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ABSTRACT

The multi-branch horizontal wells can improve the reservoir dynamic flow profile, restrain water
coning, enhance production and recovery efficiency due to large drainage area and low cost, and it is
significant importance for academic research and industrial applications. However, the effects of
branches interference and wellbore variable mass flow on transient dynamics of water breakthrough,
production characteristics and recovery efficiency have long been ignored. To dynamically simulate and
evaluate the fluid flow behavior of multilateral horizontal wells, first, the branches interference and
coupled relationship between reservoir fluid seepage and wellbore variable mass flow has been
investigated in this paper, a coupled model for predicting multilateral horizontal wells dynamic pro-
duction and water breakthrough time is proposed with arbitrary three-dimensional spatial distribution.
Subsequently, the model is validated by comparing the production and breakthrough time between
actual production data and simulated software. Last, the performance characteristics including inflow
dynamics, production, wellbore pressure drop and water breakthrough dynamic distribution are
analyzed. The results indicate that the unstable flow time is shorten and it is about 0.6 h, and the
wellbore inflow profile represents a characteristic of “low in the middle and high at both ends” on
account of branches interference. The pressure drop of wellbore is mainly affected by friction, and other
pressure drop types are acceleration pressure drop, convergence pressure drop and mixed pressure drop
in order of influence, respectively. The breakthrough time is prior at junction of main wellbore and
branch wellbores, then the bottom water spreads to the middle position of main wellbore and trailing
position of each branch wellbore. The branch length has a critical impact on breakthrough time, and the
branch numbers also affect it as well as the branch angle. The proposed theoretical model can be used to
calculate and predict the production, breakthrough time and recovery efficiency of multilateral hori-
zontal wells, and it supplies strong technical support for further development and enhance oil recovery
of bottom water reservoir and actual oil field production.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).
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1. Introduction

Multi-branch horizontal wells have become widely application
in both domestic and international oil fields, particularly in
offshore oil fields (Bazitov et al., 2015; Fan et al., 2006; Wang et al.,
2025a, b; Yue et al., 2015), which improves the reservoir dynamic
flow profile, slows down the bottom water coning rate, delays the
water breakthrough time, and increases the recovery degree
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(Wang et al., 2015; Filho et al., 2015; Zhou et al., 2016; Zhang et al.,
2023). The fundamental assurances for attaining favorable eco-
nomic outcomes when multilateral horizontal wells are put into
production are delaying bottom water coning and precisely fore-
casting production (Song et al., 2019; Shi et al., 2023, 2024). Since
Muskat and Wyckoff (1935) introduced the concept of water
coning into the petroleum engineering field, numerous re-
searchers have been thoroughly examined analytical solutions and
empirical correlations to predict the productivity (Bruining et al.,
1991; McCarthy, 1994; Permadi and Jayadi, 2010; Luo et al.,
2008, 2017; Bahadori and Nouri, 2012) and water breakthrough
dynamics for vertical (Tabatabaei et al., 2012; Bournazel and
Jeanson, 1971; Cai, et al., 2024, 2025; Ozkan and Raghavan, 1989)
or horizontal wells (Ozkan and Raghavan, 1990; Permadi and
Jayadi, 2010; Permadi et al., 1995). Zhou et al. (2023) derived a
transient productivity prediction model of perforated multilateral
horizontal wells by considering the mutual interference between
branches and perforations, but not considered the wellbore pres-
sure drop. Yue et al. (2021) concentrated on the pressure drop in
the wellbore, developed the multilateral horizontal well produc-
tivity model and examined the productivity-sensitive factors,
however, they did not take production time into account. Wang
et al. (2015) investigated the remaining oil distribution rules, for-
mation mechanisms, and enhance oil recovery (EOR) methods
through physical experiments on acrylic models resembling the
geological features of reservoirs, revealed the significant effects of
fracture cave morphological configuration and connectivity on
remaining oil distribution, provided new insights and guidance for
EOR design optimization catering to the unique features of frac-
tured vuggy reservoirs. Gang et al. (2024) established a new hor-
izontal well productivity prediction model by coupling key
geological and engineering parameters, calculated the similarity
coefficient and realized quantitative prediction of single well
productivity. Yue et al. (2020) proposed a new coupling model for
estimating the water breakthrough time of complex structured
multilateral horizontal wells, and the coupling model shows an
excellent agreement with the results from the actual scenarios.
However, they did not take variable-mass flow pressure drop into
account. On this basis, many studies have proposed that the
branch angle is an important factor causing interference between
branches (Tong et al., 2024; Zhang and Gu, 2024; Qiu et al., 2023;
Yi and Tang, 2023). For multilateral horizontal wells, the interac-
tion among laterals can also influence productivity (Fuad and
Qasem, 2024; Lux et al.,, 2016). The parameters related to the
shape of multilateral horizontal wells, such as branch length and
branch angles, can obviously affect the productivity and water
breakthrough dynamics (Wang et al., 2017; Yu et al., 2019). How-
ever, due to the complex structure of multilateral horizontal wells,
there aren't many productivity studies that take into account the
effect of wellbore variable mass flow pressure drop and the dy-
namic flow performances in bottom water reservoir (Zhai et al.,
2022). Specifically, the influence of branch parameters on the
water coning and cresting dynamics is not clearly understood yet.
Therefore, in order to manage the challenges in the bottom water
reservoir development process, effectively guide on-site produc-
tion operations and forecast productivity, bottom water break-
through time and location distribution along the wellbores, a
trustworthy model is required. In this paper, combining the the-
ories of flow in porous media, engineering fluid mechanics and
reservoir engineering, a coupled model of reservoir percolation
and wellbore variable mass flow that takes into consideration
wellbore mutual interference is established by using the mathe-
matical and physical approach. The model can describe the various
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components that make up wellbore pressure drop and fluid flow
characteristics, explain the mutual interference between well-
bores and the water breakthrough dynamics, including water
breakthrough time and location. Compared to previous studies,
the proposed model took multiple factors into account, including
the wellbore pressure drop composition, the coupling relationship
between reservoir and wellbore flow and the impact of production
time, which brings the results closer to the actual production of oil
fields. The coupling flow production and water breakthrough
model of multilateral horizontal well from previous works were
obtained (Table 1). The study is important for improving the re-
covery efficiency, determining a reasonable working system,
delaying water breakthrough, optimizing the layout mode and
spatial structure of multilateral horizontal wells in the bottom
water reservoirs.

2. Model construction
2.1. Physical model

The fishbone drilling technique in a bottom water reservoir is
distinguished by micro-holes branching from the primary hori-
zontal well, with sidetracks I, II, IlI, and IV along the main wellbore
(Fig. 1). The reservoir's top surface is a closed boundary, while its
bottom surface is a constant pressure boundary. The reservoir
thickness is h, the reservoir anisotropic permeability is
kx = ky = kn, k; = ky, the distance between the wellbore and the oil-
water interface is zy, the length of each branch is equal. Fluid flows
simultaneously to the main wellbore production section and the
branch wellbore production section. Ignoring the effects of capil-
lary forces and gravity, the reservoir fluid is single-phase, slightly
compressible and flow follows Darcy's law. The multilateral hori-
zontal well can be arranged in any way, with varying numbers,
shapes, and configurations.

2.2. Mathematical model

2.2.1. Productivity coupling model of multilateral horizontal wells

Model I is the multilateral horizontal wells productivity
coupling model in bottom reservoirs, which composed of reservoir
percolation model and wellbore variable mass flow pressure drop
model. The development and resolution of model are the foun-
dation for dynamic prediction, parameter sensitivity analysis, and
water breakthrough dynamic analysis of multilateral horizontal
wells.

In bottom water reservoir, the slightly compressible fluid flows
to the multilateral horizontal well production section satisfies Eq.
(1):

7 @ @ a
khw% " khaTQ’ n kvﬁ - Wq()it’ (1)

The initial and boundary conditions are as Eq. (2):

P(X,¥,2)|—o = Di
P __ P _g 5 o i -
5,0 P, 0, ‘xl‘lg;p(x,y,Z) =Dpi, lylllg})op(x,yz) = Dj

p(x’y7Z)|(x—xw)2+(y—yw)2+(z—zw)2:r&v = pwf(i) 1< i< M)

(2)

In order to facilitate the discussion of multilateral horizontal well
pressure distribution, selecting the half length of the main
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Table 1
Summary of coupling dynamics model for multilateral horizontal well.
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Sources Models

Methods Considerations

Horizontal wells 3D water
cresting model

Horizontal wells bottom water
coning model

Vertical wells models of water
coning

Horizontal wells water drive
model

Water cresting model of
horizontal wells

Transient productivity model
of herringbone wells
Fishbone multilateral wells
production model in the
bottom water reservoir
Water breakthrough coupling
model for multilateral
horizontal well

Multilateral branch wells oil
recovery model

Multilateral horizontal well
productivity prediction model
Multilateral horizontal wells
transient flow model

Luo et al. (2008)
Bahadori and Nouri (2012)
Tabatabaei et al. (2012)
Ozkan and Raghavan (1989, 1990)
Permadi et al. (1995);

Permadi and Jayadi (2010)

Zhou et al. (2023)

Yue et al. (2021)

Yue et al. (2019)

Wang et al. (2025b)
Gang et al. (2024)

Yue et al. (2020)

Wellbore 3D structure; reservoir and fluids
properties
Formations anisotropic and homogeneous

Experimental methods

Haugen et al. (1988) analytical
method

Analytical solution Wellbores' length; wellbore radius
Spacing distance of wellbores; wellbore
vertical location

Reservoir anisotropic; wellbores' length

Mathematical methods
Analytical method

Mutual interference of branches and
perforations; reservoir anisotropic

Fishbone structure; wellbores' length; spacing
distance of wellbores; wellbore radius;
preformation parameters

Wellbore 3D structure; wellbore vertical
location; reservoir and fluids properties

Analytical method

Semi-analytic method

Semi-analytic method

Remaining oil distribution rules; formation
mechanisms

Formation pressure; fracturing fluid volume;
net pay thickness; permeability

Mutual interference of branches; production
time; reservoir and fluids properties

Physical experiments
Semi-analytic method

Analytical method

wellbore as the characteristic length, the dimensionless variable

(Ouyang and Aziz, 2001) is expressed as Eq. (3):

X Y oz Rk Xw o Yw o
XD - L/ZvyD - L/Z’ZD - L/2 kvvaD - /27yWD - L/zvzWD -
h kh 3.6kh hkh
hp =— /2 tp = t = -
P TIRk T a2 P T T84 < 103 M TP
| TP
Model I
h
A3
Bottom water ==y =
y " Original oil-water interface

Model 11

Fig. 1. Schematic diagram of multilateral horizontal well in bottom water reservoir.

where, (X, y, z) is source point; (xw, Yw, Zw) is field point; (xp, yp, zp) is

Zw [kn
L2 \k'

(3)
,Y,2,0)]

dimensionless field point; L is the main wellbore length, m; kp, ky are
the horizontal and vertical permeability of the reservoir, respectively,
mbD; Ly, is the branch wellbore length, m; h is the reservoir thickness,
m; ¢ is porosity; C; is the comprehensive compression coefficient,
MPa~'; t is the flow time, h; u is the oil viscosity, mPa-s; q is the oil
production, m>/d; p is the reservoir pressure, MPa; p; is the reservoir
initial pressure, MPa; pwr is the wellbore pressure, MPa; pp is the
dimensionless reservoir pressure, MPa.

(1) Reservoir percolation model

Based on the point source function and microelement theory,
the multilateral horizontal well production section is regarded as a
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line source that is made up of an infinite number of continuous branch wellbore length is Ly and is divided into T microsegments. By

point sources. According to the study of the continuous point integrating the point source solution along the wellbore direction,

source solution in the top closed-bottom constant pressure the pressure drop produced at any point in the reservoir can be

reservoir, the pressure drop resulting from the continuous point determined using the superposition principle. When the multilat-

source O (x, y, z) at any point M(Xw, Yw, Zw) in the Laplace transform eral horizontal well main wellbore and branch wellbores are pro-

domain can be represented as Eq. (4) duced simultaneously, considering the interference between the
wellbores, the entire production section pressure drop distribution
in the bottom water reservoir can be obtained by Eq. (5):

Aﬁ(XWD>yWD7ZWDﬂs) = Aﬁb(XWDunDaZWDws) + Aﬁm(XwDaJ’wD7ZwD75)

1.842 x 10-3uq (L & / Al Gor (G KL | {2 @n—1)%z% | . (2n—Dazyp . (20— 1azyp | Wik (5)
Ty ; k;z A 0 ;::11(0 V3.6Ryypy|S+ 36 412 sin——;- sin == 2%
1.842 x 103uq & /Mm Qrp ()L 2 2n—1%22 | . 2n— Dnzmip . (20 — Dazwp | dXp
+ keh ; {2 ; q T;KO \/ﬁny,D S+ 36 4h% sin 2y sin 2 2%
o 1.842 x 1073, where, Apy, is the branch wellbore pressure drop, MPa; App, is the
APp(XwD,YwD, ZwD,S) =—————q(S) main wellbore pressure drop, MPa; gu;: (j, k) is the inflow rate of k-th
Ly/kvkn microsegment on the j-th branch, m?/(d- m) gmi(i) is the inflow rate
o 2n — 1)27:2 of main wellbore i-th microsegment, m>3/(d-m); ALy is the micro-
. ZKO V3.6Ryyp T (4) segment length of branch wellbore, m; AL, is the microsegment
D n=1 3.6 x 4hp length of main wellbore, m; (Xjk, Yjk zjk) is the any point of k-th
microsegment on the j-th branch; (Xmi, Ymi, Zmi) is the any point of
sin (2n — D)mzp sin (2n — Dnzwp main wellbore i-th microsegment.
2hp 2hp The Laplace inverse transform can be used to obtain the
expression for the pressure distribution in the time domain, as Eq.
where, Ryyp is the dimensionless horizontal distance between the (6):

Ap(Xw,Yw, Zw, t) =

1.842 x 103y ALy ) <=2 —Dr] . 2n—-"1Nnzy . (2n— 1)nzw

BB WA ]Z; kz:/ 2q1: G, k) 2 ]KO [ny }sm Sh sin oh dxjx (6)
1.842 x 1073, Alm —Dr] . 2n—Dnzy . (2n—1nz

+——— F Rl L Z/ 2qmr (i) ZK [ny }sm Sh mi gin 5h WL dx i

source point O (x, y, z) and the field point M(xw, Yw, Zw), Rxyp =

\/(wa —xD)2 + (YwD —yD)z; Ko is the second class modified

Bessel function; n is positive integer; s is the Laplace variable

corresponding to t. According to the pressure drop variation rules during variable
Assuming the multilateral horizontal well has N branches, the production, the pressure drop produced at different At moments

main wellbore length is L and is divided into M microsegments, the can be expressed as Eq. (7):

821
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M
= ALm Z qmr (1, NAL)F;(Xw, Yw, Zw, At)+
i=1

AP (Xw,Yw, Zw, NAL)
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M n-1
ALm > qme (i, SAL{Fj[xw, Yw, Zw, (1 — 5 + 1)At] — Fi[Xw, Yw, 2w, (N — $)At]}+
i=1 s=1
N (7)
ALbj Z Z Qbr(jv k, nAt)Fj,k(xW,yW,Zw, At)+
j=1 k=1
N T n-1
ALpi > > " queli k,sat) { F; k[Xw, Yw: 2w, (1 = S + 1)At] — Fj i [Xw, Yw, Zw, (1 —s)Aq}
Jj=1 k=1 s=1
where, F; (xw.Yw.Zw,At) is a function that represents the sum of all M .
AL A Apwm = Z Apwm (i)
terms except for production ;™ qmr(At), [y dpr(At) of the main i1
wellbore, MPa-d/m?>; Fix (XwYw.Zw,Al) is a functlon that represepts oL [2.7146 x 101
the sum of all terms except for production . Z — D [fo(l — )
OAL"“ qmr(AL), ALbJ qu:(At) of the branch wellbore, MPa-d/m?>. m
+ cffoqs} 24 () — Qeue (i) (10)
(2) Variable-mass flow pressure drop model 21717 x 10*13Mer(i) o
4 ml
Assuming neither fluid inflow at the wellbore's toe nor heat LD
transfer occurs between the fluid and the wellbore, the conser- — Que(i)] +pgsin9
vation of momentum for the production section's i-th infinitesimal r 103
segment is represented as Eq. (8):
2 . Alm )
A(mV) =p= = VA (i) — V(i + ALm) | Quur (i, nAt) = /0 G (i, NAL) (10b)
nDZ, . wD?, . V2 (i
= Pwm (i + ALm) =% — Pwm () =5 — [rw1 ()(1 — ¢) where, 7,41(i) is friction resistance of wellbore, z,y; (i) =%2%.0, f, is
D2 friction efficient; zy(i) is the friction between radial flow and axial
. . 0
+ w2 (1)¢mDmALm | — pgsinéALm 4 flow, 7y, (i) = %, Cr is the correction coefficient for friction

(8)

where, Vi (i) is the radial flow velocity into the i-th microelement,
m/s; Viy(i) is the average flow velocity of the i-th microsegment, m/
s; pwm(i) is the flow pressure, MPa; Dy, is the diameter of wellbore,
m; p is the oil density, kg/m>; mV is the oil momentum, kg-m/s; ¢ is
the wellbore inclination angle, °; g is the gravitational acceleration,
m/s2.

The conservation of mass principle is derived as Eq. (9):

2

. nD2 . D
PV (i) "Tm — V(i + ALp) =0

2 =pVmr(i)¢ptDm ALy

(9)

And then, Eq. (8) is applied to Eq. (9), L is infinitely close to zero
and each physical quantity is measured in mining units, the
wellbore flow drop model Apym can be obtained by obtaining the
limit, as Eq. (10):
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resistance when there is radial inflow; p is the fluid density, g/cm?;
gmi(i) is the upstream flow of the i-th segment, rn3/d; Qmi(i) is the
reservoir radial inflow of i-th segment, m>/d.

(3) Coupling model of reservoir percolation and wellbore vari-
able mass flow

In the bottom water reservoir, the wellbore variable mass flow
and reservoir percolation are linked flow processes that are
dependent on one another. Using the principle of pressure conti-
nuity and the relationship between pressure and flow rate, the
coupling model for the i-th element at any time nAt (n > 1) can be
established as shown in Eq. (11):

Suppose the oil-water interface pressure is pe, the mathemat-
ical model of radial flow rate and flow pressure along the pro-
duction section of multilateral horizontal well in the bottom water
reservoir can be obtained as shown in Eq. (12):
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M M n-1
Ap(i, nAt) = p; — pwm (i, NAL) = ALm > _ qmr (i, RAOF;(Xw, Yw, Zw, At) + ALm Y >~ qme (i, SAO{Fi[Xw, Yw, 2w, (N =5+ 1)Al]
i=1 i=1 s=1
N T
— FilXw, Yw, Zw, (M= S)At]} + ALy > >~ qpe(j, k, NALF o (Xw, Yw, Zw, At)
j=1 k=1
N T n-1
FALG > YT anelink, sAt){Fj?k[nyW,zW, (n—s+1)At] — F; g[Xw, Yw, 2w, (N —s)At]} (11)
Jj=1 k=1 s=1

By developing corresponding procedures and using iterative
where, pwm is the main wellbore pressure drop, MPa; pwp is the methods to solve the model, the production of multilateral hori-
branch wellbore pressure drop, MPa. zontal wells can be calculated by Eq. (13)

ALpy
[ a1
0

ALpy
/0 Goe(1,2)

[Pe — Pwb(
Pe — Pwb(

—_
N =
—

ALy,
/0 Qo (1,T)

Pe — Pwp(1,T1)

AN N BN
xS T TxM
2T T 21X 1.842x10 3 | (12a)
Dyism AlLpy hkyL
MXZN:T /0 qor (N, T) h Pe — Pwb(N, Tn)
= AL Pe — Pwm(1)
/ Gmr (1) Pe — Pwm(2)
0 .
ALI‘H .
2
/0 Gmr(2) L Pe — Pwm(M) |
ALp
[ amet)
0
Pranay . Ppanam) - Pra, 1Ty pb(l’l,)m(l) pb(]’l,)m(z) pb(]’l,)m(M)
A _ . . . . . B _ )

S resor | Poamoan - Poanan - Phmgy | yepar | PO TOm PeATum@) e Pht
s Pranany - Pomoam) - PoNTo(NTw 1 7 PoNTm(1)  Pb(NTwm@) * Pb(N.Tvym(M)
Pmp1,1) © Pm)b(1T) ° Pm(1)b(N.Ty) Pm(1ym(1) Pm@1)m2) - Pm@)ymm)

C ZN? _ pm(2)~b(1,l) pm(Z)?(l,ﬂ) pm(Z)?(N,Tl) Doy = pm(2.)m(]) pm(Z.)m(Z) pm(Z?m(M) (12b)
Mx T
= Dmb(1,1) © Pmb(1,1y) ° PmMb(N,Ty) PmMym@1) PmmMm2) - PmMymMm)
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Table 2

Basic parameters of reservoir, fluid and wellbore.
Parameters Value Parameters Value
Reservoir thickness h, m 13.44 0il density po, g-cm 3 0.9
Reservoir horizontal/vertical permeability kp/ky, 10~3pm? 1000/600 Distance between the wellbore and the lower boundary z,,, m 342
Porosity 0.37 Main wellbore length L, m 400
Reservoir total compressibility coefficient C;, MPa™! 125 x 1073 Branch wellbore length Ly, m 150
Reservoir initial pressure p;, MPa 11.7 Branch angle «, ° 20
0il viscosity y, mPa-s 50 Wellbore radius ry, m 0.1

Production pressure difference, MPa

—1l— Don't consider the wellbore pressure drop
—@— Consider the wellbore pressure drop

0+ T T T T
0 2 4 6 8

Time, d

Fig. 2. Pressure difference change curve at heel end of herringbone main wellbore.

N
3> aneGikonat), (1<i<M,1

j=1 k=
<J<N,1<k<T,n>1)

M T
Q(nat) = qme(i,nAt) +
i=1 1
(13)
Along the multilateral horizontal well's production section, the
flow pressure adheres to the relationship shown in Eq. (14):
Pwm (i, NAt) = pwm(i — 1,nAt) + 0.5

[Apwm (i, nAt) + Apwm (i — 1,nA) ]|, pwm(1, nAt) = pwm
(0,nAt) + 0.5Apwm(1,nAL),(2<i<M+1,n>1)

(14)

The multi-branch horizontal wells production coupling model
is derived based on the point source function, and it is appropriate
for arbitrary distribution in three-dimensional reservoir space. The

Wellbore heel flow pressure, MPa

60

40 80 100 120 140

Production, m?/d

Fig. 3. IPR curve of multilateral horizontal well.
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model comprehensive considers all factors, increasing the diffi-
culty and computational complexity of solving the nonlinear
equation system. However, using the program developed in this
paper and the Newton iteration method, the iterative solution of
the model can be quickly completed.

2.2.2. Bottom water breakthrough dynamic model of multilateral
horizontal well

Model II is the bottom water breakthrough dynamic model of
multilateral horizontal well. Based on the original oil-water
interface, define the oil phase potential function as Eq. (15):

D(X,Y,2) =Ppe — P(X,¥,2) — po&H (15)

At the front of the water ridge, the potential function at the oil-
water interface is shown as Eq. (16):

0.25
. - Main wellbore
\ —@— Branch
! —@— Branch II
020 |
‘* —@— Branch Il
—@— Branch IV "
"
0.15 - ]

0.10 A

i
YTy

0.05

Wellbore radial inflow, m*/(d-m)

0 T T T T T T T

0 50 100 150 200 250 300 350 400

Wellbore length, m

Fig. 4. Radial inflow distribution of multilateral horizontal well wellbores.

120

120
—A— 1(0)
—&— 11(0)
—®@— Main wellbore(O)
—&— (W)
—A— (W)
—®— Main wellbore(W)

100 r 100

80 4 - 80
60 r 60

40 k40

Qil production, m¥/d
Water production, m3/d

20 r 20

0 200 400 600

Time, d

800 1000

Fig. 5. The variations of water (W) and oil production (O) over time.
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Fig. 6. Reynolds number and pressure drop composition of main wellbore. (a) Main wellbore; (b) branch wellbore. Here, Apnx is mixed pressure drop, kPa; Apac is acceleration
pressure drop, kPa; Apy, is friction pressure drop, kPa; Apcop is convergence pressure drop, kPa.

D¢(X,y,2) =Pe — P(X,¥,2) — po&H — (pw — po)gHs (16)
where, H is the oil column height, m; Hr is the water ridge front
height, m; py is the water density, g/cm?; p, is the oil density, g/
cm?; @ is the oil phase potential function; & is the oil phase po-
tential function at the oil-water interface; p. is the oil-water
interface pressure, MPa.

Next, the distribution of water breakthrough time at various
positions is obtained by using the numerical integration method,
and the calculation formula is obtained as Eq. (17):

Water breakthrough time ty,(d):

(1 —Swe — Sor) [* dz

t, —1.1574 x 102

ky 0 od¢(x,0,2) / oz
(17a)
Water cresting rising speed v (in m/s):
y—10-3 » kv 0D (x,0,2) (17b)

pup(1 — Swe — Sor) 0z
where, d&%(x,0,z)/0z is the potential gradient at any point on the
yz plane in the reservoir, MPa/m; S, is irreducible water satura-
tion; Sy is residual oil saturation; t, is the water breakthrough
time, d; v is the water cresting rising speed, m/s.

The multilateral horizontal well bottom water breakthrough
dynamic model is derived based on the coupling relationship be-
tween reservoir percolation and wellbore variable-mass flow in
bottom water reservoirs. It takes into account the coupling rela-
tionship between wellbore variable-mass flow and reservoir

Water ridge height, m

re, M

Fig. 7. Water ridge profile morphology at different times.
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percolation, as well as wellbore pressure drop and branch inter-
ference. It can predict the water breakthrough time and the
sequence of water breakthrough locations for multilateral hori-
zontal wells with arbitrary spatial distribution in bottom water
reservoirs. The model's foundation in Darcy's law makes it
appropriate for medium-high permeability reservoirs, particularly
for predicting the water breakthrough performance and produc-
tion dynamics of bottom water reservoirs.

3. Analysis of results

Using the multilateral horizontal well as the research object,
which is currently producing and has extensive production data
recorded in the extremely shallow seawater of Shengli Oilfield
Chengbei region. The multilateral horizontal well was put into
production in March 2020, and the oil distribution is compara-
tively stable with bottom water energy replenishment beneath the
oil layer. When the main wellbore and branch wellbore are pro-
ducing concurrently, utilizing the coupled model developed in this
paper to study the inflow dynamics, pressure drop composition,
productivity and water breakthrough dynamics characteristics.
The basic parameters of reservoir, fluid, and wellbore are shown
(Table 2).

3.1. Analysis of inflow dynamic characteristics

The main wellbore production section's production pressure
difference variation curves over time is depicted. After a brief
production period of about 0.6 h, the multilateral horizontal well's
pressure differential stops varying with production time, indi-
cating that the reservoir's fluid flow progressively changes from an
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£ E
=400 4 F005 B
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=3 1S
g 53
£ Foos 3
X =
o £
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Fig. 8. Distribution curve of flow and breakthrough time of multilateral horizontal
well.
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Fig. 9. Multilateral horizontal well trajectory model in the reservoir.
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unstable to a stable flow stage with a steady bottom water pres-
sure supply. When the pressure drop inside the wellbore is taken
into account, the production pressure difference of the wellbore
increases (Fig. 2). This results in an excessively high production
prediction for the multilateral horizontal well, therefore, the
wellbore pressure drops cannot be ignored when establish the
production model.

Production gradually decreases before plateauing as produc-
tion time increases. Because of the flow's initial restriction to the
vicinity of the multilateral horizontal well and its highly unstable
flow state, production fell off dramatically. The pressure waves
eventually extend to areas farther away from the reservoir, and the
flow tends to level out (Fig. 3).

The main wellbore radial inflow has the characteristic of “low in
the middle and high at both ends”. Due to the influence of branch
convergence causes the interference to be greater at the junction
of the main and branch wellbores, which lowers the radial inflow
into the wellbore. For branch wellbores, the flow rate gradually
increases from the heel end to the toe end, the primary cause is

(b) 150
Mathematical model I l Actual production
120 V28%
Y25%

V32% Y 1.9%
mE V1.4%
£ 904
= Y27%
kel |
k3]

2
S 604
=
o
30
0 T
100

300 600 900 1200 1500

Production time, d

Fig. 11. Production and pressure difference of multilateral horizontal well. (a) Regression analysis of production and pressure difference of multilateral horizontal well in actual
production. (b) Comparison of production at different production time about mathematical mode and actual production.
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CB-26

Table 3
Well completion data.

CB-26

Fig. 12. Numerical simulation model of the multilateral horizontal well.
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Parameters Top measure depth, m Bottom measure depth, m Wellbore length, m Completion method
Main wellbore 1707.0 1913.5 206.5 Slotted liner
1917.9 2075.5 157.6
Branch I 18324 1983.0 150.6 Open hole
Branch II 1876.3 1976.7 100.4 Open hole
Branch III 1912.6 2061.3 148.7 Open hole
Branch IV 1953.2 2053.7 100.5 Open hole
Table 4
Numerical water parameters.
Water parameters Connection between water and oil reservoirs
Depth, m Initial pressure, Initial volume, Water drive index, Lower Upper Lower Upper Lower Upper
MPa m3 m>/(d-bar) I ] I ] I ]
2500 27 1.2E+10 1.0E+03 1 75 1 50 67 67

that the branch wellbore's heel end is nearer the main wellbore,
which results in increased interference and decreased inflow. The
degree of interference to branch wellbores varies depending on
the branch position, at the heel end, branch I and II have a higher
inflow than branch IIl and IV, however, at the toe end is opposite
(Fig. 4). The variations in water (W) and oil production (O) over
time with respect to the main wellbore and branch I, II is depicted.
Over time, the water content rises while the oil production steadily
declines. The production varies depending on the branch position.
Because there is less interference, branch I produces more than
branch II (Fig. 5).

3.2. Analysis of wellbore pressure drop composition

The composition of the pressure drop and Reynolds number in
the multilateral horizontal well's wellbore (Fig. 6). For the main
wellbore, there is a step change in the pressure drop at the branch
confluence and a convergence pressure drop because of the
convergence of the branch wellbore. The Reynolds number Re
(Re = pvd[u) jumping increases at the confluence of branches,
resulting in a significant increase in frictional pressure drop closely
related to Reynolds number. In total pressure drop, friction pres-
sure drop makes up the largest portion (93.1%), followed by
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Fig.13. Comparison of mathematical model and numerical model. (a) Relationship between production and pressure difference in mathematical model and numerical model. (b)

Comparison of production and water breakthrough time.
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acceleration pressure drop (5.1%), convergence pressure drop
(1.07%), and mixed pressure drop (0.73%) (Fig. 6(a)). For branch
wellbores, both the Reynolds number Re and the overall pressure
drop gradually rise from the toe end to the heel end, most of the
pressure drop is caused by friction, followed by acceleration, and
the smallest percentage is caused by mixed pressure drop

(Fig. 6(b)).
3.3. Analysis of water breakthrough dynamic characteristics

The water ridge's cross-sectional morphology at various time
points is depicts. Initially, it rises slowly before accelerating
gradually until the water ridge breakthrough the oil well and
water is visible (Fig. 7).

The distribution trajectory of the water breakthrough time is
comparable to that of the inflow rate, that is, the water break-
through time earlier at low flow rates. Due to the interference and
diversion in the angle area near the confluence of the main well-
bore and the branch wellbore, the flow interference is large and
the flow rate is low, resulting in a large vertical pressure gradient
in the oil reservoir. Therefore, the water ridge rises quickly and the
water breakthrough time is short (Fig. 8).

4. Discussion
4.1. Model validation analysis
(1) Field application

Taking the Shengli Oilfield Chengbei block's herringbone
branch well CB-26, which has full production data, as the study's
subject. By utilizing the actual mining sites production data and
numerical simulation methods to confirm the accuracy of the
mathematical model which established in this paper. The reservoir
has multiple oil, gas, and water systems, the Dongying formations I
and II oil lower section are the target layer for development, with a
porosity of 27%-31% and an average of 29%, the permeability is
100 x 1073210000 x 10~3 pm?. The original formation pressure is
10.67 MPa, the layer effective thickness is 18.3 m, the average
distance between the wellbore and reservoir is 6.58 m, the effec-
tive formation permeability is 3029 x 10~ pm?, the anisotropy
coefficient is 3.15, and the underground crude oil viscosity is
351 mPa-s. The distribution of the oil layers is comparatively stable
and with bottom water energy replenishment below (Fig. 9).

The fluid production, water production, oil production, and
pressure difference variation curves of the multilateral horizontal
well over production time (Fig. 10).

The regression curve of the relationship among liquid produc-
tion and pressure difference in actual production. As illustrated,
the fluid production is equal to 79.73 x production pressure dif-
ference, which the fluid production index is 79.73 m3/(d-MPa)
(Fig. 11(a)). The mathematical model's computed production index
is marginally higher than the actual field date. The reason is that all
of the branches' production sections were taken into account
during the productivity computation in this paper, ignoring the
formation damage and wellbore stability. Even though the afore-
mentioned factors might cause some inaccuracies between
calculated values and actual production data, it is evident that the
difference between the two is less than 4%. If some branch sections
do not participate in production, or if oil-water two-phase flow
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causes a decrease in liquid volume of 4%, the calculated results are
basically consistent with the actual results (Fig. 11(b)).

(2) Numerical simulation analysis

The numerical simulation of the bottom water reservoir
multilateral horizontal well model is showed, the grid system is
75 x 50 x 67, and the model dimensions (D) are Dx = 15 m and
Dy = 10 m, the water layer's D7 (z = 67) is 3.42 m, while the oil
layer's (z < 67) is 10.2 m (Fig. 12). Tables 3 and 4 show the well
completion data and numerical water parameters.

According to the productivity coupling model for multilateral
horizontal wells developed in this paper, when the bottomhole
pressure of the multilateral horizontal well is higher than the
bubble point pressure, the relationship curve between fluid pro-
duction and pressure difference is essentially a straight line, with a
fluid production index of 80.898 m?/(d-MPa), and the fluid pro-
duction index is 79.05 m3/(d-MPa) in numerical model (Fig. 13(a)).
Between the numerical simulation, the mathematical model and
the actual production, the liquid production index has an error of
roughly 2.46% and 0.85%, the oil production index has an error of
roughly 4.4% and 2.1% (Table .5 and Fig. 13(b)). The reason for the
error is that the production dynamic data attained by mathe-
matical model is the single-phase oil recovery, while the numer-
ical simulation and the actual filed data are water & oil two-phase
flow, which increases the flow resistance. Furthermore, the lack of
consideration for reservoir damage and wellbore stability in the
mathematical model may also result in higher computed values.
Therefore, this article's computed liquid production index is
marginally higher than the numerical simulation data, this in-
dicates that the production model derived from the multilateral
horizontal well in this paper is accurate.

The distribution of bottom water breakthrough locations dur-
ing the numerical simulation process is depicts. The water break-
through early occurs at the intersection of the main and branch
wellbores, then moves on to the middle section of the main
wellbore and the heel position of each branch wellbore, at the two
ends of the main wellbore and the toe position of each branch
wellbore is relatively late, the result is consistent with the theo-
retical model results (Fig. 14).

4.2. Sensitivity analysis

At present, many scholars have conducted relevant research on
the factors that affecting the multilateral horizontal wells pro-
ductivity, but there are relatively few studies that consider the
intrinsic relationships between influencing factors. To maximize
the benefits of multilateral horizontal well production, the reser-
voir flow coupling model developed in this paper is utilized to
determine productivity and water breakthrough time under
various branch parameters, to optimize multilateral horizontal
well shape, and accurately direct multilateral horizontal well
design.

The smaller the diameter of the wellbore, the more difficult it is
for fluid to flow inside the wellbore, resulting in a greater accu-
mulation pressure drop in the wellbore, and the difference in
production caused by the wellbore pressure drop is greater
(Fig. 15). The cumulative pressure drop in the wellbore increases
with decreasing oil viscosity and the difference in production
caused by the wellbore pressure drop is greater. This is because the
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Table 5
Error analysis between mathematical model, numerical model and actual data.

Petroleum Science 23 (2026) 818-835

Parameters 0Oil production, m?/d Water production, m?/d Water breakthrough time, d Qil production error, %
Mathematical model 81.2 57.3 187.5 44

Numerical model 79.4 61.2 196.1 2.1

Actual data 77.8 67.5 203.6
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Fig. 14. Bottom water breakthrough locations distribution at various time. (a) 172 d; (b) 186 d; (c) 215 d.

main wellbore's flow rate increases more quickly with decreasing
viscosity, and the pressure drop in the wellbore gradually in-
creases. Therefore, the pressure drop in the production section
should be considered for low viscosity wells (Fig. 16).

As the branch angle increases, the distance between the branch
and main wellbores increases, leads to the interference decreases
and the oil production rises. However, the increase in oil produc-
tion gradually declines. When the branch angle is between 75° and
90°, the two production curves nearly coincide, and the interfer-
ence between the wellbores barely varies as the branch angle
changes (Fig. 17(a)). The water breakthrough time gradually delays
as the branch angle increases, the increase in water breakthrough
time increases more when the branch angle is less than 30°, and it
slows down when the branch angle exceeds 30° (Fig. 17(b)). The
reason is that the interference between branches increases as the
branch wellbore gets closer to the main wellbore, the branch angle
is a sensitive factor for the water breakthrough time.

The oil production rises with increasing branch length, but the
rate of increase falls. This is because a longer branch may cause
more interference between the main wellbore and the branch
wellbore, which would lower their production. Compared to
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Fig. 15. The effect of wellbore diameter on pressure drop and production.

branch angle, branch length has a greater effect on oil production
(Fig.18(a)). With increasing branch length, the water breakthrough
time gradually rises. The rationale is that, under constant pro-
duction conditions, longer wellbores suppress the ridge of bottom
water and delay the water breakthrough time by decreasing the
potential difference that causes the bottom water to rise
(Fig. 18(b)).

The oil production rises initially and then falls as the number of
branches increases. This is because a greater number of branches
causes more interference between the branch and main wellbores,
which lowers production more than an increase in branches. In the
later stage of mining, the oil production declines when there are
more than 5 branches. The impact of branch numbers on oil pro-
duction is lower than that of branch length (Fig. 19(a)). The cu-
mulative production rises as the number of branches rises, but the
increase in production slows down as a result of wellbores inter-
ference. The bottom water in the 5 branches' multilateral hori-
zontal well breakthrough sooner than the others. That's because of
the early breakthrough of the branch wellbore that is the furthest
away from the main wellbore of the 5-branched multilateral
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Fig. 16. The effect of viscosity on pressure drop and production.
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horizontal well, while the other wellbore breaks early at the main
wellbore's heel (Fig. 19(b)).

5. Conclusions

In this paper, a coupled model of predicting dynamic produc-
tion and water breakthrough for multilateral horizontal well with
arbitrary three-dimensional spatial distribution is proposed,
which can be used to calculate and predict the production,
breakthrough time and recovery efficiency of multilateral hori-
zontal well, and it supplies strong technical support for further
development and EOR of bottom water reservoir and actual oil
field productions.

(1) A coupled flow model of multilateral horizontal well
considering the branches interference and variable mass
flow is proposed, which can predict dynamic production,
flow profiles and water breakthrough time, and describe
pressure drop components change and flow characteristics
as well as the water breakthrough time and position.

(2) The wellbore inflow profile represents a characteristic of
“low in the middle and high at both ends” on account of
branches interference. The pressure drop is mainly affected
by friction, and other pressure drop types are acceleration
pressure drop, convergence pressure drop and mixed pres-
sure drop.

(3) The breakthrough time is prior at junction of main wellbore
and branch wellbores with low flow rates, then spreads to
the middle position of main wellbore and trailing position of
each branch wellbore. The branch length has a significant
impact on breakthrough time, then, the branch numbers
and the branch angle.
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Appendix

The flow pattern of fluids in infinite reservoir flowing to any
perforation in the main wellbore conforms to the three-
dimensional partial differential equation of seepage flow as Eq. (1):

ap ap
I a =) + ’(yayz + kzazz ¢/4Ctg (A.l)
Point source solution in the reservoir is
Ap(X,y,z,t) = f/z exp {
8[x(t — )™\ /iixTiy iz
_x=x)? -y (zfz)z} (A2)
Any(t—7) Any(t—17) 4 (t—1)
B y ky 3.6y, 3.6k
Xp = zsyD = ZvZD k tD L2 = (/)C[/,LLZ t (A3)
Attain the solution with dimensionless:
A ( ; ) 3. 63/2
XD, YD, 2D, p) = ex
P YD 20:10) = o 3213 (1p — )32 /Ry Ky
RZ
____D A4
ﬂ%mj (A4)
2 /N2 /12 2
where, R§ =3.6(xp —xp)“+ (yp —¥p)" + (20 —2Zp)”.
The point source in Laplace domain:
3.63/2¢
Ap(Xp,¥p,2Zp,S) =—————€Xp(—RpV/S A.5
P(Xp, YD, 2D, S) 4x3Rp ko Ky p(—Rpvs) (A.5)
Ap (X0, Vo.20. to) = . /t" @(7) exp
DI D ke Jkn Jo 2512 (tp — 1p) /2
R3
4t - TDJ do
(A.6)
where p(t) = 1137x10%9 157&}0 ’q,
According to the convolution theorem:
t
fe= [ S (A7)
Lif*gl =f(5)8(s) (A.8)

Point source solution for infinite reservoirs:
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5 1.842 x 103v/3.6uq(s) exp(—Rp+/s
AP(Xp, YD, 2D, S) = o \I/< uq(s) (RDD )
rkn

Using the mirror reaction method:

(A.9)

A—p(x Vb, Z S) 1.842 x 1073@’“5(5) k:Z+00 exp |: - \/5\/3—6 \/(XD - XWD)Z —+ (yD _yWD)Z + (ZD — ZwD — zznhD)Z
D;JYD»4D;2) =
2L+/ky
KhKv k=—co0 \/3,6\/(}(]3 —wa)2 + (p _wa)z + (2 — Zuwp — 2~2nhD)2

exp { - \/Em\/(xo —Xwp)® + (YD — Ywp)” + (2D + Zwp — Z'Z”hD)z}

| (A.10)
\/3~6\/(XD —%wp)? + (b — Ywp)? + (zp + Zwp — 2-2nhp)?
exp| ~ V5 VI8 /(x0 — xun)? + 0o~ Yun)? + 20 — 2up — 2:2n + D |
\/ 3.6/ (40 — xwn)? + (b — Ywp)® + [2p — Zwp — 2:(21 + Dhp )’
1842 10 3vT6, et [P = VEVEB Y0~ up)? + O~ Ywn)? + (2o — 2w — 2nhp)’
- \/3~6\/(XD — %wp)” + (b = Ywp)* + (20 — Zwp — 2nhp)
exp| —vsv3.6 \/(XD — Xwp)® + (YD — Ywp)” + (2p + Zwp — 2nhp)?
\/3-6\/(XD —%wp)® + (b — Ywp)® + (20 + Zwp — 2nhp)?
where
s [l V8 VIB/ (X0~ Xu)? + 0 ~ Yun)? + (20 ~ Zup — 21ho)?
(-1)
n=-eo V3‘6\/(XD — %wp)* + (VD — Ywp)® + (2p — Zwp — 2nhp)?
1o €XP| — V5 V36 /(X0 — XwD) + D — YwD)® + (2D — Zwp 2”hD)2} (A11)
+
N=-eo m\/(XD — Xwp)® + (YD — Ywp)” + (2p — Zwp — 2nhp)?

s ©XP| = V8 VIS (X0~ Xu)? + 00 ~ Yu)? + (2D ~ Zup — 2:2nh)? |
=2
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and
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. exp| — v5v36/(xp — Xwp)? + I — Ywp)? + (20 + Zwp — 2nhp)? }
n

= V36 (X0 — %w)? + (Vb — Ywp)? + (20 + Zwp — 2nhp)?

i ®XP| — VEVIE /(%0 %) + 0 Y )? + (2o + 2w — 20’ | (A12)
+
e V36 (X0 — Xwp)® + b — Ywp)® + (20 + Zwp — 2nhp)?
reten©XP| V8 VIS (X0~ Xu)? + 00 ~ Yu)? + (2D + Zup — 2:21h)? |
=2
== v3-6\/(XD —Xwp)* + (Vb — Ywp)? + (zp + Zwp — 2nhp)*
The pressure drop can be written as
_ 1.842 x 1073v/3.6,_ /
Ap(Xp,¥Yp,Zp,S) = S)(A—A A13
P(XD,YD; 2D, S) N qes)( ) (A13)
where
n=tc0 €XP [ —V5V36 \/(XD —%wp)® + (Y — Ywp)® + (2D — Zwp — 2‘2nhD)2}
A=2
e V36 (0 — Xwp)? + Vb — Ywp)® + (20 — Zwp — 2:20hp)?
n—to0 €XD [ —VEVEB Y (0 — Xwp)? + b — Ywp)® + (2D — Zwp — 2nhD>2]
n=—c V3-6\/(XD —xwp)® + Vb — Ywp)” + (20 — Zwp — 2nhp)? (A14)

N=+co exp{— V5V3.6 \/(XD —xwp)® + (VD — Ywp)® + (2D + Zwp — 2'2nhD)2]

e V36y/(x0 — Xwp)® + (Vb — Ywp)? + (2p + Zwp — 2-2nhp)?
i @B~ VEVIB (0 ) + 0~ Yup)® + (20 -+ 2up — 20 |

n=-oo V3~6\/(XD — Xwp)” + (YD — Ywp)” + (2p + Zwp — 2nhp)?

Using the Poisson summation formula and the integral
expression of the second modified Bessel function:

833
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+oo _ 2
R

1 +22exp( 2r zt) cos(mc?)} (A.15)

n=1

n=—oo

e €XD ( —-V36 \/RﬁyD + (2p — Zwp — 2nhp)? \/g)

N6 V3.64/R%, b + (zp — Zwp — 2nhp)?
\/ xy,D (zp wD Dz) : (A.16)
1 =2 n’n Zn — 2
———— |Ko(V3.6Rypvs ) +2> Ko| V36R S+—0r cos(n M)
/—A3.6hD [ 0( xy,D\[) ; 0( Xy,D 3.6]1% T hp
e EXP ( -V36 \/R,'%%D + (2p + Zwp — 2nhp)? .\/5)
=" V3.64/R2 1 + (zp + zwp — 2nhp)?
\/ .0 1 (ZD + Zwp D) (A17)
1 =2 n%z? Zp+z
——— |Ko(V36Rypvs ) +2Y Ko| V36R S+ cos(nnM>
V3.6hp [ o w0V5) ; 0 ( WP\ 3612 hp
. exp( ~ V356 /R, + (20 — Zwp — 2:2nhp)? -ﬁ)
2
n=eo V3.64/R2, 5 + (zp — Zwp — 2-2nhp)?
\/ xy,D (zp wD D) (A.18)
1 =2 n2n? Zp — Z
= —— |Ko(V36RypVs ) +2> Ko| V36R St— cos(n M)
V3.6hp [ o(V36Ryov5) ,1; ° ( A \ YT I
4o exp( —V3.6 \/R,%%D + (zp — Zwp — 2~2nhD)2 \/§>
2
="t V3.61/R2, b + (zp — Zwp — 2-2nhp)?
\/ %y.D T (ZD — ZwD D) (A19)
1 =2 n%n? Zp+2
——— |Ko(V36Rypvs ) +2Y Ko| V36R SH—— cos(nnw)
V3.6hp l o w0V5) ; 0 ( S \REY T 2hp
where R2, ;= (xp — Xwp)* + (Vb — Ywp)*-
Taking account of the interference between perforations, the
pressure distribution of the main wellbore of the herringbone well
at the point M(xw, Yw, Zw) in the reservoir is obtained as Eq. (20)
according to the pressure drop superposition principle:
— 1.842 x 107 3,_, 2 | I (2n — 1)2%a2 | . (2n—1Drzp . (2n — 1)rzyp
Ap(Xp,VYp,2p,S) =——————"q(s) — Ky | V3.6R s+ sin sin w A.20
p( D>YD>ZD ) ZL\/m q( )hD { nZ 0 xy,D 36 ><4h% th 2hD ( )
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