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a b s t r a c t

The production of fractured unconventional reservoirs induces stress changes, which will affect the 
production performance of neighboring wells. To quantify such effects, the analytical solution is a 
convenient yet accurate tool. In this work, we have developed an analytical solution of the transient 
pressure and stress variation induced by the production of a point/line/plane source in a semi-infinite 
poroelastic reservoir with a traction-free surface boundary. We have benchmarked the derived solution 
with both analytical solution and numerical program. The solution demonstrates excellent accuracy. 
Moreover, the analytical approach reduces the computational time of numerical approaches from hours 
to seconds. We then apply the solution to study the surface subsidence control and stress interference 
between fractured horizontal wells. Results show that the derived solution is capable of quantifying 
complex hydraulic-mechanical processes during the recovery of shallow water as well as deep shale 
reservoirs. Upon investigation, we have found that infill wells can effectively reduce the surface sub
sidence induced by the production of shallow horizontal wells. Furthermore, shale reservoirs with lower 
permeability are more sensitive to pressure-stress changes. The range of stress reorientation can also be 
efficiently  quantified  by the developed approach. Also, normal stresses and shear stresses behave 
differently during fracture driven interactions. The above findings  potentially benefit  the decision- 
making in the asset development. The major novelty of our work lies in the extension of existing ap
proaches that are limited to axisymmetric problems to line and plane sources problems, so that the 
solution can be used in unconventional reservoirs with fractures.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc- 

nd/4.0/).

1. Introduction

The development of oil fields or underground water reservoirs 
alters the in situ pressure environment, which causes the change 
of downhole stress. Since the stress change may drastically affect 
the production performance, the quantification  of the induced 
pressure-stress fields is thus important to the reservoir manage
ment (Jaeger et al., 2007). To prompt the accurate modeling of such 
multiphysical processes, both numerical approaches, such as the 
finite element method (FEM), the discrete element method (DEM), 
and the boundary element method (BEM), as well as analytical 

approaches have been developed. FEM is particularly effective for 
modeling complex geological formations and heterogeneous ma
terial properties, as it discretizes the entire domain into elements 
and solves for the stress and displacement fields. It is commonly 
used to simulate wellbore stability (Ravaji et al., 2018; Akbarpour 
and Abdideh, 2020), reservoir compaction (Liu and Liu, 2018), and 
fracture propagation (Yu et al., 2019, 2023). Recently, FEM has also 
been adopted to study the fracture interference during the re
covery of unconventional reservoirs (Wang et al., 2022c). The 
limitation of FEM mainly lies in its computational efficiency as it 
needs relatively high resolution to achieve satisfactory accuracy. 
DEM is valuable for analyzing stress evolution during reservoir 
development, where rock failure, fault activation, and fracture 
propagation play critical roles. DEM enables detailed representa
tion of fracture initiation and coalescence under fluid injection or 
production-induced stress changes (Weng et al., 2024). It is 
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especially useful in unconventional reservoirs, such as tight 
sandstone or shale formations, where natural fractures and 
bedding planes significantly  influence  reservoir response. By 
capturing discontinuous deformation and failure mechanisms, 
DEM provides insights into wellbore stability, sand production, 
and reservoir compaction that are difficult  to obtain with 
continuum-based approaches. Recently, DEM has also been com
bined with the phase field  method to conduct first-principal 
simulation of chemical-mechanical processes (Sac-Morane et al., 
2024), which makes it possible to model formation damage in 
the future. DEM suffers from poor scalability and becomes less 
reliable when applied to large scale (reservoir or field) problems. 
BEM, on the other hand, is advantageous for problems with infinite 
or semi-infinite domains, such as stress changes induced by fault 
activation or hydraulic fracturing, as it requires discretization only 
of the boundaries. Due to its reduced computational cost and 
ability to accurately model stress perturbations in elastic media, 
BEM is often employed in dynamic fracture modeling (Wu and 
Olson, 2016; Chen et al., 2021; Wang et al., 2023b) and complex 
fracture networks (Du et al., 2024). It should be noted that BEM 
relies on the ‘fundamental solution’ of the governing equation, 
which will be introduced next. The discrete lattice model is 
another appealing approach. Liu et al. (2023) developed and 
verified a 3D discrete lattice model to study hydraulic fracturing in 
a sectorial well-factory where wells deviate from the minimum 
horizontal stress, proposing four morphology-based indexes to 
quantify fracture deflection  and well interference. Zhang et al. 
(2024) used a 3D discrete lattice method to model multiscale hy
draulic fracture growth from perforations in naturally layered 
media. Alvarez et al. (2025)'s work modeled multi-well fracturing 
in the Kongdian shale using a discrete-based lattice method and 
microseismic data, then systematically evaluates how well ge
ometry, lithology, natural fractures, faults, and sequencing control 
inter-well interference and fault reactivation. Moreover, Hui et al. 
(2024) investigated a Duvernay case using an unconventional 
fracture model with Mohr–Coulomb and coupled stress/pressure 
analysis.

The analytical solution is another effective tool (Selvadurai, 
2007) in geomechanical modeling. Compared to numerical ap
proaches, analytical solutions are with higher precision and less 
computationally-expensive. As such, analytical methods are 
especially appealing in the application of unconventional reser
voirs in which the development pace is fast and the uncertainty is 
huge. In particular, the fundamental solution, a special type of the 
analytical solutions, captures the transient behavior of the 
pressure-change induced by a point source or a line source. The 
application of the fundamental solution lies in several aspects. 
Firstly, it can be adopted to rapidly delineate the depletion con
dition for the analysis of parent-child well interference 
(Manchanda et al., 2018). Secondly, it can be used for bench
marking numerical methods (Abousleiman et al., 1996). Thirdly, it 
is the foundation of certain numerical methods, for instance the 
boundary element method as mentioned above (Crouch, 1976; 
Dong and de Pater, 2001). Therefore, a reliable fundamental so
lution for the above-mentioned multiphysical process is 
demanding in the subsurface community.

The reservoir can be viewed as a half space with the ground 
surface as a traction-free boundary, and the status of the fluid flow 
in the reservoir rock is time-varying. In the literature, previous 
efforts on the fundamental solution were mostly focused on static 
poroelastic problems (Pan, 1989; Pan et al., 2016) or dynamic 
poroelastic problems in the infinite  space (Cheng et al., 1991; 
Taguchi and Kurashige, 2002). Till now, developments on three- 
dimensional transient poroelastic solutions in half-space are 

limited. For instance, Senjuntichai and Rajapakse (1994) derived a 
two-dimensional dynamic Green's function for poroelastic mate
rials in a half-plane under the plane strain condition. Segall (1992)
obtained a semi-analytical solution within half-space in the cy
lindrical coordinate system. The solution is based on Geertsma's 
nuclear of strain theory (Geertsma, 1973) and is only applicable to 
cases where the pressure change is given. Moreover, existing ap
proaches of point-source solutions are mostly based on the 
displacement potential method (Selvadurai, 2007), which inevi
tably involves special functions in the final  formulation and is 
therefore difficult  to be extended to line-source solutions. 
Senjuntichai and Rajapakse (1994) developed a fundamental so
lution for a three-dimensional poroelastic half-space. This solution 
is limited to axially symmetric cases, such as cases with point 
sources and ring sources. Rajapakse's solution has been extended 
to layered cases (Lu and Hanyga, 2005) and dynamic problems 
(Philippacopoulos, 1997) with axially symmetric sources. The 
axially symmetric sources limit the application of such solution to 
practical cases with horizontal wells (horizontal line sources) and 
fractures (plane source). In this work, we use Rajapakse's solution 
to validate our solution for point source cases. Given the afore
mentioned history, it can be seen that a general analytical solution 
that can handle sources with arbitrary shape in a half-space is still 
lacking.

In the authors' previous work (Wang et al., 2023a), we have 
developed an analytical solution of the pressure and stress in a 
rectangular domain by assuming the pressure and stress on the 
boundaries of the domain are constant. Although such assump
tions are acceptable for deep reservoirs, they become invalid when 
the reservoir is relatively shallow (such as Chevron's shallow- 
water fields  on the Pacific coast and groundwater reservoirs). In 
this work, we relaxed this assumption and developed a solution 
with multiple types of sources in a semi-infinite reservoir with a 
traction-free surface, which is more realistic compared to the 
existing works. This improvement is non-trivial as the solution 
method must fundamentally shift from eigenfunction expansion 
to integral transform techniques. Our solution approach differs 
with the previous works in that it can be obtained in the Cartesian 
coordinate system, which makes the extension to line source and 
plane source solutions much more convenient (Wang, 2015; Wang 
et al., 2017).

The novelty of our work lies in several aspects. First of all, we 
have developed a new approach to obtain the formulation of point- 
source and line source solutions in Cartesian coordinate systems in 
the frequency domain. In particular, the line-source solution is 
arguably the first of its kind. Secondly, based on the newly devel
oped approach, we have analyzed and have discussed the mathe
matical structure of the solution in depth, which may shed light on 
the understanding of the underlying physical process.

This paper is organized as follows. In Section 2, we present the 
mathematical model, including the assumptions and the govern
ing equations. The derivation of the fundamental solution, 
including the point source, line source and plane source solutions 
is also provided in this section. In Sections 3 and 4, we validate the 
derived solution and apply it to several case studies, respectively. 
At last, we show our analysis on the mathematical structure of the 
solution and summarize this work in Sections 5 and 6.

2. Mathematical model

In this section, we present the mathematical model of the 
problem of interest. We start with the presentation of the model 
setup and assumptions used in this work, then describe the hy
draulic and mechanical governing equations.
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2.1. Conceptual model

In practice, the wellbore of a vertical well and a horizontal well 
can be approximately treated as a point source and line source, 
respectively. The fracture can be viewed as a plane source. The 
reservoir can be mathematically described as a half-space domain. 
Liquid is produced from the source with a time-varying rate. The 
schematic models of such a system are shown in Fig. 1. For con
venience, we have inverted the z axis of the coordinate system in 
this work, so that the ‘depth’ value is a positive number, which is a 
common practice of the subsurface engineering community. 
Moreover, we make the following assumptions on the rock and 
fluid properties in this work.

• The reservoir is semi-infinite, consisting of homogeneous, 
isotropic, and poroelastic rocks.

• The fluid  flow  in the reservoir is single phase and single 
component.

• The top of the reservoir is a no-flow and traction-free boundary.

• The reservoir rock permeability is constant and is not impacted 
by stress changes.

• The impact of the body force is ignored in this work. (We have 
shown in a previous work that the body force can be safely 
ignored for engineering problems (Wang et al., 2022b).)

• The mechanical process is static equilibrium.

We make the above assumptions due to following consider
ations. First of all, the poroelastic model has been widely applied in 
the multiphysical modeling of unconventional reservoirs (Guo 
et al., 2019; Wang et al. 2021, 2022c). For shale rocks, it has been 
reported in the literature that poroelasticity can be a sound 
approximation for a wide range of fields except cases where the in 
situ stress is extremely high (Ma and Zoback, 2017; Ma and 
Gutierrez, 2021). Shallow water reservoirs, on the other hand, 
mostly consist of sedimentary rocks, such as sandstone and 
dolomite (Hanak et al., 2019). The former is a typical poroelastic 
medium, while the latter may exhibit stronger nonlinear behavior. 
As such, the poroelastic assumption can be safely applied to shale 

Fig. 1. (a) Conceptual model of a single point source locating at (D, 0, H) in a half space. The green dot refers to the point source. (b) Conceptual model of a line source locating 
from (D, 0, H) to (D + L, 0, H). The green line refers to the line source. (c) Conceptual model of a plane source with the length of edge along the x and z directions being L and J. 
Geometrical parameters D, H, L, J are the horizontal position, depth, line length, and plane height, respectively.
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reservoir with moderate depth and sandstone-rich shallow water 
reservoirs. Moreover, it is a common practice to assume the fluid 
flow to be single phase, otherwise analytical solution doesn't exist 
for the problem. For the boundary conditions, the problem is 
essentially free of vertical direction forces at the ground surface, as 
such it is traction-free at the top. Furthermore, the assumption of 
absence of surface supplemental flux leads to the no-flux bound
ary conditions. It should be noted such an assumption can be easily 
relaxed if any influx  exists at the top. To incorporate the influx 
term, one only needs to add it to the solution of the fluid governing 
solution in the frequency domain, which will be shown in the 
methodology section. Except at the ground surface, the other di
rections are assumed to be unbounded, making the model a half 
space. The half-space domain is widely used in subsurface com
munity (Rajapakse and Senjuntichai, 1993; Philippacopoulos, 
1997; Lu and Hanyga, 2005), as the boundaries except the top 
surface of the field is difficult to locate. We will present the gov
erning equation in the next sub-section.

2.2. Governing equations with boundary conditions

In this sub-section, we delineate the hydraulic and mechanical 
governing equations along with their boundary conditions. Under 
the assumptions described in the previous sub-section, the gov
erning equations to be solved in this work are linear. Based on 
Biot's theory of incremental deformation (Biot and Romain, 1965), 
the fluid flow governing can be expressed as 

∂ζ
∂t

=
k
μ
∇2P + ξ (1) 

where ζ is the accumulation term considering the volumetric 
deformation of the liquid-rich rock; k and μ are the rock perme
ability and liquid viscosity, respectively; P and t are the pressure 
and time, respectively; ξ is the time-varying source term induced 
by the production. In this section, we first  investigate the cases 
where ξ is the point source. We will show later that the solution of 
the line-source cases can be obtained easily based on the point- 
source solution using our approach. As a point source, ξ is then 
defined as ξ = Q(t)δ(D;0;H) where Q(t) denotes the time-varying 
production history and δ(D;0;H) is the Dirac delta function 
(Jeffreys et al., 1956) with (D;0;H) being the coordinate of the 
singular point, as shown in Fig. 1(a).

For the convenience of expression, we only solve for the case 
with one sink/source point in this work. The pressure and stress of 
cases with multiple sink/source points can be easily obtained by 
superposing the single-source solution, as described in elsewhere 
(Wang et al., 2023a). By substituting the definition  of ζ (Jaeger 
et al., 2007) and q to Eq. (1), we get the following equation 

∂P
∂t

− Mα
∂εv

∂t
=

kM
μ
∇2P + M⋅ξ (2) 

where M, α, and εv are the Biot modulus, Biot coefficient,  and 
volumetric strain, respectively.

Since in this work we target at the induced pressure-stress, 
which is essentially the ‘change’ of the variables, we need to 
eliminate the impact of the initial value of the primary variable by 
subtracting the initial value from Eq. (2), which yields the 
following equation. 

sP − Mαεv =
kM
μ

(
d2P
dz2 (z; s) − q2P(z; s)

)

+ MQ(s)eiqxDδ(z − H)

(3) 

where δP and δεv are the variation of the pressure and the volu
metric stress, respectively; s refers to the temporal variable yielded 
by Laplace transform. The above equation has the same formula
tion as Eq. (2), because the problem of interest is linear. Eq. (3) is 
the governing equation of the hydraulic process to be solved in this 
work. It needs to be mentioned that the initial values of the 
pressure and stress are fully determined by the boundary condi
tions and can be solved by the approach described in our previous 
work (Wang and Wu, 2022). The relationship between the Biot 
modulus and the compressibility is 

M=
1

ϕcf + (1 − ϕ)cs −
cs

1− α
(4) 

where ϕ, cf and cs are the rock porosity, fluid compressibility, and 
rock grain compressibility, respectively.

Next, we present the derivation of the mechanical governing 
equation. We start with the poroelastic constitutive relationship as 
below 

σ − αPI = 2Gε + λεvI (5) 

where σ and ε are the stress and strain tensor, respectively; G and λ 
are the shear modulus and Lam�e’s first parameter, respectively; I is 
the unit tensor. Under the assumption of static equilibrium and 
ignoring the body force, the force equation is as follows: 

∇ ⋅ σ = 0 (6) 

Replacing the strain term with displacement yields the 
following Navier's equation for poroelastic materials. 

(λ+G)∇(∇ ⋅ u)+G∇2u + α∇P = 0 (7) 

where u =
[
ux;uy;uz

]T is the displacement vector. In Eq. (7), the 
three displacement components are coupled with each other, 
making the solution derivation complex. To simplify the solution 
process, we introduce the ‘mean stress’ σm defined as σm =

(
σxx +

σyy + σzz
)
=3. The volumetric strain, the mean stress, and the pore 

pressure have the following relationship 

εv =
σm − αP
λ + 2

3 G
(8) 

With the introduction of the mean stress, Eq. (6) can be 
rewritten as 

G∇2u+
3

2ν + 2
∇σm − α

1 − 2ν
2ν + 2

∇P = 0 (9) 

where ν is Poisson's ratio.
We will show later that the introduction of the mean stress is 

the key to simplifying the governing equations.
Eq. (9) is a vector-form equation set, which contains three 

components. Each component of the equation set consists of one 
displacement component, the mean stress, and the pressure. As 
such, we have ‘decomposed’ Eq. (7) to make it easier to solve. By 
differentiating each component of Eq. (9) with respect to x, y, and z, 
respectively, and adding up the resulted equations, we get the 
following ‘mean stress’ equation. 

∇2(δσm)= α
2(1 − 2υ)
3(1 − υ)

∇2(δP) (10) 

The above equation only contains the mean stress and the 
pressure term. As such, if we could solve the pressure, we would 
solve the mean stress. Then using Eq. (8), we would solve all 
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displacement components. Eqs. (9) and (10) are thus used as the 
mechanical governing equations in this work.

While the governing equations are used to obtain the general 
solution of the pressure-stress fields,  the boundary conditions 
fully determine the solution and are therefore indispensable. In 
what follows, we introduce the boundary conditions used in this 
work.

Firstly, the change of pressure at infinity (z→∞) should be zero 
and the fluid  flux  at the reservoir top surface should be zero as 
well. As such, the pressure change should satisfy the following 
boundary conditions. 

∂(δP)
∂z

(z=0)=0; δP(z → ∞)=0 (11) 

It should be mentioned that zero-pressure boundary conditions 
can also be handled by our method.

The displacement perturbation at infinity should be zero, as 

δu(z → ∞)=0 (12) 

The top surface of the formation is traction-free, which implies 
that the z-direction traction forces (z-components of the stress 
tensor) should satisfy the following conditions 

δσzz(z=0)= δσxz(z=0) = δσyz(z=0) = 0 (13) 

From the physical perspective, the stress change at infinity 
should be bounded, as below 

δσ(z → ∞)< ∞ (14) 

Next, we will show the derivation of the solution to the above 
governing equations.

2.3. Derivation of the fundamental solution

In this section, we present the process of deriving the funda
mental solution. Our approach is inspired by previous works based 
on integral transform (Bufler, 1971; Cheng et al., 1991).

In this work, we use Laplace transform and Fourier transform to 
convert the governing partial differential equations (PDEs) to or
dinary differential equations (ODEs) in the frequency domain. The 
detailed mathematical formulation of the two integral transforms 
can be found in Appendix A.

By applying Fourier transform to Eq. (3) along the x and y di
rections and applying Laplace transform in the time domain, we 
get the following equation 

sP=
kM
μ

(
d2P
dz2 (z; s) − q2P(z; s)

)

+ MQ(s)eiqxDδ(z − H) (15) 

where the superscript ‾ denotes that the variable below is in the 
frequency domain; s refers to the temporal variable yielded by 

Laplace transform; q is defined as q =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

q2
x + q2

y

√

where qx and qy 

are the frequency along the x and y directions, respectively; Q is 
the production rate (history).

To get the above equation, we have used the property of the Dirac 
delta function shown in Eq. (A-3). Similarly, by applying the same 
integral transform to Eqs. (9) and (10), we convert the mechanical 
governing equations to the frequency domain. Moreover, the pri
mary variables of the mechanical governing equations can also be 
converted. The transformed formulations are listed in Appendix B.

To solve the transformed equations, we start with Eq. (B-4), 
which is a second order non-homogeneous ordinary differential 
equation (ODE) with the pressure-related term being the non- 
homogeneous part. The solution to this ODE consists of a general 
solution of the homogeneous part and a particular solution. The 
general solution is the linear combination of basis functions 
(exponential function in this case), while the particular solution 
can be guessed as the linear function of the pressure term. As such, 
the solution has the below formulation 

δσm = a1eqz + a2e− qz + α
2(1 − 2ν)
3(1 − ν)

δP (16) 

where a1(q; s) and a2(q; s) are unknown coefficients  to be deter
mined by the boundary conditions. It should be noted that, with 
fixed stress boundary conditions, a1 = a2 = 0 and the mean stress 
is in linear relationship with the pressure changed, as proved in 
(Wang and Wu, 2022). The term α(2(1 − 2ν) =3(1 − ν)) is the 
‘depletion coefficient’  commonly adopted in the geomechanics 
community (Jaeger et al., 2007). With the above relationship, the 
fluid  flow  governing equation is converted to the following 
equation, 

d2
(δP)

dz2 (z; s) − m2δP(z; s)=

−
μ
k

⎛

⎜
⎝

α
λ + 2

3 G
s
(
a1eqz + a2e− qz) − Q(s)eiqxDδ(z − H)

⎞

⎟
⎠ (17) 

The term m is defined as 

m2 =
μ

kM

⎛

⎜
⎝s −

Mα
λ + 2

3 G
sα

2(1 − 2ν)
3(1 − ν)

+
Mα2

λ + 2
3 G

s+
kM
μ

q2

⎞

⎟
⎠ (18) 

Moreover, it can be easily proved that m is not equal to q.
Therefore, the pressure solution is expressed as 

δP=
1

q2 − m2Aaa2e− qz −
1

2m
e− m|z− H|AQQ

−

(
q

m
(
q2 − m2

)Aaa2 +
1

2m
AQQe− mH

)

e− mz (19) 

where A is defined  in Eq. (C-1); a2 is the only constant to be 
determined.

The solution of the above equation is shown with details in 
Appendix C. Once Eq. (19) is solved, we are allowed to solve Eq. 
(B-3) to get δuz. We first substitute Eqs. (16) and (19) into Eq. (B- 
3), then use the similar approach in solving Eq. (17), getting 

δuz = −
bq

2q
ze− qz +

bm

m2 − q2e− mz −
b|z− H|

q2 − m2e− m|z− H| (20) 

with 

bq = qa2
3

(2ν + 2)G
+

q
q2 − m2 α

1 − 2ν
2(1 − ν)G

Aaa2

bm = − α
1 − 2ν

2(1 − ν)G

(
q

(
q2 − m2

)Aaa2 +
1
2

AQQe− mH
)

b|z− H| = − α
1 − 2ν

4(1 − ν)G
AQQ

z − H
|z − H|

(21) 
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Similarly, δux and δuy can be solved as 

δux=
1

2q

(

a2iqx
3

(2ν+2)G
+

1
q2 − m2Aaa2

)

ze− qz

−
1

2m
AQQ

q2 − m2e− m|z− H|

+

(
q

m
(
q2 − m2

)Aaa2+
1

2m
AQQe− mH

)
1

m2 − q2e− mz

(22) 

δuy=
1

2q

(

a2iqy
3

(2ν+2)G
+

1
q2 − m2Aaa2

)

ze− qz

−
1

2m
AQQ

q2 − m2e− m|z− H|

+

(
q

m
(
q2 − m2

)Aaa2+
1

2m
AQQe− mH

)
1

m2 − q2e− mz

(23) 

Then by substituting the expressions in Eqs. (16), (19) and (20) into 
Eq. (B-7), and enforcing the traction free boundary condition at the 
top surface, we can solve a2 as 

where E is the Young's modulus.
By substituting the above formulation into Eqs. (20)–(23), we 

can obtain the explicit formulations of the displacement compo
nents. Then by substituting the displacement formulations into 
the stress formulations in Eqs. (B-5) to (B-10), we get the formu
lations of all stress components in the Fourier–Laplace domain. We 
list out their detailed formulations in Appendix D, along with a 
flowchart diagram showing the steps of the whole derivation.

By applying the inverse integral transforms described in 
Appendix A, we will get the solution of the displacement as well 
as the stress components in the original domain. As such, the 
fundamental solution is fully obtained. Now that we have obtained 
the point source solution, we will present the derivation of the line 
source and plane source solution in the next sub-section, in order 
to extend the model to horizontal wells and fractures.

2.4. Line source and plane source solution

Since our analytical solution solely consists of elementary 
functions in the Fourier–Laplace domain, it can be easily extended 
to the line source and plane source solution, which is one of the 
novelties of this work.

We first  describe the extension to the line source solution. 
Considering a line source lying along the y axis between point (D, 
0, H) and (D + L, 0, H) as shown in Fig. 1(b), the line source solution 
can be determined by integrating the point source solution. The 
results can be simply obtained by replacing all eiqxD terms with 
(

eiqx(D+L) − eiqxD
)
=iqx and multiplying all terms without eiqxD by L. 

For instance, the line source solution of the pressure in the 
Fourier–Laplace domain is calculated as follows: 

δPl(z; s)=
∫D+L

D

δP(z; s)dx (25) 

Using the above approach, the line source solution of the 
displacement as well as stress can be obtained similarly. The 
detailed formulations are abbreviated in this work for simplicity.

The plane source solution can be obtained using a similar 
approach to the line source solution. If the length of the plane 
source along the z direction is J, as shown in Fig. 1(c), then the 
plane source solution of the pressure field can be calculated based 
on the line source solution using the following formulation. 

δPp(z; s)=
∫H+J

H

δPl(z; s)dx (26) 

The results can be expressed by replacing all e− mH terms in the 
line source solution by 

(
e− m(H+J) − e− mH)=(− m) and multiplying all 

terms without e− mH by J.
As such, we have obtained the line and plane source solution in 

close-form in the Fourier–Laplace domain. Compared with previ
ous work (Rajapakse and Senjuntichai, 1993; Jin and Liu, 2001) 
that require numerical integral operations, our method is clearly 
more efficient. The above is the completed derivations of the point 

source, line source and plane source solutions. In the next sections, 
we will present the validation of the solutions.

3. Validation

In this section, we validate the derived solution by comparing 
with both existing analytical solutions and an in-house finite 
element program (Wang et al., 2024). We compare our model with 
Rajapakse's analytical solution for the special case of a point 
source solution. Moreover, we compare the line source solution 
with the finite element program, which conducts coupled 
hydraulic-mechanical simulation of poroelastic reservoirs. Based 
on published works, the numerical program has been validated 
with respect to classical analytical solutions as well as field  ob
servations (Khebzegga et al., 2022; Wang et al., 2022a; Wu et al., 
2022). Therefore, it is a trustful program for validating the newly 
derived solution. For the sake of convenience, we ignore the fluid 
compressibility in Eq. (4), so that the rock compressibility is fully 
determined by the Biot modulus and the rock porosity. In the unit 
conversion session at the end of this paper, we list out the con
verting factor between the field units to SI units.

3.1. Validation of the point source solution

In this sub-section, we first validate the point source solution 
by mimicking the point source as a production well. Meanwhile, 
we aim to investigate the impact of the traction-free boundary on 
the pressure–stress distribution. Since this is an axially symmetric 
case, we can directly compare our solution with both Rajapakse's 
analytical solution and FEM solution. A point source is placed at 
the center of the x–y plane within the cubic reservoir. To keep the 
validation section concise, we only present the comparison with 
Rajapakse's analytical solution in this sub-section and save the 
comparison with the numerical program along with analysis of the 
boundary effect in Section 4.1. A conceptual model of the system is 
shown in Fig. 2. The rock and fluid parameters used for the vali
dation are listed in Table 1.

a2 =
2μq2(1 + ν)

(
q2 − m2)Eαe− mH+iqxDQ

− 3
[
m
(
q2 − m2

)(
q2 − m2

)]
(1 − ν)kE + 3μα2s[1 − 2ν]

{
m
(
q2 − m2

)
(3ν − 1) + 2q3(1 + ν)

} (24) 
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To compare with Rajapakse's analytical result, we set the point 
source 65 ft below the ground surface. When running our model, 
we truncate the integral transform by 150 terms. Fig. 3 compares 
the δσxx profile along the z direction obtained by our solution and 
Rajapakse's solution. It can be seen that the two methods yield 
close results in this case study. This implies that our solution is 

able to reproduce the axially symmetric results from classical 
analytical solutions. In Section 4.1, we further compare our results 
with a numerical program.

3.2. Validation of the line source solution

In this sub-section, we present a validation case for the pro
posed line source solution using the same model setup shown in 
the previous sub-section. In this case, we deal with a 300 ft-long 
line source along the x direction at a depth of 150 ft. We set 
observation points A and B, which are the projection of the middle 
point and ending points of the line source on the surface plane, as 
shown in the upper part of Fig. 4. The input parameters used for 
this case are listed in Table 2.

We will compare the induced normal stress within the x–z 
plane in which the line source locates, and the time-varying sur
face subsidence at the observation points during the production. 
The normal stress profiles yielded by the analytical solution and 
the numerical program are shown in the lower left and lower right 
of Fig. 4, respectively. It can be seen that the line source creates a 
stress concentration region beneath it, while there is no stress 
concentration at the top surface due to the effect of the traction- 
free surface.

The surface subsidence (reverse z-direction displacement) at 
observation points A and B is compared in Fig. 5. Upon comparison, 
our derived solution is very close to the numerical results. The 
average difference of the stress value and the subsidence is both 
below 4%. In this sense, the line source solution is validated.

3.3. Validation of neighboring wells with TOUGH-FLAC

In this case study, we compare the developed semi-analytical 
solution with a widely adopted numerical program, namely 
TOUGH-FLAC, to benchmark the solution. TOUGH-FLAC (Rutqvist, 
2011) couples the multiphase fluid  flow capabilities of TOUGH2 
(Pruess, 1991) with the geomechanics of FLAC3D to simulate 
complex thermal-hydrological-mechanical (THM) processes in 
geological media. Its core strength lies in a sequential coupling 
scheme where pore pressure and temperature changes drive me
chanical deformation, which then feeds back to dynamically up
date hydraulic properties like porosity and permeability. The 

Fig. 2. Grid system of the numerical model for the FEM program.

Table 1 
Input parameters of the validation case for the point source solution.

Parameters Values Units

Rock permeability k 1 mD
Rock porosity ϕ 0.15 Dimensionless
Poisson's ratio ν 0.1 Dimensionless
Biot's coefficient α 0.7 Dimensionless
Biot's modulus M 1:1× 106 psi
Young's modulus E 3:5× 106 psi
Liquid viscosity μ 1.0 cP
Liquid density ρ 62 lbm/ft3

Liquid production rate Q 1 bbl/d/well
Production duration t 60 d

Fig. 3. Comparison of normal stress along the z direction between Rajapakse's solu-
tion and our solution for a point source case.
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program has been widely used in the simulation of geothermal 
reservoirs, carbon sequestration problems and ground water 
reservoirs.

We set up a case study in which two parallel line sources 
mimicking a pair of horizontal wells locate in the center of a 
reservoir. The size of the reservoir is 1600 ft × 1600 ft × 1600 ft, 
which is large enough for the boundary effect in the horizontal 
direction to vanish. The length of each horizontal well is 250 ft. The 
distance between of them is 350 ft. The TOUGH-FLAC simulation 
requires the computational domain to be discretized. To balance 

speed and accuracy, we have adopted a local refinement strategy. 
We use a nested grid system. In the 800 ft × 800 ft × 800 ft cube 
that locates in the center of the model, we use a refined mesh in 
which each grid block is 20 ft × 20 ft × 20. In the rest of the system, 

Fig. 4. Upper: conceptual model of the line source validation case. Lower left: δσxx profile calculated by the proposed analytical solution. Lower right: δσxx profile simulated by the 
FEM program.

Table 2 
Input parameters of the validation case for the line source solution.

Parameters Values Units

Rock permeability k 0.4 mD
Rock porosity ϕ 0.1 Dimensionless
Poisson's ratio ν 0.15 Dimensionless
Biot's coefficient α 0.8 Dimensionless
Biot's modulus M 1:0× 106 psi
Young's modulus E 3:5× 106 psi
Liquid viscosity μ 0.9 cP
Liquid density ρ 62 lbm/ft3

Liquid production rate Q 20 bbl/d/well
Production duration t 100 d Fig. 5. Comparison of the time-varying subsidence at observation points A and B.
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we use a coarser grid in which each grid block is 
80 ft × 80 ft × 80 ft. The conceptual model and the mesh grid of 
this case is shown are shown in the left and right of Fig. 6, 
respectively. The other input parameters are listed in Table 3.

We compare the spatial distribution of pressure and stress 
change (σxx; σyy) calculated by the numerical program and the 
semi-analytical solution on the horizontal plane that cuts through 
the two horizontal wells. The results are presented in Figs. 7 and 8. 
As indicated by the comparison, our solution precisely reproduces 
the numerical results. The average difference is below 3%. This 
comparative study further validates the accuracy of our model. 
Moreover, according to the results, the stress change propagates 
much farther than the pressure change. We will further investigate 
this phenomenon in Section 4.

4. Application

In this section, we apply the derived analytical solution to three 
case studies to demonstrate the feasibility of the solution.

4.1. Boundary effect on induced stress

As mentioned in Section 3, we use the developed model to 
investigate the impact of the traction-free surface on the induced 
stress, and compare the results with a FEM program. The model 
setup along with input parameters have been described in Section 
3.1. To model a semi-infinite reservoir using the FEM program, we 
build a model with a cubic shape and discretize it into 151 × 151 ×

151 grid blocks. The side length of each grid block is 8 ft. In the 
numerical model, the top of the cube is set as traction-free 
boundary while the other boundaries are with (fixed) zero dis
placements. Via several trial runs, we confirm  that the model is 
large enough that the zero displacement has negligible impacts on 
the stress distribution in the vicinity of the point source. In this 
case, we investigate the pressure and stress responses when the 
point source locates at the depth of 84 and 524 ft.

Figs. 9 and 10 show the results regarding the case where the 
point source is located at 84 ft in depth. According to the figures, 
the magnitude of the stress change above the point source is 
smaller than that below it. This is because that the traction-free 
boundary alters the stress profile  near the surface. In contrast, 
the pressure profiles  above and below the point source demon
strate less difference. This is due to the fact that the stress change 
normally has a broader range of impact compare the pressure 
change (Wang et al., 2023a). As such, the top boundary has less 
impact on the pressure than on the stress.

Figs. 11 and 12 show the results of the case where the point 
source is located at 524 ft in depth. From the plots it can be seen 
that the stress and pressure profiles  above and below the point 
source in this case are almost identical. This is because when the 
point source is deep enough, the impact of the traction-free 
boundary is no more significant.  The impact of the top surface 
can be quantitatively understood through the quantitative analysis 
of the mathematical structure of the solution. As discussed in the 

Fig. 6. Left: conceptual model of a large cubic reservoir with two horizontal wells in the center. Right: mesh system used for the simulation.

Table 3 
Input parameters for the case of neighboring well.

Parameters Values Units

Rock permeability k 0.2 mD
Rock porosity ϕ 0.12 Dimensionless
Poisson's ratio ν 0.1 Dimensionless
Biot's coefficient α 0.7 Dimensionless
Biot's modulus M 1:0× 106 psi
Young's modulus E 4:5× 106 psi
Liquid viscosity μ 0.8 cP
Liquid density ρ 60 lbm/ft3

Liquid production rate Q 50 bbl/d/well
Production duration t 30 d
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Fig. 7. Comparison of the pressure fields yielded by the numerical simulator and the semi-analytical solution on the plane at the middle of the model.

Fig. 8. Comparison of the pressure fields yielded by the numerical simulator and the semi-analytical solution on the plane at the middle of the model.
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previous section, the traction-free surface results in the non- 
homogeneous term in Eq. (19), which contains the exponential 
function. Therefore, when the depth increases, the impact of the 
traction-free surface declines sharply. This is consistent with our 
previous findings in elsewhere (Wang et al., 2022b).

According to the above-mentioned four figures, our analytical 
solution matches well with the numerical program. The average 
difference between the results yielded by the two approaches is 
below 3%. In each case, it takes more than 20 min for the numerical 
program to complete the simulation on 32 processors, while the 
analytical solution spends less than 14 s on a single CPU. As such, 
the proposed analytical solution outperforms the numerical pro
gram in computational efficiency while preserving accuracy.

4.2. Surface subsidence control

In this sub-section, we apply the derived analytical solution to a 
synthetic case study about the surface subsidence control. We 
consider a shallow water reservoir in which two parallel hori
zontal wells are set to produce for 1 year. The depth of the wells is 
50 ft to the top surface. The extraction of subsurface liquids causes 
the ground surface to subside. A third horizontal well is then 
drilled to inject fluids into the formation for the purpose of pres
sure maintenance and subsidence remedy. We assume that the 
injection well is in the same depth of the production well. 
Regardless of any economic considerations, we aim to optimize the 
length of the injection well by minimizing the maximum value of 
the induced surface movement (max|δuz|). The input parameters 

used in this case are listed in Table 4. A bird view of the plane at 
which the horizontal wells are located is shown in the left of 
Fig. 13, while the surface movement at the end of the production 
is shown in the right of Fig. 13.

As the results, the surface displacement profiles with respect to 
different length of the injection well are shown in Fig. 14. Clearly, 
when the injection well is very short, its hydraulic-mechanical 
behavior is similar to a point source. In this sense, the injected 
fluids  will accumulate in the vicinity of the wellbore and the 
pressure increment doesn't have enough time to propagate to the 
depleted zone. This will lead to the upward movement of the 
ground surface along the injection well, while the ground surface 
above the production wells remains to be subsiding. In contrast, 
when the injection is too long, the pressure drawdown induced by 
its unit length will be very small. Under this condition, the injec
tion well cannot help remedy the subsidence.

4.3. Stress interference between two horizontal wells

In this sub-section, we study one case regarding the stress 
interference between two neighboring fractured wells using the 
plane source solution. In this case, two horizontal wells with 
zipper-type fractures lying 200 ft away from each other are drilled 
in a tight oil reservoir. Each horizontal well has five  fractures, 
among which the fracture spacing is 100 ft. In each horizontal well, 
the half-length of the two outer fractures is set as 150 ft while the 
half-length of the three fractures in the middle is assumed to be 
100 ft. The fractures tips from the two wells are close to each other, 

Fig. 9. δσxx profile (top view) at observation point 40 ft above and below a production point locating at a depth of 84 ft.
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to mimic the parent-child well pairs. The bird view of the two 
horizontal wells with the fractures is shown in Fig. 15. The pa
rameters used in this case study are listed in Table 5. To understand 
the impact of rock permeability on the stress variation, we run a 
high-permeability case and a low-permeability case. In the former 
case, the rock permeability is set as 10 μD, while in the latter case 
the rock permeability is 3 μD.

As the results, the variation of pressure (δP), normal stress (δσxx;

δσyy), and shear stress (δσxy) at the layer of production for the low- 
permeability case and the high-permeability case are compared in 
Figs. 16 and 17, respectively. According to the comparison, given 
the same amount of produced fluids, the low-permeability yields 
higher pressure reduction in the vicinity of the fractures. The sharp 
decline of pressure further results in large stress reduction. As 
such, low-permeability reservoirs in general are more sensitive to 
production-induced hydraulic-mechanical permutations. More
over, it is interesting to see that the shear stress is not changed 
much in the region where fractures of the wells are close to each 
other. We call this region the ‘fracture-crossing region’. Although 
the stress interference from the normal stress is high in the 
‘fracture-crossing region’, the shear stress interference in the same 
region is not significant. This is because that the fractures in this 
work are parallel to each other, and the shear stress induced by one 
fracture will be compensated by its neighboring fracturs.

The production will also induce the reorientation of the prin
cipal stress. To examine the stress reorientation effect, we compare 
the direction of the maximum horizontal stress of the two cases in 
Figs. 18 and 19. The direction of the 3D principal stress fields  is 

computed using the formulation provided by Jaeger et al. (2007). 
Since the stress reorientation effect mostly impacts the fracture 
propagation of neighboring wells, we only plot the stress direction 
within the fracture tip region, of which both x and y coordinates 
are between 800 and 1200. According to the figures, the principal 
stress is not significantly altered in the fracture-crossing region of 
the high-perm case. This is because the shear stress change in this 
region is small, as discussed in the previous paragraph. Based on 
the formulation of the stress angle, the reorientation effect in this 
region is thus relatively smaller. Meanwhile, the stress direction 
change spans to a wider range in the high-permeability case due to 
the pressure diffusion, indicating that the stress alteration affects 
wells that are farther away in reservoirs with higher permeability. 
This cases shows that our solution has potential implications on 
the fracture driven interaction (FDI) study (Scherz et al., 2020). 
This completes the case studies. In the next sections we will pre
sent the summary and conclusions.

5. Summary

To sum up, we have developed an analytical solution to the 
coupled hydraulic-mechanical problems in semi-infinite isotropic 
poroelastic reservoirs. Our solution is based on integral transforms 
and can be naturally extended to line source and plane source 
scenarios. We have brought out a novel approach to convert the 
governing PDE into a series of ODEs in the frequency domain. The 
benchmarking of the solution, with respect to both analytical so
lution and open-source numerical programs, demonstrates its 

Fig. 10. δP profile (top view) at observation point 40 ft above and below a production point locating at a depth of 84 ft.
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accuracy. We have applied the derived solution to investigate the 
surface subsidence and stress interference problems. In the case 
study, we have demonstrated that the solution is effective in 
capturing the stress re-orientation between neighboring fractured 
wells, which sheds light on the optimization of drilling plans in area 
with close well spacing. Compared to numerical program, the so
lution is significantly more efficient, which enables to be applied to 
field-scale operations with multiple wells. Beyond its theoretical 
novelty, the solution offers practical extensibility to various source 
geometries and provides critical insights into geomechanical phe
nomena, specifically surface subsidence and stress interference in 
reservoir engineering. Next we conclude the work through the 
discussion of the strength and limitations of the model.

6. Discussion

We believe the solution will have wide applications in the 
modeling of petroleum as well as groundwater reservoirs. More
over, this solution along its novel treatment to the mechanical 
boundary lays the foundation for the derivation of hydraulic- 
mechanical solutions of multilayer problems (Xiao et al., 2019). 
In multilayer problems, the boundary conditions on the interface 
between two neighboring layers should ensure the continuity of 
flow and traction. The pressure, flux,  displacement as well as z- 
related stress tensor components should be continuous across the 

layer interfaces. Therefore, the solution procedure is similar to 
what is proposed in this work, that upon integral transform the 
problem becomes a linear system. As such, our model serves as the 
‘first’ and the ‘last’ layer in the multilayer cases. The actual chal
lenge in multilayer problems lies in the numerical stability in 
solving the linear system due to its high condition number. Certain 
strategies, such as the propagator matrix method (Alshits et al., 
2001) and the flexibility matrix method (Peirce and Siebrits, 
2001), have been proposed to address the issue. So far multilayer 
analytical models for coupled hydraulic-mechanical processes are 

Fig. 11. δσxx profile (top view) at observation point 40 ft above and below a production point locating at a depth of 524 ft.

Table 4 
Input parameters of the subsidence case study.

Parameters Values Units

Rock permeability k 0.9 mD
Rock porosity ϕ 0.14 Dimensionless
Poisson's ratio ν 0.1 Dimensionless
Biot's coefficient α 0.9 Dimensionless
Biot's modulus M 1:0× 106 psi
Young's modulus E 3:0× 106 psi
Liquid viscosity μ 0.7 cP
Liquid density ρ 60 lbm/ft3

Liquid production rate Q 150 bbl/d/well
Production duration t 360 d
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lacking and it is our ongoing efforts to derive such a model with 
sound robustness. Additionally, our model can also be extended to 
include the nonlinear compaction effect of fractures. Since our 
model is essentially a fundamental solution of the pressure-stress 
response subject to the extraction of unit amount of fluids from the 

reservoir, it can be combined with the approach proposed by 
(Zhou et al., 2013) to formulate a semi-analytical method with the 
consideration of finite fracture permeability. Zhou's method is 
essentially a numerical simulator of the fracture system with the 
fluid flow inside the matrix obtained from an analytical solution. 

Fig. 12. δP profile (top view) at observation point 40 ft above and below a production point locating at a depth of 524 ft.

Fig. 13. Left: conceptual model of the production and injection wells. Right: surface subsidence after one year of production.
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Zhou's model for the fluid  flow  is limited to infinite  domain 
assumption without mechanical effect. Hence, the current 
assumption of infinite  fracture permeability can be relaxed. Our 
model can not only calculate the pressure but also the stress, 
therefore it can predict the effective closure stress on the fracture 
plane. Hence, the compaction effect of the fracture can be poten
tially taken into consideration.

Admittedly, this solution still has certain limitations. First of all, 
it is not close-formed in the original domain, causing some 
inconvenience in the implementation. Secondly, it can only handle 
sources with given production rates and cannot be applied to cases 
where bottom hole pressure is specified.  Thirdly, the rock 

permeability is stress-independent, which could be a strong 
assumption in practice, particularly for tight and shale reservoirs. 
Fourthly, the model, like most analytical models, is only applicable 
to single-phase flows. The applicability of our model to multiphase 
flow  problems, such as condensate gas reservoirs or volatile oil 
reservoirs, is limited due to the nonlinear nature of the problem. 
For fast prediction of the multiphase process, linearization of the 
governing equation may be needed (Deng and King, 2015; Liao, 
2004). Moreover, machine learning methods are promising alter
natives (Li et al., 2021; Bi et al., 2023). We therefore propose to 
continue the efforts in extending the current solution to broader 
scenarios.
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Appendix A. Formulation of integral transforms

In this appendix, we briefly introduce the integral transforms 
used in this work.

The Laplace transform is defined as 

L{f}(s)=
∫∞

0

f (x)e− sxdx (A-1) 

The Fourier transform is defined as 

Fx{f}(qx)=

∫∞

− ∞

f (x)e− iqxxdx (A-2) 

Particularly, the conversion of the sink/source term to the 
Fourier domain is then 

Fx
(
Fy(Q)

)
= Fx

(
Fy(Q(t) ⋅ δ(D;0;H))

)
=Q(t)eiqxDδ(z − H) (A-3) 

We use the built-in functions in MATLAB to conduct the inverse 
integral transform calculations.

Fig. 14. Profiles of the surface movement with different length of the injection well. Left: injection well is 12 ft long. Middle: injection well is 62 ft long. Right: injection well is 
112 ft long. The spatial dimension is the same as that in Fig. 13. Positive values of the surface movement mean upward movements.

Fig. 15. Birdview of two horizontal wells with zipper-type fractures. The black lines 
indicate the horizontal wells, while the blue/red lines indicate fractures.

Table 5 
Input parameters of the stress inference case study.

Parameters Values Units

Rock porosity ϕ 0.05 Dimensionless
Poisson's ratio ν 0.2 Dimensionless
Biot's coefficient α 0.9 Dimensionless
Biot's modulus M 1:5× 106 psi
Young's modulus E 4:0× 106 psi
Liquid viscosity μ 1.0 cP
Liquid density ρ 65 lbm/ft3

Fracture height 60 ft
Liquid production rate Q 750 bbl/d/well
Production duration t 200 d
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Appendix B. Transformed stress and displacement variables

This appendix lists the formulations of the transformed stress 
and displacement variables. 

d2
(δux)

dz2 −
(

q2
x +q2

y

)
δux+ iqx

3
(2ν+2)G

δσm − iqxα
1 − 2ν

(2ν+2)G
δP=0

(B-1) 

d2( δuy
)

dz2 −
(

q2
x +q2

y

)
δuy+ iqy

3
(2ν+2)G

δσm − iqyα
1 − 2ν

(2ν+2)G
δP=0

(B-2) 

d2
(δuz)

dz2 −
(

q2
x +q2

y

)
δuz+

3
(2ν+2)G

d(δσm)

dz
− α

1 − 2ν
(2ν+2)G

d(δP)
dz

=0

(B-3) 

d2
(δσm)

dz2 = α
2(1 − 2υ)
3(1 − υ)

d2
(δP)

dz2 (B-4) 

where the superscript ‾ denotes that the variable below is in the 
Fourier–Laplace domain. Similarly, we can convert the mechanical 
constitutive relationship to the following relationships between 
the stress and displacements, as below. 

δσxx = iqx
E

1 + ν
δux +

3ν
1 + ν

δσm + α
1 − 2ν
1 + ν

δP (B-5) 

δσyy = iqy
E

1 + ν
δuy +

3ν
1 + ν

δσm + α
1 − 2ν
1 + ν

δP (B-6) 

δσzz =
E

1 + ν
d(δuz)

dz
+

3ν
1 + ν

δσm + α
1 − 2ν
1 + ν

δP (B-7) 

δτxz =
E

2(1 + ν)

(
d(δux)

dz
+ iqxδuz

)

(B-8) 

δτyz =
E

2(1 + ν)

(
d
(
δuy
)

dz
+ iqyδuz

)

(B-9) 

δτxy =
E

2(1 + ν)

(
iqxδuy + iqyδux

)
(B-10) 

Appendix C. Solution procedure of Eq. (19)

Eq. (19) is also a second order non-homogeneous ODE. To get its 
solution, we decompose its non-homogeneous term (right-side 
terms in Eq. (19) into three parts, resulting in three equations, as 
below. 

Fig. 16. The variation of pressure, normal and shear stress at the layer of production for the low-permeability case.
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Fig. 17. The variation of pressure, normal and shear stress at the layer of production for the high-permeability case.

Fig. 18. The profile of the re-orientation of the maximum horizontal stress in the 
fracture tip region in the low-permeability case.

Fig. 19. The profile of the re-orientation of the maximum horizontal stress in the 
fracture tip region in the high-permeability case.
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d2
(δP1)

dz2 (z; s) − m2δP1(z; s) = Aaa1eqz

d2
(δP2)

dz2 (z; s) − m2δP2(z; s) = Aaa2e− qz

d2
(δP3)

dz2 (z; s) − m2δP3(z; s) =
μ
k

Q(s)eiqxDδ(z − H)

(C-1) 

with 

Aa = −
μ
k

α
λ + 2

3 G
s 

AQ =
μ
k

eiqxD 

Each of the above equations corresponds to a particular solu
tion of the original ODE, and the solution δP can be obtained by the 
superposition of the particular solutions and a general solution, as 
δP = δP0 + δP1 + δP2 + δP3, where P0 is the general solution of the 
homogeneous version of the ODE.

Clearly, P0 is linear proportional to e− mz, as below. 

δP0 = ape− mz (C-2) 

where ap is the constant to be determined by the boundary 
condition.

Since the pressure change at infinity  should fade to zero, a1 

must be zero. Therefore δP1 can be consolidated into the homo
geneous solution δP0.

δP2 is solved as follows 

δP2 =
1

q2 − m2Aaa2e− qz (C-3) 

Since m is not equal to q, the above formulation avoids the 
degeneration case where m is equal to q.

δP3 can be solved using the method of variation of parameters 
(Arnol'd 1992), as 

δP3 = −
1

2m
e− m|z− H|AQQ (C-4) 

Combining Eqs. (C-2) to (C-4) with the boundary conditions, the 
constant ap is solved as 

ap = −
1

m(q + m)
Aaa2 −

1
2m

AQQe− mH (C-5) 

It should be noted that the above method can be easily 
extended to other boundary conditions at the top surface. For 
instance, if there is an influx  term (time-dependent or time- 
independent) at the ground surface, one only needs to transform 
it to the Fourier–Laplace then combine it with Eqs. (C-2) to (C-4), 
leading to a different expression of ap.

Appendix D. Formulation of the stress components in the 
Fourier–Laplace domain

In this appendix, we present the formulation of the stress in the 
Fourier–Laplace domain, and a flowchart of the solution process.

The six stress components are solved as below 

δσxx =
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