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a b s t r a c t

Internal multiple suppression is a crucial and challenging task in seismic data processing, aiming to 
mitigate the impact of internal multiples on imaging and seismic interpretation. A major difficulty arises 
because internal multiples often overlap with primaries, particularly in complex geological settings, 
making their accurate suppression difficult. Conventional internal multiple elimination (IME) methods 
rely on adaptive subtraction, which may cause primary energy loss in regions where primaries and 
internal multiples overlap. To address this issue, this paper derives internal multiple suppression for
mulas based on the well-known feedback model from a novel perspective. On this basis, we propose a 
Closed-Loop Internal Multiple Elimination (CL-IME) method. By formulating a new objective function, 
the proposed CL-IME method accurately estimates and suppresses internal multiples through inversion, 
thereby avoiding the primary energy loss associated with adaptive subtraction. Numerical experiments 
demonstrate that CL-IME achieves significantly higher accuracy than conventional IME in suppressing 
internal multiples, particularly in regions where primaries and multiples strongly overlap, thereby 
providing a more reliable approach for seismic data processing in complex structural settings.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc- 

nd/4.0/).

1. Introduction

In seismic exploration data processing, internal multiples are 
challenging to identify and separate in seismic records due to their 
complex propagation paths, strong kinematic similarity to pri
maries, and significant temporal and spatial overlap with primaries. 
Their presence not only severely degrades the signal-to-noise ratio 
of seismic sections but can also result in misinterpretation of sub
surface structures (Gong et al., 2017). Therefore, high-precision 
suppression of internal multiples is not only essential for 
enhancing seismic imaging quality but also represents a significant 
scientific  challenge in geophysical exploration (Li et al., 2024). 
Currently, a widely used approach for internal multiple suppression 
is the Internal Multiple Elimination (IME) method (Jakubowicz, 
1998), which serves as the theoretical foundation for our pro
posed method. Another relatively high-precision method is the 

Inverse Scattering Series (ISS) approach (Araújo et al., 1994; Yang 
and Zhu, 2018), but its high computational cost limits its practical 
applicability. In addition, emerging methods, such as those based 
on the Marchenko theory (Gu et al., 2023), and methods that sup
press internal multiples in the image space (Berkhout and 
Verschuur, 2012; You and Cao, 2020; 2025), show promise, 
although the theoretical foundation remains underdeveloped.

The IME approach is developed based on the Surface-Related 
Multiple Elimination (SRME) method (Berkhout and Verschuur, 
1997), which extends the data-driven convolutional strategy 
used for the prediction of surface-related multiples to that of in
ternal multiples (Ypma and Verschuur, 2013). Berkhout (1997, 
1999, 2005) proposed a method for predicting internal multiples 
using common-focus-point (CFP) gathers, and further developed 
both boundary and layer-related methods. However, the con
struction of CFP gathers requires prior velocity information, which 
constrains its practical applicability. Building on this foundation, 
Jakubowicz (1998) developed a method for internal multiple 
prediction through interference theory, employing correlation and 
convolution operations among three datasets to achieve the 
multiple prediction (van Borselen, 2002; Hung and Wang, 2012). 
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Subsequently, Ikelle (2006) introduced the concept of “virtual 
event” to predict the internal multiples and reinterpreted the 
construction process of internal multiples. Although both ap
proaches (Jakubowicz, 1998; Ikelle, 2006) provide intuitive ex
planations for internal multiple prediction based on propagation 
paths of waves, they lack mathematical and physical derivations, 
and their theoretical frameworks remain insufficiently developed. 
It is worth noting that both ISS and IME approaches adopt a 
“prediction-adaptive subtraction” strategy for internal multiple 
suppression, with their effectiveness largely dependent on the 
performance of the adaptive subtraction. However, this strategy 
suffers from inherent limitations. Since internal multiples often 
significantly overlap with primaries in shot records, the adaptive 
subtraction process, which is commonly based on the minimum 
energy assumption, can cause primary energy leakage into the 
internal multiples, leading to a loss of primary energy. This reduces 
both the accuracy of multiple suppression and the amplitude fi
delity of the primaries.

To address this issue, Zhang and Staring (2018) proposed the 
Marchenko Multiple Elimination (MME) method, which enables 
high-precision prediction for the amplitude and phase of internal 
multiples based on Marchenko theory, without relying on prior 
velocity information. Building on this work, Zhang et al. (2019)
developed the transmission compensated MME (T-MME) method 
by introducing a compensation mechanism for transmission losses 
in the primary reflections. Santos et al. (2021) reformulated the 
MME as a least-squares problem (LSMME), which circumvents the 
convergence requirement imposed by the Neumann series 
expansion. However, these methods heavily depend on the quality 
of source wavelet deconvolution and remain insufficiently mature.

Another approach to improving accuracy involves inversion- 
based method. Ypma and Verschuur (2013) extended the Estima
tion of Primaries by Sparse Inversion (EPSI), which was proposed 
by Groenestijn and Verschuur (2009) for surface-related multiple 
suppression, to the field  of internal multiple suppression. This 
method estimates primaries by alternately inverting three pa
rameters, including the response from all boundaries below the 
internal multiple generating boundary, the impulse response from 
the generating boundary itself, and the source wavelet. In this way, 
it avoids the primary energy loss caused by adaptive subtraction. 
Although the inversion-based method shows obvious advantages 
in amplitude fidelity  of the primaries, this method suffers from 
instability in wavelet estimation (Bao et al., 2022), and the mutual 
influence  among these inversion parameters in the alternating 
inversion process leads to limited adaptability.

Considering the incomplete theoretical derivations of conven
tional IME methods and leveraging the advantages of inversion, we 
establish a rigorous mathematical and physical foundation based 
on the well-known feedback model (Berkhout and Verschuur, 
2005). Within this novel theoretical framework, we derive an 
analytical expression for internal multiple elimination and further 
propose an inversion-based Closed-Loop IME (CL-IME) method. 
The proposed CL-IME method builds on the derived analytical 
expression and formulates an objective function with a single 
inversion parameter, enabling high-precision estimation of inter
nal multiples. The estimated internal multiples are then directly 
subtracted from the seismic records to achieve effective suppres
sion. The CL-IME method does not rely on any prior velocity in
formation and avoids the issues of traditional approaches that 
depend on adaptive subtraction and wavelet estimation. It can 
suppress internal multiples in a stable and effective manner while 
preventing primary energy loss, thereby providing a robust tech
nical foundation for improving seismic imaging quality in complex 
geological settings.

2. Methodology

2.1. Feedback model for primaries and internal multiples

According to the WRW model proposed by Berkhout (1982), the 
propagation of primaries can be described as follows. The seismic 
wave generated by a source at the surface z0 propagates downward 
to a reflection boundary at depth zn, where it is reflected upward. 
The reflected wave then travels back to the surface z0, and is ul
timately recorded by a detector. A schematic illustration of this 
process is shown in Fig. 1.

The mathematical expression of this process in the frequency 
domain is given by: 

ΔPn(z0; z0)=D(z0)W(z0; zn)R(zn; zn)W(zn; z0)S(z0)

=D(z0)ΔXn(z0; z0)S(z0)
(1) 

here, matrix ΔPn(z0; z0) denotes the primaries generated at the 
boundary zn, and matrix S(z0) represents the source wavelet. 
Matrices W(zn; z0) and W(z0; zn) are the downgoing- and upgoing- 
propagation operators between the surface z0 and the boundary 
zn, respectively. Matrix R(zn; zn) denotes the upward-reflection 
operator at the boundary zn, and matrix D(z0) represents the de
tector response. Matrix ΔXn(z0; z0) = W(z0; zn)R(zn; zn)W(zn; z0)

corresponds to the primary impulse response at boundary zn.
Based on the WRW model, Berkhout and Verschuur (2005)

systematically analyzed the propagation mechanisms of internal 
multiples. A feedback model for primaries and internal multiples 
was summarized using the boundary formulation, based on an 
analysis of the raypaths of internal multiples related to boundary 
zn, as illustrated in Fig. 2.

Following the above feedback model, the boundary formulation 
for internal multiple suppression using the CFP-based method is 
derived. The expressions of internal multiples related to the 
boundary zn are given as follows (Berkhout and Verschuur, 2005): 

ΔMn(z0; z0)=D(z0){X(z0; zn)}nR∧(zn; zn){P
−
(zn; z0)}n− 1

(model driven)

(2a) 

or as 

ΔMn(z0; z0)= {P(z0; zn)}nA(zn; zn){P(zn; z0)}n− 1(data driven)

(2b) 

Here, ΔMn(z0; z0) denotes the internal multiples related to the 
target boundary at depth zn. A(zn; zn) and R∧(zn; zn) are the 
boundary operator and the downward-reflection  operator at 
boundary zn, respectively. P represents the seismic record. { }n− 1 

W(zn, z0)W(z0, zn)

R(zn, zn,)

z0

zn

D(z0) S(z0)

Fig. 1. WRW model.
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signifies that internal multiples related to boundaries at or above 
depth zn− 1 (i.e., z ≤ zn− 1) have been removed, while those related 
to deeper boundaries (i.e., z > zn− 1) remain in the data. The overbar 
on P indicates that all primary reflections  related to the target 
boundary zn and shallower boundaries (i.e., z ≤ zn) have been 
muted. {X(zn; zn)}n denotes the impulse response in a half-space 
z > zn. Additionally, the minus sign in P

−
represents the upgoing 

wavefield. Based on these definitions, the wavefield {P(zn; z0)}n− 1 
can be expressed as follows: 

{P(zn; z0)}n− 1 =D(zn){P
−
(zn; z0)}n− 1 (3) 

According to the WRW model, the following equation can be 
concluded: 

{P(z0; zn)}n =D(z0){X(z0; zn)}nS(zn) (4) 

By substituting Eqs. (3) and (4) into Eq. (2b) and comparing the 
result with Eq. (2a), the boundary operator can be explicitly 
expressed as: 

A(zn; zn)= S− 1
(zn)R∧(zn; zn)D− 1(zn) (5) 

2.2. Internal multiple elimination based on the feedback model

In the existing data-driven formulation of internal multiples 
related to boundary zn (Eq. (2b)), the prediction of internal mul
tiples relies on the data matrices {P(z0; zn)}n and {P(zn; z0)}n− 1, 
which are obtained through the construction of the CFP gathers, a 
process that requires prior velocity information.

Building upon the aforementioned equations and the WRW 
model, we derive a novel theoretical framework for predicting and 
suppressing internal multiples driven by surface seismic data. Un
like conventional CFP-based method, the proposed method does 
not require the construction of CFP gathers, thereby eliminating the 
dependence on prior velocity information and enhancing its 
applicability in practical data processing. Moreover, this method is 
derived from the theory of wavefield propagation and provides a 
new perspective for internal multiple suppression based on the 
feedback model. It overcomes the limitations of traditional IME 
methods (e.g., Jakubowicz, 1998; Ikelle, 2006) that rely exclusively 
on raypath analysis and lack rigorous mathematical and physical 
foundations. As a result, this method improves and extends the 
current theoretical framework for internal multiple suppression.

Based on the WRW model, we represent the wavefield P(z0; zn)

in Eq. (2b) using seismic records P(z0; z0) acquired with both 

sources and detectors located at the surface, leading to the 
following expression: 

{P(z0; zn)}n ={P(z0; z0)}nS− 1
(z0)W

− 1(zn; z0)S(zn) (6) 

It can be seen that the above equation eliminates the source 

effect at the surface z0 using S− 1
(z0), removes the propagation 

effect from surface z0 to boundary zn by applying W− 1(zn;z0), and 
places the sources at the boundary zn through the application of 
S(zn), which is virtual, thereby achieving the transformation from 
P(z0; z0) to P(z0;zn).

Similarly, 

{P(zn; z0)}n− 1 =D(zn)W− 1(z0; zn)D− 1(z0){P(z0; z0)}n− 1 (7) 

To obtain a prediction expression for internal multiples 
ΔMn(z0; z0) that relies solely on seismic data acquired with both 
sources and detectors located at the surface, Eqs. (6) and (7) are 
substituted into Eq. (2b), yielding: 

ΔMn(z0; z0)= {P(z0; z0)}nS− 1
(z0)W

− 1(zn; z0)S(zn)A(zn; zn)

D(zn)W− 1(z0; zn)D− 1(z0){P(z0; z0)}n− 1

(8) 

By substituting the boundary operator expression A(zn; zn) (Eq. 
(5)) into Eq. (8), we further obtain: 

ΔMn(z0; z0)= {P(z0; z0)}nS− 1
(z0)W

− 1(zn; z0)R
∧(zn; zn)

W− 1(z0; zn)D− 1(z0){P(z0; z0)}n− 1 ={P(z0; z0)}nS− 1
(z0)

W− 1(zn; z0)R
∧(zn; zn)R(zn; zn)R− 1(zn; zn)W− 1(z0; zn)

D− 1(z0){P(z0; z0)}n− 1

(9) 

To ensure numerical stability, we adopt the conjugate trans
pose of the matrix as a stable approximation of its inverse, pre
serving the travel-time information (Berkhout, 1997). Accordingly, 
Eq. (9) can be rewritten as: 

ΔMn(z0; z0) ≈ {P(z0; z0)}nSH
(z0)W

H(zn; z0)R
∧(zn; zn)R(zn; zn)

RH(zn; zn)WH(z0; zn)DH(z0){P(z0; z0)}n− 1

(10) 

To simplify the expression of internal multiples ΔMn(z0;z0), it is 
assumed that the detector response D and source wavelet S are 
angle-independent, i.e., their directional characteristics are 
neglected (Thorbecke, 1997). Under this assumption, both D and S 
can be represented as diagonal matrices, such that D = D(ω)I, S =

S(ω)I.

W(zn, z0)D(z0)W(z0, zn) S(z0)

{P--(zn, z0)}n-1

{P-(z0, z0)}n-1

{X-(zn, zn)}n

R^(zn, zn)

{X-(zn, zn)}n
{X-(zn, zn)}n

zn

zm

z0

W(zn, z0)
W(z0, zn)

R^(zn, zn)

D(z0) S(z0)

(a)

(b)

Fig. 2. Feedback model and raypath illustration. (a) Feedback model for primaries and internal multiples using the boundary formulation, (b) raypaths for internal multiples 
related to boundary zn.
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Meanwhile, it is assumed that W(zn;z0), R
∧(zn;zn), and R(zn; zn)

are Toeplitz matrices, which implies that the reflection  and 
propagation properties are laterally invariant (Thorbecke, 1997). 
Similarly, WH(zn; z0) is also considered as a Toeplitz matrix. As a 
result, WH(zn; z0), R∧(zn; zn), and R(zn; zn) can be interchanged 
(Thorbecke, 1997). Under these assumptions, Eq. (10) can be 
further expressed as: 

According to Eq. (1), Eq. (11) can be further reformulated as: 

ΔMn(z0;z0)≈{P(z0;z0)}n[R
∧(zn;zn)R(zn;zn)]ΔPn

H(z0;z0)

{P(z0;z0)}n− 1

(12) 

By defining  a new boundary operator Aʹ
(zn; zn) = R∧(zn;

zn)R(zn; zn), Eq. (12) can be expressed as: 

ΔMn(z0;z0)={P(z0;z0)}nA
′

(zn;zn)ΔPn
H(z0;z0){P(z0;z0)}n− 1

(13) 

As indicated, the prediction of internal multiples ΔMn(z0;z0)

relies on three data matrices: {P(z0;z0)}n, ΔPn(z0; z0), and 
{P(z0;z0)}n− 1, whose source and detector locations are all located 
on the surface. Consequently, the construction of the CFP gathers is 
no longer required. Moreover, the boundary operator Aʹ

(zn;zn) is 
associated with the reflection characteristics of the boundary zn, 
representing a novel and significant  finding  that distinguishes it 
from existing IME methods, which lack rigorous theoretical 
derivation.

It is worth noting that {P(z0; z0)}n represents the seismic record 
in which both internal multiples and all primaries related to 
boundaries at depths z ≤ zn have been removed. In contrast, 
{P(z0; z0)}n− 1 denotes the seismic record in which both internal 
multiples related to boundaries at depths z ≤ zn− 1, as well as pri
maries related to boundaries at depths z ≤ zn have been removed. 
Therefore, the following relationship holds: 

{P(z0; z0)}n ={P(z0; z0)}n− 1 − ΔMn(z0; z0) (14) 

In summary, the internal multiple suppression method based 
on the feedback model can be expressed by the following 
equations: 

⎧
⎪⎨

⎪⎩

{P}n
i
= {P}n− 1 − ΔMn

i

ΔMn
i = {P}n

i− 1
A

′

ΔPn
H{P}n− 1

{P}n
0
= {P}n− 1

(15) 

For conciseness, location variables have been omitted. The 
defined  boundary operator Aʹ can be computed by solving the 
following least-squares problem with a Frobenius L2-norm: 

⃦
⃦{P}n− 1 − ΔMn

⃦
⃦2

=

⃦
⃦
⃦{P}n− 1 − {P}nA

′

ΔPn
H{P}n− 1

⃦
⃦
⃦

2
→min

(16) 

According to the above derivation, the workflow  for internal 
multiple suppression using the feedback model can be summa
rized as follows: (1) Mute {P}n− 1 to obtain ΔPn and {P}n− 1; (2) 
Calculate the predicted internal multiples ΔMn pre using equation 

ΔMn pre={P}nΔPn
H{P}n− 1, with the initial iteration set as {P}n =

{P}n− 1; (3) Apply adaptive subtraction between {P}n− 1 and 
ΔMn pre based on Eq. (16) to obtain {P}n; (4) Repeat steps (2)–(3) 

with the updated {P}n until a satisfactory estimation of the in
ternal multiples ΔMn is achieved; (5) Obtain the final result {P}n 
after multiple suppression using Eq. (17): 

{P}n ={P}n− 1 − ΔMn (17) 

Once the wavefield {P}n is obtained, the data {P}n and ΔPn+1 
related to the next selected reflecting  boundary zn+1 can be 
extracted. It should be noted that, the overbar on {P}n indicates 
that all primary reflections at or above the target boundary zn+1 
(i.e., z ≤ zn+1) have been muted. By repeating the above procedure, 
internal multiples related to boundary zn+1 can be further sup
pressed, thereby achieving a layer-by-layer internal multiple 
suppression.

The above internal multiple suppression method derived from 
the feedback model is implemented in a manner similar to existing 
IME approaches (Jakubowicz, 1998; Ikelle, 2006), in which internal 
multiples are predicted through convolution operations between 
datasets and subsequently suppressed by adaptive subtraction, 
without requiring any priori velocity information. However, these 
existing methods derive the internal multiple prediction formulas 
exclusively from propagation-path analysis, yet lack a compre
hensive theoretical derivation, while the present study establishes 
a comprehensive theoretical framework grounded in the feedback 
model and derives an explicit expression for the boundary oper
ator A ,́ thereby providing a significant theoretical advancement.

Similar to the existing IME approaches, when internal multiples 
overlap with primaries, the adaptive subtraction in the derived 
method may also cause primary energy loss, thereby limiting the 
accuracy of internal multiple suppression. Therefore, it is imper
ative to develop a new internal multiple suppression method with 
higher suppression accuracy to deal with this issue.

2.3. Closed-loop internal multiple elimination

To address primary energy loss caused by adaptive subtraction, 
this study incorporates the inversion concept into the derived 
internal multiple suppression formulas and proposes a Closed- 
Loop Internal Multiple Elimination (CL-IME) method. In this 
method, an objective function is formulated for the wavefield {P}n, 
which is directly inverted by minimizing the objective function, 
thereby avoiding the adaptive subtraction. As a result, more ac
curate internal multiples can be estimated, achieving higher- 
precision internal multiple suppression while effectively preser
ving primary energy.

From Eq. (15), it follows that: 

{P}n− 1 = {P}n + {P}nA
′

ΔPn
H{P}n− 1

= {P}n

(
I + A

′

ΔPn
H{P}n− 1

)
(18) 

In order to estimate {P}n from {P}n− 1, an objective function J is 
constructed to quantify the difference between the computed 

ΔMn(z0; z0) ≈ {P(z0; z0)}n[R
∧(zn; zn)R(zn; zn)][D(z0)W(z0; zn)R(zn; zn)W(zn; z0)S(z0)]

H
{P(z0; z0)}n− 1 (11) 
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wavefield  (sum of the wavefield {P}n and the internal multiples 
ΔMn) and the wavefield {P}n− 1 obtained from the observed data. 
The objective function is formulated as a Frobenius L2 norm, 
defined as: 

J =
∑

ω
Jω =

∑

ω

⃦
⃦
⃦{P}n− 1 −

̂
{P}n

(
I +̂A

′

ΔPn
H{P}n− 1

)⃦
⃦
⃦

2
(19) 

where ̂{P}n and ̂Aʹ represent the estimations of {P}n and Aʹ, 

respectively. The initial values are set as ̂{P}n = 0 and ̂Aʹ
= 0. By 

minimizing the objective function Jω, ̂{P}n and ̂Aʹ are iteratively 
updated, such that the sum of the estimated wavefield {P}n and 
the estimated internal multiples ΔMn increasingly approximates 
the wavefield {P}n− 1. In this way, both the estimated wavefield 
{P}n and the estimated internal multiples ΔMn become progres
sively more accurate.

To solve the above least-square problem, a first-order  Taylor 
expansion of Jω is used to determine the appropriate descent di
rection for updating the inverted wavefield  {P}n. This descent 
direction is obtained from the extremum condition of J, 

∇̂
{P}n

Jω
(
{P}n;A

′ )
= 0, yielding the gradient of inverted wavefield 

Δ{P}n = − ∇̂
{P}n

Jω
(
{P}n;A

′ )
, which can be expressed as: 

Δ{P}n =
[
{P}n− 1 −

̂
{P}n

(
I

+
̂A

′

ΔPn
H
{P}n− 1

) ](
I +̂A

′

ΔPn
H
{P}n− 1

)H
(20) 

The boundary operator Aʹ is estimated according to Eq. (16). 
Based on the gradient Δ{P}n and step length α, the update formula 
for the wavefield {P}n can be given by: 

̂
{P}n

(i+1)
=

̂
{P}n

(i)
+ αΔ{P}n

(i)
(21) 

The step length α is determined via a line search, which ensures 

that J
( ̂
{P}n + αΔ{P}n

)
→min. Specifically: 

With 
⎧
⎨

⎩

V = {P}n− 1 −
̂
{P}n

(
I +̂A

′

ΔPn
H{P}n− 1

)

K = Δ{P}n

(
I +̂A

′

ΔPn
H{P}n− 1

) (23) 

To achieve J
( ̂
{P}n + αΔ{P}n

)
→min, the extremum condition 

dJ({̂P}n+αΔ{P}n )
dα = 0 is applied, yielding: 

α=

∑

ω

(
Tr
(

VHK
)
+ Tr

(
KHV

))

2
∑

ω
Tr
(

KHK
) (24) 

Since the step length α is a real number, any imaginary part 
introduced by numerical computation is neglected. Furthermore, 

noting that Re
(

Tr
(

VHK
))

= Re
(

Tr
(

KHV
))

, α can be rewritten in a 

real-valued form: 

α=

∑

ω
Re

(
Tr
(

VHK
))

∑

ω
Tr
(

KHK
) (25) 

Through the above inversion process, the wavefield {P}n can be 
directly estimated without relying on the adaptive subtraction, 
thereby ensuring the accuracy of internal multiple separation: 

ΔMn ={P}n− 1 − {P}n (26) 

Subsequently, the result {P}n after suppressing the internal 
multiples related to boundary zn can be obtained using Eq. (17). 
Similarly, the wavefields ΔPn+1 and {P}n corresponding to the next 
reflection boundary zn+1 can be obtained, and the above procedure 
is repeated to further suppress internal multiples related to 
boundary zn+1. By proceeding layer by layer in this manner, the 
internal multiple suppression can be achieved throughout the 
subsurface.

Overall, the CL-IME can be regarded as an “inversion-oriented” 
or “closed-loop” version of the internal multiple suppression 
method based on the feedback model. It iteratively updates the 
inverted wavefields  by computing gradients and step lengths, 
enabling accurate estimation of internal multiples and ultimately 
achieving high-precision suppression of these multiples.

3. Numerical examples

In this section, numerical tests of the proposed CL-IME are 
performed and compared with the internal multiple suppression 

method based on the feedback model to validate its effectiveness, 
adaptability, and superiority.

It should be noted that the derived internal multiple 
suppression method based on the feedback model, similar to 
existing IME approaches, predicts internal multiples through 
convolution operations between the datasets and can there
fore be regarded as a new IME approach. For conciseness, the 
term “IME” hereafter specifically refers to this derived 
method.

J
( ̂
{P}n + αΔ{P}n

)
=

∑

ω

⃦
⃦
⃦{P}n− 1 −

̂
{P}n

(
I +̂A

′

ΔPn
H{P}n− 1

)
− αΔ{P}n

(
I +̂A

′

ΔPn
H{P}n− 1

)⃦
⃦
⃦

2
=

∑

ω
‖V − αK‖

2

=
∑

ω
Tr(V − αK)H

(V − αK) =
∑

ω
Tr
(

VHV + α2KHK − αVHK − αKHV
)

(22) 
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3.1. Simple model

First, the IME and CL-IME methods are tested using seismic 
records generated from a simple velocity model (Fig. 3(a)). There 
are 201 sources and 201 detectors evenly spaced along the surface 
with a spacing of 10 m interval. The recording time is 1.8 s with a 
sampling interval of 4 ms. An absorbing boundary condition is 
applied to simulate data without surface-related multiples, and 
the shot records can be represented as {P}

0
.

A single shot is selected for demonstration (Fig. 3(b)). The 
analysis on the velocity model indicates that the shot record 
contains only internal multiples related to the first  boundary z1 
(white arrow), which significantly  overlap with the primaries 
generated from the third boundary z3 (black arrow). In this case, 
with the target boundary set at z1, the primaries ΔP1 generated 
from z1 (Fig. 3(c)) and the wavefield {P}0 (Fig. 3(d)) are separated 
from the seismic record {P}

0
.

Based on the separated data, the IME and CL-IME methods are 
then applied to suppress the internal multiples ΔM1. The results 
are shown in Fig. 4. As seen in Fig. 4(a), the internal multiples 
calculated by the IME method generally match the location and 
shape of the internal multiples in the shot records. The suppres
sion result of IME (Fig. 4(b)) indicates that the internal multiples 
are attenuated, confirming  the effectiveness of the IME method. 
However, the internal multiples (Fig. 4(a)) exhibit uneven energy 
distribution, and in regions where primaries and multiples over
lap, significant primary energy leakage occurs. This issue is further 
highlighted in the suppression results (Fig. 4(b)): in the over
lapping regions, the adaptive subtraction causes obvious primary 
energy loss (black arrow). In contrast, the internal multiples esti
mated by CL-IME (Fig. 4(c)) exhibit a uniform energy distribution, 
and their waveforms closely match those in the seismic record, 
demonstrating that CL-IME provides more accurate estimates of 
internal multiples. Effective suppression of the internal multiples 
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is achieved by directly subtracting them from the shot records 
(Fig. 4(d)), with the internal multiples accurately removed while 
primaries well preserved. Overall, the proposed CL-IME demon
strates a significant  advantage in internal multiple suppression, 
particularly in complex regions where internal multiples overlap 
with primaries, outperforming the IME and validating its effec
tiveness and advantages.

To provide a clearer comparison of the two methods in terms 
of primary energy preservation, the overlapping region from 
Fig. 4(b) and (d) are extracted, and the corresponding wave
forms are shown in Fig. 5. In this region, the suppression result of 
IME (Fig. 5(a)) exhibits evident weakening of primary energy, 
particularly at near-offset positions where the loss is more pro
nounced. In contrast, the CL-IME result (Fig. 5(b)) preserves the 
primary waveforms well, with a more uniform energy distribu
tion, indicating that primary energy loss is effectively avoided 
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during internal multiple suppression. These results further 
highlight the significant  advantages of CL-IME in both the accu
racy of internal multiple suppression and the preservation of 
primary amplitudes.

To provide a more intuitive comparison of the suppression 
performance of the two methods, the 80th trace is extracted from 
Figs. 3(b), 4(b) and (d). The waveforms within 0.8–1.36 s are 
compared with the corresponding ideal primaries, as shown in 
Fig. 6. It can be observed that significant  energy interference 
between primaries and internal multiples exits within 1.23–1.28 s. 
Within this time window, both methods achieve suppression of 
internal multiples, but their suppression performance differs 
significantly. Compared with the primaries, the IME result ex
hibits noticeable amplitude loss, with an mean squared error 
(MSE) of 0.3350, indicating a relatively large deviation and sub
stantial primary energy damage caused by the adaptive subtrac
tion. In contrast, the CL-IME result closely matches the ideal 
primaries, with an MSE of 0.0528, which is significantly  lower 
than that of the IME, demonstrating that the inversion strategy 
effectively preserves primary energy. These results indicate that 
the proposed CL-IME method exhibits a clear advantage in 
amplitude preservation.

To investigate the convergence characteristics of the proposed 
CL-IME method in the iterative inversion process, Fig. 7 shows its 
convergence curve. During the initial iterations, the residual ex
hibits a rapid decrease, indicating that the CL-IME method effec
tively reduces the data misfit within a limited number of iterations 
and demonstrates favorable convergence efficiency. With 
increasing iterations, the rate of residual reduction gradually di
minishes and stabilizes after approximately ten iterations, exhib
iting only minor fluctuations, indicating that the inversion process 
reaches a stable convergence regime. These observations indicate 
that the developed iterative inversion framework achieves stable 
convergence within a finite number of iterations while preserving 
the accuracy of internal multiple elimination, thereby confirming 
the robust convergence and numerical stability of the proposed CL- 
IME method.

To further investigate its adaptability and robustness under 
noisy conditions, additional analyses are conducted using noisy 
data, and the corresponding results are shown in Fig. 8. The 
seismic record with noise is shown in Fig. 8(a). The CL-IME is 
applied to suppress the internal multiples, and the estimated in
ternal multiples are presented in Fig. 8(b), which closely match the 
internal multiples estimated from the noise-free data in Fig. 4(c). 
Fig. 8(c) illustrates the difference between the estimated multi
ples under noisy (Fig. 8(b)) and noise-free (Fig. 4(c)) conditions, 
where the discrepancies are barely noticeable, indicating that the 
influence of noise on the internal multiple estimation is limited. In 
the suppression result (Fig. 8(d)), the internal multiples are 
effectively suppressed while the primary energy in the interfer
ence region is well preserved, further demonstrating the robust
ness and adaptability of the proposed method in noisy conditions.

3.2. Complex model

To evaluate the adaptability of the proposed CI-IME under 
complex geological conditions, seismic data generated from a 
complex model (Fig. 9(a)) are used. A total of 201 sources are 
evenly distributed along the surface at 10 m intervals, with 201 
detectors placed at the same spacing. The recording time is 2.5 s 
with a sampling interval of 4 ms. An absorbing boundary condition 
is applied, and the shot records can still be denoted as {P}

0
. An 

example of a single shot is shown in Fig. 9(b). The analysis in
dicates that the internal multiples are mainly related to the first 

and second boundaries (ΔM1 and ΔM2). Therefore, the CL-IME 
method is applied to suppress the internal multiples related to 
these two boundaries.
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First, the CL-IME method is applied to suppress the internal 
multiples ΔM1, and the corresponding results are shown in Fig. 10. 
The shot records (Fig. 10(a)) clearly display internal multiples ΔM1 
(black arrows). After applying CL-IME, the estimated multiples 
(Fig. 10(b)) closely match the characteristics of the observed re
cords, indicating the high accuracy of the internal multiple esti
mation. By directly subtracting these estimates from the shot 
records, the suppression result in Fig. 10(c) demonstrates that the 
internal multiples ΔM1 are effectively suppressed, while the pri
mary energy is well preserved without noticeable loss, verifying 
the effectiveness of the proposed CL-IME method.

Next, we further analyze the suppression results of internal 
multiples related to the subsequent boundary. As shown in the 
suppression result (Fig. 11(a)), internal multiples related to next 
boundary z2 remain observable (black arrows). To address this, CL- 
IME is further applied to suppress the internal multiples ΔM2, and 
the results are shown in Fig. 11. As seen in Fig. 11(b), CL-IME suc
cessfully estimates the internal multiples ΔM2, with their shape, 
energy distribution, and spatial positions closely matching those in 
Fig. 11(a), demonstrating the accuracy of internal multiple esti
mation. Subtracting the estimated internal multiples ΔM2 from 
Fig. 11(a) yields the final result as shown in Fig. 11(c), in which the 
multiple energy is effectively suppressed while the primary energy 
are well preserved. These results further confirm the adaptability 
and robustness of CL-IME under complex structural conditions.

To further evaluate the performance of CL-IME in the internal 
multiple suppression, zero-offset sections are extracted for compar
ison, as shown in Fig. 12. Fig. 12(a) is extracted from the seismic re
cords, Fig. 12(b) is the suppression result of the internal multiples 
ΔM1, and the final result after all internal multiples are removed is 
displayed in Fig. 12(c). In Fig. 12(a), internal multiples related to the top 
two boundaries can be clearly observed: ΔM1 (black arrows) and ΔM2 
(white arrows). In Fig. 12(b), the internal multiples ΔM1 is successfully 
suppressed, whereas the internal multiples ΔM2 remain (white ar
rows). After further applying the CL-IME method to suppress the in
ternal multiples ΔM2, Fig. 12(c) shows that internal multiples ΔM2 are 
effectively eliminated, while the primary energy is well preserved. 
These results clearly demonstrate the effectiveness and adaptability 
of CL-IME for layer-by-layer suppression of internal multiples.

To further evaluate the superiority of the proposed CL-IME 
under complex geological conditions, the suppression results of 
IME and CL-IME are compared in Fig. 13. As shown in the shot 
record (Fig. 13(a)), significant  overlaps between primaries and 

internal multiples can be clearly observed at various locations. In 
Fig. 13(b), although IME suppresses internal multiple to some 
extent, its reliance on adaptive subtraction leads to noticeable 
primary energy loss. In contrast, CL-IME adopts an inversion-based 
strategy that avoids adaptive subtraction, thereby not only effec
tively suppressing internal multiples but also better preserving 
primary energy in overlapping regions (Fig. 13(c)). This compari
son confirms  the strong adaptability of CL-IME under complex 
conditions. Compared with IME, the proposed CL-IME provides 
more accurate suppression of internal multiples and superior 
amplitude preservation of primaries, thereby offering a more 
reliable data basis for subsequent seismic data processing.

3.3. SMAART JV Pluto

Next, the proposed CL-IME is applied to the SMAART JV Pluto 
(Fig. 14) dataset, which is publicly released by the Subsalt Multi
ples Attenuation and Reduction Technology Joint Venture. After 
suppressing the surface-related multiples, CL-IME is further 
employed to suppress the internal multiples.

The suppression results for a single shot are shown in Fig. 15. In 
Fig. 15(a), the internal multiples are indicated by black arrows. 
Through the inversion process in CL-IME, the internal multiples 
are accurately estimated (Fig. 15(b)). Since the estimated internal 
multiples closely match the original data in terms of shape, energy 
distribution, and spatial location, a simple subtraction is sufficient 
to remove the internal multiples from the shot records, yielding 
the final suppression result (Fig. 15(c)). As shown in Fig. 15(c), the 
internal multiples are effectively suppressed. Compared with the 
suppression result of the IME method (Fig. 15(d)), the CL-IME 
method achieves higher suppression accuracy (as indicated by 
the boxed region), while the primary energy is well preserved (as 
shown in the elliptical region).

Considering that internal multiples often exhibit kinematic 
characteristics similar to those of primaries, the zero-offset sections 
before and after suppression, together with the zero-offset section 
of the suppressed internal multiples, are extracted for analysis, as 
shown in Fig. 16. Because the strata above the high-velocity bodies 
(2.0–4.0 s) are nearly layered, the internal multiples in the zero- 
offset section display waveforms that closely resemble those of 
the primaries generated by the high-velocity bodies. Based on 
travel-time analysis, the main internal multiple energy can be 
identified  in Fig. 16(a) (black arrows), and these multiples are 
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successfully suppressed using CL-IME, as shown in Fig. 16(b). 
Moreover, the zero-offset section of the estimated internal multi
ples (Fig. 16(c)) shows their shape is similar to that of the primaries, 
with a spatial distribution highly consistent with the internal 
multiples in Fig. 16(a), further demonstrating that CL-IME achieves 
accurate estimation and suppression of internal multiples.

Fig. 17 provides a detailed comparison of locally enlarged zero- 
offset sections from Fig. 16. Within the 4.8–5.5 s time window in 
Fig. 17(a), a set of events (black arrows) can be clearly observed, 
which are similar to the primaries generated from the high-velocity 
body at 2.5–3.5 s (white arrows), and exhibit the characteristics of 
internal multiples. In Fig. 17(b), the energy of the internal multiples 
is significantly attenuated compared with Fig. 17(a), while the pri
maries remain well preserved. Fig. 17(c) shows the estimated in
ternal multiples, which are consistent with those in Fig. 17(a), 
further confirming the accuracy of the internal multiple estimation. 
This comparison demonstrates that CL-IME can effectively estimate 
and suppress internal multiples while preserving primary energy, 
thereby enhancing the overall quality of the section.

4. Conclusions

Based on the WRW model, a novel and solid mathematical and 
physical framework is established for internal multiple suppression 
under the feedback model. Within this framework, the subsurface 
boundary operator, which links the predicted multiples to actual 
multiples, depends solely on the reflection characteristics of the 
boundaries under certain assumptions, representing a novel and 
important finding that distinguished it from conventional methods.

However, similar to conventional methods, this method suffers 
from primary energy loss when primaries overlap with internal 
multiples due to its reliance on adaptive subtraction. To address 
this limitation, an inversion-based Closed-Loop Internal Multiple 
Elimination (CL-IME) method is proposed. By formulating an 
objective function and performing inversion, internal multiples 
can be accurately estimated and removed from seismic data, 
effectively avoiding the primary energy loss caused by adaptive 
subtraction. Numerical results demonstrate that the proposed CL- 
IME not only achieves significantly  higher accuracy in internal 
multiple suppression but also preserves primary amplitudes in 
regions where primaries and internal multiples overlap, thereby 
providing a more reliable foundation for subsequent seismic data 
processing. While the incorporation of inversion improves sup
pression accuracy, it also leads to increased computational cost. 
Therefore, enhancing the computational efficiency of the method 
represents an important direction for future research.
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