (W2)

⋮ ⋮ ⋮
C4(αk)H (Wk) C5(αk)H (Wk) C6(αk)H (Wk)

⎤

⎥
⎥
⎦;

where GH1 and GH2 are the Hilbert transformmatrix of the forward
operators G1 and G2 respectively. Hilbert(Wi) is abbreviated as
H (Wi). N represents the seismic noise.

In order to verify the reliability of Eq. (13), we carried out noise-
free seismic data synthesis based on the second-order equation
derived from Section 2.1. The dominant frequency of the Ricker
wavelet is taken as 35 Hz, the sampling interval is 2 ms, and the
range of the incidence angle is 5◦–45◦. Fig. 1 shows the synthesized
seismic data and the Hilbert transform curve at an incidence angle
of 30◦. The black curve represents the noise-free synthetic seismic
data, the blue curve represents the Hilbert transform curve

calculated by the equation d
_

= Hilbert(G1m+ G2[(Qm)∘(Qm) ] ),
and the red curve represents the Hilbert transform curve calcu-

lated by the equation d
_

=GH1m+ GH2[(Qm) ∘(Qm)]. By comparing
the red and blue curves, it can be seen that the two curves are
consistent, which proves the reliability of Eq. (13).

By simplifying Eq. (12), the constraint term for the instanta-
neous phase is expressed as follows:

DSH= DSH1 + DSH2

=

⎡

⎢
⎢
⎢
⎢
⎣

1:=d(α1)

⋱

1:=d(αk)

⎤

⎥
⎥
⎥
⎥
⎦
GH1m

+

⎡

⎢
⎢
⎢
⎢
⎣

1:=d(α1)

⋱

1:=d(αk)

⎤

⎥
⎥
⎥
⎥
⎦
GH2[(Qm)∘(Qm)]

= Diag[1:=d]GH1m+ Diag[1:=d]GH2[(Qm)∘(Qm)]

= GSH1m+ GSH2[(Qm)∘(Qm)]

= tan(P)
(14)

where DSH represents the constraint term for the instantaneous
phase of seismic trace, and Diag represents diagonal matrix.

To verify the plausibility of Eq. (14), we show in Fig. 2 a com-
parison of the instantaneous phase constraint terms for an inci-
dence angle of 30◦. The black curve is calculated from equation
tan(P), and the red curve is calculated from equation GSH1m+

GSH2[(Qm) ∘(Qm)]. Fig. 2 further validates and highlights that the
instantaneous phase information of seismic signals exhibits
heightened sensitivity to subsurface thin-layer structures and
medium variations.

The solution of the AVO inversion objective function based on
higher order approximation and instantaneous phase constraints
can be written as:

f (m)=min
m

‖d − G1m − G2((Qm)∘(Qm))‖
2
2

+min
m

‖DSH − GSH1m − GSH1((Qm)∘(Qm))‖
2
2:

(15)

A simplification of Eq. (15) can be expressed as:

f (m)=min
m

‖d − Gm‖
2
2 +min

m
‖DSH − GSHm‖

2
2; (16)

with

Gm=G1m+ G2((Qm) ∘ (Qm));

GSHm=GSH1m+ GSH1((Qm) ∘ (Qm)):
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2.3. Improved probabilistic seismic AVO inversion using the
improved IA2RMS-Gibbs algorithm

In order to efficiently obtain the optimal solution of Eq. (16),
while avoiding the problem of integral operations, which is diffi-
cult to solve in the Bayesian algorithm, we propose an improved
IA2RMS-Gibbs algorithm (Martino et al., 2015; Li et al., 2022a,b;
Zuo et al., 2024) to address this problem.

The probabilistic solution of the inverse problem is the poste-
rior probability density function (PDF). The posterior probability
density function p(m|d) can be obtained by combining the likeli-
hood function p(d|m) and the prior probability density function
p(m) under the Bayesian framework (Grana, 2022):

p(m|d)=
p(d|m)p(m)

p(d)
(17)

where p(d) is a constant and generally set to an appropriate value
according to the actual situation.

A priori information can be obtained from elastic parameters
on logs. It is generally assumed that the prior information obeys a
Gaussian distribution, the mean matrix of m is μm , and the
standard deviation is σm, the prior probability density function can
be written as:

p(m) =
1

(
2πσ2m

)N
2

exp
{

−
‖m − μm‖

2

2σ2m

}

(18)

where N represents the number of seismic data sampling points.
Combining the quadratic approximation equation derived in

Eq. (16) with the instantaneous phase constraint term, the likeli-
hood function in the Bayesian framework is expressed as follows:

p(d|m) =
1

(
2πσ2d

)N
2

exp

{

−
‖d − Gm‖

2

2σ2d

}

⋅
1

(
2πσ2sh

)N
2

exp

{

−
‖DSH − GSHm‖

2

2σ2sh

} (19)

where σ serves as a damping factor correlated with the signal-to-
noise ratio (SNR).

The posterior probability density function is written as follows:

p(m|d) = exp(log(p(d|m) ) + log(p(m) ) )

= exp

(

−
‖d − Gm‖

2

2σ2d
−
‖DSH − GSHm‖2

2σ2sh
−
‖m − μm‖

2

2σ2m

)

(20)

The Gibbs sampling algorithm has the advantage of producing a
range of adaptive proposal distributions, and the IA2RMS

algorithm has the advantage of improving the stability of Markov
chains. In order to efficiently perform an iterative inversion of the
posterior PDF derived from Eq. (20), we combined the Gibbs
sampling and IA2RMS algorithms. It is worth noting that the
interpolation method used in our improved Gibbs sampling is the
first-order Taylor approximation.

The proposed IA2RMS-Gibbs algorithm has two important pa-
rameters, the number of iterations of the Markov chain and the
number of iterations of the algorithm. At the beginning of the al-
gorithm, we set both the number of iterations of the Markov chain
k and the number of algorithm iterations τ to zero.

A series of support points (Fig. 3) were obtained by linear
interpolation of the low-frequency modelm0, and its expression is

Sτ =
{
s1τ(i); s

2
τ(i);⋯; slτ(i)

}
(21)

where l represent the number of support points, and
s1τ(i) < s2τ(i) < ⋯ < slτ(i), i represent the location of modelm0, i = 1;2; :

::;N.
Building proposals pτ((m|Sτ)|d) from a set of support points Sτ

using a piecewise linear function (Fig. 4), which can be expressed
as

pτ((m|Sτ)|d ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

η0s+ p1τ(i)((m|Sτ)|d ) − η0s
1
τ(i); s ∈

(
0; s1τ(i)

]

Ll;l+1; s ∈
(
slτ(i); s

l+1
τ(i)

]

ηls+ plτ(i)((m|Sτ)|d ) − ηls
l
τ(i); s ∈

(
slτ(i);+∞

]

(22)

where η0 and ηl represent the approximated slopes of line seg-
ments between support points s1τ(i) to s2τ(i) and sl− 1τ(i) to slτ(i) ,

respectively. Within the interval (slτ(i); s
l+1
τ(i) ], Ll;l+1 represents a

piecewise linear interpolation function constructed by connecting

the support points slτ(i) and sl+1τ(i) . p
l
τ(i)((m|Sτ)|d) represents the

posterior probability density of the model parameterm evaluated
at the designated support point slτ(i). s is obtained by applying a

first-order Taylor interpolation approximation method to inter-
polate a series of support points. This approach constructs a
continuous linear approximation between adjacent points
through the first-order term of local Taylor series expansion.

It is independent of the current state of the chain for
pτ((m|Sτ)|d), which means that the proposal tends to converge to
posterior PDF. And when a new proposal enters the rejection loop
in the IA2RMS algorithm, the new support points show a tendency
to change, first increasing and then decreasing to zero. Algorithm 1
shows the pseudo-code of the proposed algorithm of IA2RMS-
Gibbs.
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3. Examples

3.1. Model experiment

The accuracy of reflection coefficients plays a crucial role in
seismic inversion, and accurate reflection coefficients can effec-
tively reduce the multiplicity of solutions in the inversion. In order
to test the accuracy of our derived second-order approximation
equation for PP wave reflectivity, we use a typical AVO model
interface for validation. The parameters of the model interface are
derived from actual well data in a study area, and the specific
parameter settings are shown in Table 1. Meanwhile, we compare
the accuracy of Zoeppritz, Ruger approximation (Rüger, 1997,
2002), and Wang approximation (Wang, 1999) (shown in Fig. 5).
Compared with Rüger's linear approximation, the quadratic
approximation introduces second-order terms of density and
elastic parameters, which substantially improves the accuracy of
the reflection coefficient. Comparative analysis of four typical AVO
interfaces demonstrates that Rüger's linear approximation,Wang's
approximation, and the quadratic approximation exhibit equiva-
lent accuracy to the exact equation at near angles (<30◦). Notably,
the quadratic approximation (red dotted curves) shows enhanced
convergence with the exact solution (black curves) at far angles
(>30◦), confirming the superior performance of our derived sec-
ond-order approximation in large-angle scenarios. The integration
of Class IV data from Table 1 with Fig. 5(d) collectively demon-
strates that the proposed second-order approximation achieves
closer alignment with the exact Zoeppritz reflection coefficients
when abrupt variations in elastic parameters occur (e.g., at high-
velocity/low-velocity layer interfaces). This provides robust evi-
dence for the method's enhanced fidelity in resolving sharp lith-
ological contrasts compared to conventional linear
approximations.

The forward operator is constructed from the derived quadratic
PP reflection approximation and instantaneous phase constraint
term, and then the probabilistic AVO inversion is carried out using
the improved IA2RMS algorithm with Gibbs sampling, and the
feasibility and noise immunity of the method are verified using
field logging data. Meanwhile, the inversion results and uncer-
tainty analysis results of the conventional stochastic inversion and
the proposed inversion method are compared. By the way, the
conventional stochastic inversion method covered in this paper
refers to the IA2RMS stochastic inversion under the Ruger
approximation formulation. The synthesis of seismic data was
performed using the derived quadratic PP reflection approxima-
tion, where the dominant frequency of the Ricker wavelet is taken
as 35 Hz, the sampling interval is 2 ms, and the range of the
incidence angle is 5◦–45◦. Fig. 6 shows the synthesized seismic
data, (a) noise-free seismic data, (b) seismic data with SNR = 9:1,
(c) seismic data with SNR = 2:1, and (d) seismic data with

Table 1
The typical interface model of different class AVO. Parameters are obtained from
well logs in the study data.

AVO class Geology Vp, m/s Vs, m/s ρ, g/cm3

Class I Upper medium 2545 1255 2.30
Lower medium 2985 1530 2.42

Class II Upper medium 2655 1180 2.29
Lower medium 2790 1675 2.08

Class III Upper medium 3005 1285 2.30
Lower medium 2455 1655 2.12

Class IV Upper medium 3655 2095 2.33
Lower medium 2285 1065 1.40
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SNR = 1:1. Figs. 7–10 show the comparison of the inversion results
for noise-free, SNR = 9:1, SNR = 2:1, and SNR = 1:1, respectively.
Comparison of the inversion results of P-wave velocity (Vp), S-
wave velocity (Vs) and density (ρ) in Figs. 7–10 demonstrates the
high accuracy of the proposed probabilistic AVO inversion method
over the conventional stochastic inversion method. It is worth
mentioning that both stochastic inversion methods show strong
noise immunity, which verifies the feasibility and noise immunity
of the proposed inversion method.

In order to show the accuracy of the inversion results of the two
inversion methods more clearly, Fig. 11 demonstrates the histo-
grams of the two inversion methods compared with the actual
model. Fig. 11(a)–(c) show the comparison of the conventional
stochastic inversion results of P-wave velocity, S-wave velocity,
and density with the histograms of the actual model, and Fig. 11
(d)–(f) show the comparison of the proposed probabilistic AVO
inversion results of P-wave velocity, S-wave velocity, and density
with the histograms of the actual model, respectively. The
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histogram comparison of the two methods illustrates that the
proposed probabilistic AVO inversion method has higher accuracy,
moreover, its inversion results are closer to the actual model and
less affected by seismic noise. Fig. 12 shows the uncertainty
analysis of the 20 inversion results for both the conventional sto-
chastic inversion method and the proposed probabilistic AVO
inversion method. In the legend, black circles denote true model
values, blue circles indicate conventional inversion results, and red
circles represent outputs from the proposed stochastic method.
Fig. 12(a)–(c) show the uncertainty analysis of the conventional P-
wave velocity, S-wave velocity, and density stochastic inversion
results, and Fig. 12(d)–(f) show the uncertainty analysis of the
proposed P-wave velocity, S-wave velocity, and density stochastic
inversion results, respectively. The comparison of the uncertainty

assessment of the two stochastic inversion methods demonstrates
that the proposed probabilistic AVO inversion method is more
stable with less uncertainty. It is also shown that the proposed
inversion method has a much better convergence, which greatly
improves the efficiency of the inversion.

To highlight the individual contributions of quadratic approx-
imation, phase constraints, and the improved IA2RMS-Gibbs al-
gorithm, Fig. 13 presents the P-wave velocity convergence curves
derived from the averages of 20 Markov chains under a SNR of 1:1.
The blue line represents the conventional IA2RMS stochastic
inversion, orange represents the stochastic inversion with the
improved IA2RMS-Gibbs algorithm, yellow represents the
instantaneous phase-constrained stochastic inversion based on
the improved IA2RMS-Gibbs algorithm, purple represents the
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Fig. 7. Noise-free AVO inversion results of P-wave velocity, S-wave velocity, and
density. The black curve represents the actual model data, the green curve represents
the low-frequency model, the grey curve represents the results of 20 stochastic in-
versions, the blue curve represents the stochastic inversion results obtained by the
traditional method, and the red curve represents the stochastic inversion results
obtained by the method proposed in this paper.
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Fig. 8. AVO inversion results of P-wave velocity, S-wave velocity, and density for
SNR = 9:1. The black curve represents the actual model data, the green curve rep-
resents the low-frequency model, the grey curve represents the results of 20 sto-
chastic inversions, the blue curve represents the stochastic inversion results obtained
by the traditional method, and the red curve represents the stochastic inversion re-
sults obtained by the method proposed in this paper.
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Fig. 9. AVO inversion results of P-wave velocity, S-wave velocity, and density for
SNR = 2:1. The black curve represents the actual model data, the green curve rep-
resents the low-frequency model, the grey curve represents the results of 20 sto-
chastic inversions, the blue curve represents the stochastic inversion results obtained
by the traditional method, and the red curve represents the stochastic inversion re-
sults obtained by the method proposed in this paper.
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Fig. 10. AVO inversion results of P-wave velocity, S-wave velocity, and density for
SNR = 1:1. The black curve represents the actual model data, the green curve rep-
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chastic inversions, the blue curve represents the stochastic inversion results obtained
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sults obtained by the method proposed in this paper.

S.-S. Zhou, X.-Y. Yin, K. Li et al. Petroleum Science 23 (2026) 127–142

135



1500 2000 2500 3000 3500

P-wave velocity, m/s

0

20

40

60(a)
N

um
be

r o
f m

od
el

s

Conventional

Actual model

(d)

1500 2000 2500 3000 3500

P-wave velocity, m/s

0

20

40

60

N
um

be
r o

f m
od

el
s

Proposed

Actual model

(b)
Conventional

Actual model

1000 1500 2000

S-wave velocity, m/s

0

20

40

60

N
um

be
r o

f m
od

el
s

Proposed

Actual model

(e)

1000 1500 2000

S-wave velocity, m/s

0

20

40

60

N
um

be
r o

f m
od

el
s

Conventional

Actual model

(c)

2000 2200 2400

Density, kg/m3

0

20

40

60

N
um

be
r o

f m
od

el
s

Proposed

Actual model

(f)

2000 2200 2400

Density, kg/m3

0

20

40

60

N
um

be
r o

f m
od

el
s
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quadratic approximate stochastic inversion based on the improved
IA2RMS-Gibbs algorithm, and green represents improved proba-
bilistic seismic AVO inversion constrained by instantaneous phase
using quadratic PP-reflectivity approximation and IA2RMS-Gibbs
algorithm. NVp and CVp denote the iteration count of the Markov
chains and the Pearson correlation coefficient between the inver-
sion results and the P-wave velocity derived from logging data,
respectively. A comparative analysis of the blue and orange Mar-
kov chain convergence profiles reveals a pronounced divergence in
convergence behavior: at an equivalent Pearson correlation coef-
ficient threshold of 0.82, the required iteration counts are 1200
and 515, respectively. This empirically validates that the improved
IA2RMS-Gibbs algorithm achieves substantially enhanced
convergence rates and computational efficacy compared to con-
ventional methodologies. A comparative analysis of the purple and
orange Markov chain convergence profiles demonstrates distinct
convergence patterns: the twomethodologies require 520 and 515
iterations to achieve stabilization, with correlation coefficient
thresholds of 0.88 and 0.84, respectively. These results provide
compelling evidence that the quadratic approximation strategy
proposed in this study significantly enhances inversion accuracy
compared to conventional approaches. A comparative analysis of
the yellow and orange Markov chain convergence profiles reveals
distinct performance characteristics: the two methodologies
require 812 and 515 iterations to achieve stabilization, with cor-
relation coefficient thresholds of 0.89 and 0.84, respectively. While
the instantaneous phase-constrained strategy proposed in this
study significantly enhances inversion accuracy, its sensitivity to
seismic noise introduces non-negligible perturbations to the
Markov chains, thereby decelerating convergence rates. To miti-
gate this limitation, we introduce a novel improved probabilistic
seismic AVO inversion constrained by instantaneous phase using
quadratic PP-reflectivity approximation and IA2RMS-Gibbs algo-
rithm method. As evidenced by the green convergence profile, the
refined methodology attains a correlation coefficient threshold of
0.9 with only 240 iterations, demonstrating simultaneous im-
provements in both convergence efficiency and inversion preci-
sion compared to conventional method.

3.2. Field data inversions

To verify the practicality of the proposed inversion method, we
applied the method to the field data and at the same time
compared the effects of both methods, the conventional stochastic
inversion method and the proposed inversion method. Fig. 14
shows the field angle-stack seismic profiles, (a)–(c) for the near
angle-stack (4◦–18◦) seismic, medium angle-stack (14◦–28◦)
seismic and far angle-stack (26◦–40◦) seismic, respectively. Fig. 15
shows the inversion results of P-wave velocity, S-wave velocity
and density obtained by the conventional stochastic inversion
method. Fig. 16 shows the inversion results of P-wave velocity, S-
wave velocity and density obtained by the proposed probabilistic
AVO stochastic inversion method. From the analysis of Figs. 15 and
16, it can be seen that the inversion results of P-wave velocity, S-
wave velocity, and density obtained by the two stochastic inver-
sion methods can match the well curves. The comparison of the
two stochastic inversion methods illustrates that the proposed
probabilistic AVO inversion method has better lateral continuity
and higher resolution (indicated by the black arrows in Figs. 15 and
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16, as an example), and more clearly highlights the stratigraphic
interface information (as exemplified by the black ellipse areas in
Figs. 15 and 16).

4. Discussion

The IA2RMS-driven probabilistic AVO inversion technique
constitutes an advanced nonlinear stochastic approach that for-
mulates an optimized posterior probability density function
within a Bayesian inference paradigm. This methodology elegantly
circumvents the intractable integration challenges inherent in
conventional Bayesian implementations through its multi-chain
Markov sampling architecture, while achieving superior vertical
resolution compared to deterministic inversion. Despite successful
field applications across diverse geological settings, critical chal-
lenges persist regarding computational bottlenecks in multi-
parameter optimization and rigorous quantification of solution
space uncertainties.

In order to reduce the uncertainty of stochastic inversion
methods and to improve the accuracy of stochastic inversion.
Firstly, this paper derives a new and more accurate quadratic PP
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Fig. 15. AVO inversion results cross well 1 obtained by conventional stochastic
inversion methods. (a) P-wave velocity, (b) S-wave velocity, (c) density.
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Fig. 16. AVO inversion results cross well 1 obtained by proposed stochastic inversion
methods. (a) P-wave velocity, (b) S-wave velocity, (c) density.
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reflection approximation from the PP reflection coefficient equa-
tion, By comparing the Ruger linear approximation, the Wang
approximation, and the derived quadratic approximation with the
exact approximation equations (Fig. 5), it is shown that the
quadratic approximation equations have a higher accuracy over a
large range of angles. Then, considering the sensitivity of the
instantaneous phase to the seismic response, the instantaneous
phase constraint term is derived using the Hilbert transform, and
the constraint of the instantaneous phase is added to the objective
function, which can effectively improve the identification of the
stochastic inversion lateral continuity and stratigraphic interface
(Fig. 16). Finally, an innovative adaptive AVO stochastic inversion
method developed by integrating enhanced Gibbs sampling with
the IA2RMS algorithm. This approach enhances the stability of
random sampling while ensuring the accuracy of inversion results.

The relative magnitude of the P-wave to S-wave velocity ratio
(Vp/Vs) can effectively distinguish between sandstone and
mudstone. The exceptionally low Vp/Vs ratio of gas-bearing sand-
stone serves as a critical indicator in hydrocarbon exploration,
while the high Vp/Vs ratio of mudstone helps eliminate fluid-
related interference. Fig. 17 demonstrates a quantitative lithology
comparison between the inverted Vp/Vs ratio results and well log
data. As illustrated by the inversion results in Fig. 17, the lower and
higher Vp/Vs values correlate closelywith sandstone andmudstone
identified (indicated by the black arrows in Fig. 17, as an example)
in the well logs, respectively. This further validates that the
inversion method proposed in this study can reliably identify hy-
drocarbon reservoirs.

5. Conclusion

A probabilistic seismic AVO inversion method, using a combi-
nation of the quadratic PP reflection approximation and the
improved IA2RMS-Gibbs algorithm with the instantaneous phase
as a constraint, has been proposed to estimate the elastic param-
eters of the subsurface medium. In this paper, the derived
quadratic approximation equations and instantaneous phase
constraint terms are combined and incorporated into the likeli-
hood function in a Bayesian framework, and then the integration
of a piecewise linear function strategy with the IA2RMS-Gibbs
sampler addresses the inherent limitations of parameter distri-
bution assumptions in stochastic simulations. By strategically
incorporating support points within the sampling framework, this
hybrid approach enables adaptive refinement of proposal distri-
butions while maintaining Markov chain ergodicity. Finally, the
high-dimensional posterior PDFs of the elastic parameters are
estimated by a perturbed iterative inversion strategy. The main
advantage of the proposed inversion method is that it breaks the
limitation of stochastic inversion in the traditional sense, and
improves the resolution of the inversionwhile maintaining a good
lateral continuity, which enables the stratigraphic interfaces to be
well delineated. The proposed probabilistic AVO inversion method
greatly reduces the uncertainty of the stochastic inversion
method, which results in a great improvement of the inversion
accuracy. Numerical modeling tests and field seismic data also
confirm the robustness and feasibility of the proposed probabi-
listic AVO inversion method.
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Appendix A. Construction of forward operators

The reflectivity of P-wave velocity, S-wave velocity, and density
can be approximated in logarithmic form as

RiP=
Vi+1P − ViP
Vi+1P + ViP

≈
1
2

Δln ViP =
1
2

(
ln Vi+1P − ln ViP

)
;

RiS =
Vi+1S − ViS
Vi+1S + ViS

≈
1
2

Δln ViS=
1
2

(
ln Vi+1S − ln ViS

)
;

Riρ =
ρi+1 − ρi

ρi+1 + ρi
≈
1
2

Δln ρi=
1
2

(
ln ρi+1 − ln ρi

)
; (A.1)

where RiP, R
i
S, and R

i
ρ are the reflectivity of P- wave, S-wave, density

at layer i, respectively. Writing Eq. (A.1) in the form of a matrix can
be expressed as:

RP≈
1
2
D1LP;RS ≈

1
2
D1LS;Rρ ≈

1
2
D1Lρ; (A.2)

where LP, LS, Lρ the matrix of the natural logarithm of the P-wave
velocity, S-wave velocity, and density, respectively; D1 represents
the first order difference matrix which can be written as:

D1 =

⎡

⎢
⎢
⎣

− 1 1 0 ⋯ 0
0 − 1 1 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 − 1 1

⎤

⎥
⎥
⎦: (A.3)

The forward model for the first order term of Eq. (10) can be
expressed as:

d1(α)=
1
2
C1(α)W(α)D1LP+

1
2
C2(α)W(α)D1LS

+
1
2
C3(α)W(α)D1Lρ

(A.4)

with
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C1(α)=
1
2
sec2 α;

C2(α)= − 4h2 sin2 α;

C3(α)=
1
4
− h2 sin2 α

where W(α) is the angle-dependent wavelet kernel matrix, d1
denotes the seismic data of the first order term. C1(α), C2(α), and
C3(α) are the reflection coefficient angle matrix of the first-order
terms, respectively.

Eq. (A.4) can be simplified and expressed in the form of a vector
matrix as:

d1 =G1m (A.5)

with

d1 =

⎡

⎢
⎢
⎣

d1(α1)

d1(α2)

⋮
d1(αk)

⎤

⎥
⎥
⎦;m=

⎡

⎣
LP
LS
Lρ

⎤

⎦;

G1 =
1
2

⎡

⎢
⎢
⎣

C1(α1)W1 C2(α1)W1 C3(α1)W1
C1(α2)W2 C2(α2)W2 C3(α2)W2

⋮ ⋮ ⋮
C1(αk)Wk C2(αk)Wk C3(αk)Wk

⎤

⎥
⎥
⎦D

where αi(i= 1;2; :::; k) is denoted as the angle of incidence. Wi
represent seismic wavelet, which is a simplified expression for
W(αi); G1 is the first-order forward operator; m is natural loga-
rithm of the three elasticity parameters;D = kron(I3×3;D1), where
kron is the Kronecker product and I3×3 is the 3rd order identity
matrix.

The forward model for the second order term of Eq. (10) can be
expressed as:

d2 =G2[(Qm) ∘ (Qm)]; (A.6)

with

G2 =

⎡

⎢
⎢
⎣

C4(α1)W1 C5(α1)W1 C6(α1)W1
C4(α2)W2 C5(α2)W2 C6(α2)W2

⋮ ⋮ ⋮
C4(αk)Wk C5(αk)Wk C6(αk)Wk

⎤

⎥
⎥
⎦; (A.7)

C4(α)=
h3 sin α tan α

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − h2 sin2 α

√
(
1 − 2h2 sin2 α+ cos2 α

)
;

C5(α)= −
2h3 sin3 α tan α
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − h2 sin2 α

√ ;

C6(α)= −
h sin α tan α
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − h2 sin2 α

√

(
1
4
−
1
2
h2 sin2 α

)

;

Q =

⎡

⎣
0 2_I _I
0 _I 0
0 0 _I

⎤

⎦D;

where G2 represents the forward operator of the second order
term. It is worth noting that in order to represent the quadratic
terms, we introduce the Hadamard product operator denoted by ∘ ,
then [(Qm) ∘(Qm)] can be rewritten as:

(Qm) ∘ (Qm)=

⎡

⎣
2ΔIs + ΔIρ
ΔIs
ΔIρ

⎤

⎦ ∘

⎡

⎣
2ΔIs + ΔIρ
ΔIs
ΔIρ

⎤

⎦

=

⎡

⎣
(2ΔIs + ΔIρ)∘(2ΔIs + ΔIρ)
ΔIs∘ΔIs
ΔIρ∘ΔIρ

⎤

⎦;

(A.8)

The forward equation based on the quadratic PP reflectivity
approximation can be expressed as:

d=d1 + d2 = G1m+ G2((Qm) ∘ (Qm)) (A.9)
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