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a b s t r a c t

Full waveform inversion (FWI) theoretically has the potential to recover high-resolution and accurate 
velocity models. However, FWI primarily relies on refractions and turning waves, and therefore often 
fails to update the deep background velocity under limited-offset acquisition geometries. Reflection 
waveform inversion (RWI) can recover the low-to intermediate-wavenumber components of the ve
locity model from deeply penetrating reflected waves, thereby improving the background velocity 
model. Elastic reflection waveform inversion (ERWI) exploits multicomponent seismic data to simul
taneously invert for P-wave and S-wave velocities, providing enriched information about subsurface 
structures. The construction of perturbation models plays a critical role in ERWI, as these models not 
only influence the background model updating process but also constitute an integral part of the final 
inversion results. However, conventional ERWI methods rely on gradient-based optimization and 
neglect the contribution of the Hessian matrix, leading to lower accuracy of the perturbation models. 
The Hessian matrix accounts for the effects of amplitude imbalance, uneven illumination, band-limited 
wavelets, and multi-parameter trade-offs. To overcome these limitations, we propose a truncated 
Gauss-Newton ERWI method in which the perturbation models are updated using efficient  Hessian- 
vector products and a matrix-free conjugate gradient algorithm. Furthermore, based on the analysis 
of the Fr�echet derivatives and gradient expressions, we introduce a scale-fusion strategy for ERWI. This 
strategy enables effective utilization of the perturbation models while progressively improving their 
accuracy throughout the iterative inversion process, thereby establishing a mutually reinforcing feed
back mechanism between the perturbation and background models. Numerical experiments demon
strate that the proposed method achieves faster convergence, lower data misfit and model errors, and 
significantly improved inversion quality, while exhibiting strong robustness to noise.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Full waveform inversion (FWI) is a powerful seismic inversion 
technique used to obtain high-resolution subsurface models by 
minimizing the misfit  between observed and predicted seismic 
data (Lailly and Bednar, 1983; Tarantola, 1984; Virieux and Operto, 
2009). Unlike traditional methods that rely on ray-based ap
proaches or travel-time tomography, FWI exploits the entire 

seismic waveform, including both amplitude and phase informa
tion, enabling the retrieval of detailed subsurface properties 
(Operto et al., 2006; Brenders and Pratt, 2007; Sirgue et al., 2010). 
With the continuous improvement in computational power and 
the efficient implementation of the adjoint-state method (Plessix, 
2006), FWI has been widely applied to reconstruct regional sub
surface models and oil and gas exploration (Sirgue and Pratt, 2004; 
Prieux et al., 2013; Vigh et al., 2014; Zhang et al., 2016; Wang and 
Cheng, 2017; Yao et al., 2018; Xie et al., 2024).

Due to the strong nonlinearity between the model parameters 
and seismic data governed by the wave equation, FWI is prone to 
being trapped in local minima during the inversion process. 
Consequently, the successful application of FWI strongly depends 
on a good initial model and the availability of low-frequency data 
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(Bunks et al., 1995). In the absence of low-frequency, an accurate 
initial model becomes even more critical to avoid cycle skipping 
and ensure reliable inversion results. To alleviate the dependence 
of FWI on the initial model and low-frequency data, various stra
tegies have been proposed. One class of methods modifies  the 
conventional L2-norm objective function to enhance its convexity 
(Van Leeuwen and Mulder, 2010; M�etivier et al., 2016; Yong et al., 
2019; Da Silva et al., 2022). Another class extends the model space 
to improve the inversion process (Shin and Cha, 2008; Ha et al., 
2015; Warner and Guasch, 2016; Huang et al., 2018). In addition, 
envelope-based and multiscale inversion methods have also been 
developed (Wu et al., 2014; Chi et al., 2014; Bunks et al., 1995). 
Nevertheless, the recovery of the deep background velocity re
mains particularly challenging. In conventional FWI formulations, 
the background velocity is mainly updated using refractions and 
turning waves, which requires long-offset data to invert the deep 
part of the model (Yao et al., 2020). When such data are unavai
lable or limited, conventional FWI often fails to correctly update 
the deep background velocity, leading to poor convergence and 
inaccurate model reconstruction.

To overcome these limitations, reflection waveform inversion 
(RWI) was proposed as an alternative strategy. RWI decomposes 
the velocity model into a smooth background model and a 
perturbation model based on scale separation, and recovers the 
long-wavelength components of the velocity model using re
flected waves predicted through migration and demigration pro
cesses (Xu et al., 2012; Ma and Hale, 2013; Brossier et al., 2015). 
The RWI framework involves updating both the perturbation and 
background models. The perturbation model is typically updated 
in each iteration through least-squares migration, while the 
perturbation and background models are updated alternately. The 
low-to intermediate-wavenumber updates of the background 
model in RWI rely on the tomographic components of reflected 
waves. By jointly incorporating incident waves and reflected 
waves, the inversion performance of RWI can be further improved 
(Zhou et al., 2015; Wu and Alkhalifah, 2015). Moreover, filtering 
strategies based on subsurface structure and scattering angles 
have been proposed to enhance the inversion accuracy of RWI 
(Alkhalifah, 2014; Yao et al., 2020).

FWI and RWI based on the acoustic approximation have been 
extensively studied. However, incorporating elastic effects enables 
the retrieval of richer subsurface information, such as P-wave 
velocity, S-wave velocity, and density, thereby improving the res
olution and accuracy of the reconstructed subsurface models. 
Nevertheless, multi-parameter elastic FWI (EFWI) suffers from 
pronounced parameter trade-off effects. Hierarchical inversion 
strategies and wave-mode decoupling techniques have been 
introduced to mitigate parameter crosstalk and improve inversion 
performance (Ren and Liu, 2016; Wang and Cheng, 2017). Elastic 
reflection  waveform inversion (ERWI) has been proposed to 
recover the low-to intermediate-wavenumber components of P- 
wave and S-wave velocity models using reflected waves (Guo and 
Alkhalifah, 2017; Xu et al., 2019; Li et al., 2019).

Traditional first-order derivative-based optimization methods 
rely solely on gradient information. Although they are straight
forward to implement and computationally efficient per iteration, 
they usually require a large number of iterations to converge and 
may fail to produce satisfactory inversion results. In contrast, 
second-order Newton-type optimization methods incorporate the 
Hessian matrix, which represents the second-order derivative of 
the objective function with respect to the model parameters. The 
Hessian matrix accounts for the effects of finite  acquisition 

aperture, geometric spreading, and band-limited wavelets. In 
multi-parameter inversion problems, it can also mitigate param
eter trade-off effects. Hessian-based second-order optimization 
methods have been successfully applied in FWI to accelerate 
convergence and improve inversion accuracy (Fichtner and 
Trampert, 2011; Liu et al., 2015; Yang et al., 2016; M�etivier et al., 
2017; Pan et al., 2017; Chen and Sacchi, 2020; Eslaminia et al., 
2022; Xing and Zhu, 2024). In the context of RWI, Gauss-Newton 
methods based on the second-order adjoint-state method and 
scattering integral formulations have also been developed to 
enhance inversion performance (Xu et al., 2021; Wang et al., 2022). 
For multi-parameter ERWI, incorporating Hessian information is 
particularly important due to the presence of strong parameter 
trade-offs. Introducing the Hessian into ERWI can improve 
convergence and inversion accuracy.

In this study, we propose a Hessian-based ERWI framework 
incorporating a scale-fusion strategy to improve the convergence 
and resolution of conventional ERWI. A joint incident wave and 
reflected wave objective function is employed to make more 
effective use of the available data information. Within this 
framework, the perturbation model at each iteration is tempo
rarily constructed by solving the Newton equation in the inner 
loop of the Gauss-Newton method, yielding P- and S-wave 
perturbation models with higher accuracy and reduced multi- 
parameter crosstalk. These improved perturbation models facili
tate more accurate computation of the background model gradi
ents. The proposed scale-fusion strategy is theoretically justified, 
as the Fr�echet derivatives and gradients of the perturbation 
models naturally appear in the corresponding expressions for the 
background models. This strategy ensures that the perturbation 
models are effectively exploited while their accuracy is progres
sively enhanced during the iterative inversion process, thereby 
establishing a mutually reinforcing feedback mechanism between 
the perturbation and background models. Numerical experiments 
demonstrate that the proposed ERWI method achieves improved 
convergence, more accurate inversion results, and strong robust
ness to noise.

2. Methodology

2.1. Elastic reflection waveform inversion

The 2D isotropic elastic-wave equation in frequency-domain 
(Aki and Richards, 2002) can be expressed as 
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in which ω denotes the angular frequency, λ, μ indicate Lam�e pa
rameters and ρ is the density. ux, uz indicate the horizontal and 
vertical components of the displacement wavefield.

We can reformulate Eq. (1) in a brief formulation as 

F(m)u = f; (2) 

where 
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m = (λ,μ)T, and u = (ux;uz)
T represent the displacement wavefield. 

To simplify the problem, a constant density is assumed in this study.
Under the perturbation theory, the model parameters and 

wavefileds are composed of background part and perturbed part as 
m = m0 + δm, u = u0 + δu. Specifically, in terms of the Lam�e pa
rameters and wavefield  components, the expressions can be 
written as 

λ = λ0 + δλ; μ = μ0 + δμ;ux = ux0 + δux;uz = uz0 + δuz (4) 

Thus, the perturbed wavefield  equation is obtained by sub
tracting the background wavefield  from the total wavefield  and 
applying the Born approximation: 

F(m0)δu = B(δm)u0 (5) 

where 
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μ; (6) 
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(7) 

A joint ERWI objective function (Wu and Alkhalifah, 2015; Li 
et al., 2019) is employed, integrating both incident and reflected 
waves: 

J(m0; δm)=
1
2
‖u0 + δu − uobs‖

2
2 (8) 

Incident waves and reflected waves correspond to the back
ground and perturbed wavefields,  respectively. The joint ERWI 
objective function leverages incident waves to improve the 
reconstruction of shallow velocities, thereby further enhancing the 
inversion of deeper velocity models. The Fr�echet derivatives 
quantify the sensitivity of the seismic data to variations in the 
model parameters. Reflection waveform inversion adopts a scale 
separation strategy between the background and perturbed 
models. For the objective function defined in Eq. (8), it is essential 
to analyze the contributions of incident and reflected waves to the 
background and perturbation models. A detailed derivation of the 
Fr�echet derivatives is provided in Appendix A.

The sensitivity kernel tensor corresponding to the perturbed 
model parameters is expressed as 

Lδm =
[

Lδλ Lδμ
]
: (9) 

The Fr�echet derivatives with respect to the perturbed model 
parameters are given by 
Lδλ = G0 A1 Aλ u0; (10a) 
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(
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μ

)
u0: (10b) 

The sensitivity kernel tensor corresponding to the background 
model parameters is expressed as 

Lm0 =
[

Lλ0 Lμ0

]
: (11) 

The Fr�echet derivatives with respect to the background model 
parameters are given by 

Lλ0 = G0A1Aλu0 + G0A1Aλδu + δGλA1Aλu0: (12a) 
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Based on the adjoint-state method (derivation presented in 
Appendix B), the gradients of the objective function with respect 
to the perturbed model parameters are given by 

g(δλ) = −
∑

s

∫ [(
∂ux0
∂x

+
∂uz0
∂z

)(
∂ϕx
∂x

+
∂ϕz
∂z

)]

dω; (13a) 

g(δμ) = −
∑

s

∫ [

2
(

∂ux0
∂x

∂ϕx
∂x

+
∂uz0
∂z

∂ϕz
∂z

)

+

(
∂uz0
∂x

+
∂ux0
∂z

)(
∂ϕx
∂z

+
∂ϕz
∂x

)]

dω:

(13b) 

For the background model parameters, the corresponding gra
dients can be expressed as 

g(λ0) = −
∑

s

∫ [(
∂ux0
∂x

+
∂uz0
∂z

)(
∂ϕx
∂x

+
∂ϕz
∂z

)

+

(
∂δux

∂x
+

∂δuz

∂z

)(
∂ϕx
∂x

+
∂ϕz
∂z

)

+

(
∂ux0
∂x

+
∂uz0
∂z

)(
∂δϕx

∂x
+

∂δϕz
∂z

)]

dω;

(14a) 

g(μ0) = −
∑

s

∫ [

2
(

∂ux0
∂x

∂ϕx
∂x

+
∂uz0
∂z

∂ϕz
∂z

)

+

(
∂uz0
∂x

+
∂ux0
∂z

)(
∂ϕx
∂z

+
∂ϕz
∂x

)

+ 2
(

∂δux

∂x
∂ϕx
∂x

+
∂δuz

∂z
∂ϕz
∂z

)

+

(
∂δuz

∂x
+

∂δux

∂z

)(
∂ϕx
∂z

+
∂ϕz
∂x

)

+ 2
(

∂ux0
∂x

∂δϕx
∂x

+
∂uz0
∂z

∂δϕz
∂z

)

+

(
∂uz0
∂x

+
∂ux0
∂z

)(
∂δϕx

∂z
+

∂δϕz
∂x

)]

dω:

(14b) 

M.-Q. Wang and B.-S. He Petroleum Science 23 (2026) 4644–4661

4646



here, ϕx and ϕz denote the horizontal and vertical components of the 
displacement wavefield obtained by backpropagating the data re
siduals, referred to as the adjoint wavefield. Similarly, δϕx and δϕz 

denote the horizontal and vertical components of the perturbed 
displacement wavefield, obtained by applying Born modeling to the 
adjoint wavefield, referred to as the adjoint perturbed wavefield. 
These wavefields can be computed by solving Eq. (B.5).

In elastic wave equation inversion problems, velocity is typi
cally used as the model parameter. The P- and S-wave velocities 
are defined as 

vp =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(λ + μ)
ρ

√

; vs =

̅̅̅
μ
ρ

√

; (15) 

The Fr�echet derivatives with respect to the velocity model can 
be obtained via the chain rule: 

Lvp0 = 2ρ0vp0Lλ0 ; Lvs0 = − 4ρ0vs0Lλ0 + 2ρ0vs0Lμ0
; (16a) 

Lδvp = 2ρ0vp0Lδλ; Lδvs = − 4ρ0vs0Lδλ + 2ρ0vs0Lδμ: (16b) 

Similarly, the gradients with respect to the velocity model are 
expressed as 

g
(
vp0
)
= 2ρ0vp0g(λ0); g(vs0) = − 4ρ0vs0g(λ0) + 2ρ0vs0g(μ0);

(17a) 

g
(
δvp
)
= 2ρ0vp0g(δλ); g(δvs) = − 4ρ0vs0g(δλ) + 2ρ0vs0g(δμ):

(17b) 

By applying these gradient expressions in combination with a 
gradient-based optimization algorithm, ERWI can be performed to 
invert for the velocity models. In ERWI, updating the background 
velocity models requires information from the perturbation 
models. Consequently, it is common practice either to update the 
perturbation and background models alternately, or to construct a 
fixed perturbation model first  and then update the background 
models based on it.

2.2. Improvement scheme based on Hessian and scale fusion 
strategy

In the ERWI process, the construction of the perturbation 
models is crucial, as they not only contribute to the overall velocity 
models update but also influence  the update of the background 
models. The gradients of the background models receive contri
butions from both transmitted and reflected waves, with the re
flected  waves arising from the scattering of the background 
wavefields within the perturbation models. Therefore, enhancing 
the resolution and accuracy of the perturbation models is essential 
for improving the final ERWI results.

For multi-parameter ERWI, the Hessian operator plays a key 
role in the optimization process by incorporating second-order 
derivative information of the objective function. It characterizes 
the relationship between changes in model parameters and the 
resulting data misfit,  describing the curvature of the objective 
function in the model parameter space. This allows for more 
informed and balanced updates during inversion. Moreover, the 
multi-parameter Hessian accounts for the differing sensitivities of 
model parameters, balancing updates and mitigating scaling is
sues that may arise from heterogeneity in model properties.

The Hessian matrix can be obtained by taking the second-order 
partial derivatives of the objective function in Eq. (8). With the 

model scale separation in ERWI, the Hessian is divided into com
ponents corresponding to the background model parameters and 
the perturbation model parameters. Given the significance of the 
perturbation models and the associated computational cost, we 
focus on the Hessian calculation with respect to the perturbation 
models. The Hessian matrix corresponding to the perturbation 
models can be expressed as: 

Hδm =
∂2J(m0; δm)

∂δm2 = LT
δmLδm +

(
∂Lδm

∂δm

)T
Δu: (18) 

By neglecting the nonlinear terms, the Gauss-Newton approx
imate Hessian is given by 

Ha
δm = LT

δmLδm: (19) 

Expanding the objective function in Eq. (8) around δm0 using a 
second-order Taylor series yields 

J(m0; δm) ≈ J(m0; δm0) +
∂J(m0; δm)

∂δm
Δδm

+
1
2!

∂2J(m0; δm)

∂(δm)
2 (Δδm)

2
(20) 

Substituting Eq. (19) into Eq. (20) and setting the derivative 
with respect to Δδm to zero, the Gauss-Newton update direction 
satisfies 

Ha
δmΔδm = − g(δm) (21) 

The linear system in Eq. (21) can be solved using a matrix-free 
conjugate gradient algorithm (Saad, 2003), where the critical step 
is the computation of the Hessian-vector product. To further 
alleviate the effects of uneven illumination, a diagonal pre
conditioning operator is introduced and applied to Eq. (21): 

WHa
δmΔδm = − Wg(δm) (22) 

where W is the illumination operator constructed from the source- 
side wavefield autocorrelation.

The Hessian-vector product under the Gauss-Newton approx
imation can be expressed as 

Ha
δmp = LT

δmLδmp: (23) 

where p is a vector in the model space, typically initialized as the 
current model update direction in the matrix-free conjugate 
gradient algorithm. The detailed computation of the Hessian- 
vector product is provided in Appendix C. With this efficient 
computation, the Gauss-Newton update direction can be obtained 
using the matrix-free conjugate gradient algorithm as shown in 
Algorithm (1).

Algorithm 1. Matrix-free conjugate gradient 

Input: g(δm), t = 0, Δδm = 0, r0 = WHa
δmΔδm + Wg(δm);p0 = − r0

while stopping criterion is not satisfied do

αt =
rT

t rt

pT
t WHa

δmpt

Δδmt+1 = Δδmt + αtpt

rt+1 = rt + αtWHa
δmpt

βt+1 =
rT

t+1rt+1

rT
t rt

pt+1 = − rt+1 + βt+1pt

t = t + 1
end while
Output: Δδm
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The truncated Gauss-Newton (TGN) process consists of two nested 
loops: the inner loop computes the Gauss-Newton direction using 
the matrix-free conjugate gradient method, while the outer loop 
updates the model and computes the gradients. The step size for 
model updates is determined using a parabolic fitting  method 
(Vigh and Starr, 2008).

The stopping criteria of inner loops is given by 

‖WHa
δmΔδm+Wg(δm)‖2 < ϵ‖Wg(δm)‖2; (24) 

where ϵ controls accuracy in the search direction (Eisenstat and 
Walker, 1996). To ensure computational efficiency  and prevent 
overfitting of the linear system, a maximum of 5 inner iterations is 
imposed in addition to the stopping criterion.

Fig. 1 illustrates the commonly used alternating update work
flow in reflection waveform inversion. In this workflow, the model 
is separated into background and perturbation components based 
on scale separation, and each component is updated individually. 
After a certain number of iterations, the two components are 
combined to produce the final  inversion results. An alternative 
approach constructs a temporary perturbation model at each 
iteration, and after a specified number of iterations, the updated 
background model is taken as the final inversion result.

The first  strategy, which alternately updates the perturbation 
and background models after scale separation, can fail when the 
constructed perturbation models are insufficiently accurate or 
when the inversion becomes trapped in local minima. Furthermore, 
differences in the wavenumber ranges of the background and 
perturbation models may introduce numerical fluctuations  in the 
final results when the two models are summed. The second strat
egy, which constructs temporary perturbation models, discards 
portions of the perturbation information that could otherwise 
facilitate the inversion update, resulting in inversion results that 
lack high-wavenumber details and exhibit slower convergence.

Based on this analysis, we propose the workflow illustrated in 
Fig. 2, which employs a scale fusion strategy combined with TGN 
optimization method to overcome the limitations of the afore
mentioned workflows.

Based on the derivation in Section 2.1, it can be observed that 
the Fr�echet derivatives of the background and perturbation 
models share common terms. The first term of the Fr�echet deriv
ative for the background models corresponds to the Fr�echet 

derivative for the perturbation models. This observation motivates 
an integration within the ERWI workflow to stabilize the inversion 
update process and improve convergence speed.

In the proposed strategy, the TGN method is used to construct 
temporary perturbation models. These perturbation models are 
then employed to compute the gradients of the background models, 
which are subsequently updated. The perturbation models are then 
added back to the background models. The similarity between the 
Fr�echet derivatives of the background and perturbation models 
provides a theoretical justification  for this approach. To ensure 
stable updates of the background models in the low-to mid-wave
number ranges, a small-scale Gaussian smoothing is applied, while 
the high-wavenumber information is derived solely from the 
perturbation models. The iteration proceeds to the next cycle with 
the perturbation models reset to zero, and the process is repeated.

In conventional ERWI, the model is updated by alternately 
updating the perturbation and background models, where two iter
ations constitute one complete model update. The wavefield recon
struction technique is applied throughout the process. Under the 
employed objective function, computing the gradient of the pertur
bation model requires 4 wave equation simulations, the background 
model gradient requires 6 simulations, and the line search step-size 
estimation involves 6 simulations. Hence, one perturbation model 
update iteration requires 10 simulations, while one background 
model update iteration requires 12 simulations, resulting in a total of 
22 simulations for a complete update (two iterations).

In the proposed ERWI method, the perturbation model is updated 
using the Gauss-Newton approach. Each inner loop iteration for 
computing the Hessian-vector product requires 4 simulations, and 
assuming a maximum of 5 inner iterations, the inner loop consumes 
20 simulations. Including 10 simulations for additional gradient and 
step-size computations, the outer iteration for updating the 

Input initial models and data

Calculate the gradient of perturbation
models

Update the perturbation models

Calculate the gradient of background
models

Update the background models

Output the sum of the background
models and the perturbation models

as final inversion results

Iteration loop

Fig. 1. The workflow of conventional ERWI with alternating updates.

Input initial models and data

Calculate the gradient of perturbation
models

Get Gauss-Newton direction by solving
the Newton normal equation

Calculate the gradient of background
models

Update the background models

Output the background models and
perturbation models in the last iteration

Outer loop

Build the perturbation models

Add the perturbation models to the
background models

Apply small-scale Gaussian smoothing
to the background models

Inner loop

Set the perturbation models to zero

Fig. 2. The workflow of Hessian-based ERWI with scale fusion strategy.
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perturbation model requires 30 simulations in total. The background 
model update remains unchanged from the conventional method, 
requiring 12 simulations. Consequently, one full update (two 

iterations) in the proposed method involves up to 42 wave equation 
simulations. Therefore, the computational cost of the proposed ERWI 
approach is less than twice that of the conventional ERWI method.
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Fig. 3. The two-layered model. (a) shows P-wave velocity, (b) shows S-wave velocity, (c) shows P-wave reflectivity, and (d) shows S-wave reflectivity. The circle represents the 
source location, and the inverted triangle represents the receiver location, forming a source-receiver pair.
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Fig. 4. Sensitivity kernels for a single source-receiver pair in the two-layer model. (a) and (b) show the P-wave and S-wave sensitivity kernels in EFWI, which also correspond to 
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Fig. 5. The true velocity model of the anomaly model, where (a) is the P-wave velocity and (b) is the S-wave velocity.
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3. Numeriacal experiments

3.1. Fr�echet derivative analysis

The Fr�echet derivative plays a crucial role in the optimization 
process of ERWI, serving as a fundamental component for model 
parameter updates. It quantifies  the sensitivity of the observed 
data to small perturbations in the model parameters, revealing the 
relationship between the model and the data. Specifically, the 
Fr�echet derivative characterizes how a change in the model affects 
the predicted data, and provides the basis for calculating the 
gradient.

During the inversion process, the Fr�echet derivative not only 
underpins optimization methods such as gradient descent but also 
offers insight into how different model parameters influence data 
fitting.  In complex media or nonlinear problems, the Fr�echet de
rivative guides the inversion algorithm, helping to avoid local 
minima and inappropriate update directions, thereby enhancing 
the accuracy and efficiency of the inversion.

Thus, the Fr�echet derivative is of fundamental importance in 
ERWI. It forms the basis for gradient computation and model up
dates while providing theoretical support for parameter selection 
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Fig. 6. The convergence curves in the anomaly model.
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Fig. 7. The inversion results of the anomaly model. (a) and (b) represent the P-wave and S-wave velocities based on the NLCG method, while (c) and (d) represent the P-wave and 
S-wave velocities based on the TGN method.
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during optimization. By properly exploiting the Fr�echet derivative, 
ERWI can effectively recover accurate subsurface models from 
seismic data.

The two-layer model illustrated in Fig. 3 is used to demon
strate the effect of the Fr�echet derivative, i.e., the sensitivity 
kernel, on the inversion update process in ERWI. Fig. 4 shows the 
sensitivity kernels for different components in ERWI. Fig. 4(a) 
shows the P-wave sensitivity kernel in EFWI, which also corre
sponds to the first  term of the P-wave background model sensi
tivity kernel in ERWI and to the perturbation model sensitivity 
kernel in ERWI. Similarly, Fig. 4(b) depicts the S-wave sensitivity 
kernel in EFWI. From Fig. 4(a) and (b), it is evident that the 
transmitted wavepaths dominate the energy in EFWI sensitivity 
kernels, particularly for the P-wave, where the tomographic 
contributions of reflected wavepaths are relatively weak. Fig. 4(c) 
and (d) show the P-wave and S-wave reflection wave sensitivity 
kernels in ERWI, demonstrating that the reflection wave sensi
tivity kernels effectively update the model parameters along 
reflection  wavepaths using the tomographic components of re
flected waves.

3.2. Hessian crosstalk reduction

We analyze multi-parameter crosstalk reduction using the 
Hessian-based method on an anomaly model. This experiment is 
designed to demonstrate the effectiveness of the Hessian in miti
gating multi-parameter crosstalk effects, so background model 
updating is not required, and ERWI is therefore reduced to EFWI. 

Results obtained using the nonlinear conjugate gradient (NLCG) 
method are compared with those from the TGN method. The true 
velocity model is shown in Fig. 5, and the initial model consists of a 
homogeneous background velocity. The model dimensions are 
201 ×101, with both horizontal and vertical grid spacings of 10 m. 
Shots are spaced 50 m apart, with a total of 41 shots, and receivers 
are spaced every 10 m, totaling 201 receivers. A 10 Hz Ricker 
wavelet is used as the source to generate multicomponent seismic 
data, which serve as the observed data.

In this experiment, each update of the NLCG method requires 6 
wave equation simulations, whereas each update of the TGN 
method requires up to 26 simulations. Fig. 6 shows the conver
gence curves of the data misfit versus the number of wave equa
tion simulations for the two methods, providing an intuitive 
comparison of their computational cost and data misfit reduction. 
The NLCG method is iterated 300 times, whereas the TGN method 
is iterated 60 times. Because the data misfit  can decrease by 
several orders of magnitude for this simple model, the vertical axis 
is plotted on a logarithmic scale. It can be observed that the TGN 
method achieves a lower data misfit  upon convergence. Fig. 7
compares the inversion results obtained after 300 iterations of the 
NLCG method and 60 iterations of the TGN method. The NLCG 
results for both P-wave and S-wave velocities exhibit strong 
crosstalk artifacts, whereas the TGN results show significantly 
reduced crosstalk between the two anomaly bodies. Moreover, the 
TGN inversion results contain fewer artifacts and noise, reflecting 
the advantage of explicitly accounting for Hessian effects. Further 
comparison is performed by extracting vertical single-trace 
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Fig. 9. The true velocity model of the Marmousi2 model, where (a) is the P-wave velocity and (b) is the S-wave velocity.
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Fig. 10. The initial velocity model of the Marmousi2 model, where (a) is the P-wave velocity and (b) is the S-wave velocity.
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profiles through the centers of the two anomalies. Fig. 8(a) shows 
the P-wave vertical profile at a horizontal position of 0.5 km, and 
Fig. 8(b) shows the S-wave profile  at 1.5 km. It is evident that 
the TGN method better recovers the true anomaly velocities and 
produces fewer sidelobes on either side, indicating more accurate 
delineation of the anomaly boundaries.

3.3. Inversion of Marmousi2 model

The Marmousi2 model is used for numeriacal experiment to 
demonstrate the advantages of the proposed ERWI method. The 
true velocity model is shown in Fig. 9, while Fig. 10 presents the 

linearized initial velocity model adopted for ERWI, in which the 
velocity of the top layer is fixed. The model dimensions are 
225 × 175, with a grid spacing of 10 m in both the horizontal and 
vertical directions. Sources and receivers are deployed along the 
model surface, with a shot spacing of 100 m, resulting in a total of 
23 shots. The receiver spacing is 10 m, giving 225 receivers in total. 
Synthetic multicomponent seismic data are generated by forward 
modeling using a 10 Hz Ricker wavelet, and frequency components 
below 5 Hz are filtered out.

The inversion results obtained using EFWI are shown in Fig. 11. 
It is evident that, with a linear initial model and in the absence of 
long-offset data and low-frequency information, EFWI fails to yield 
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Fig. 12. The perturbation models at the first iteration. (a) and (b) represent the P-wave and S-wave velocity perturbation models obtained by the NLCG method, while (c) and (d) 
represent the P-wave and S-wave velocity perturbation models obtained by the TGN method.
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Fig. 11. The EFWI inversion results for the Marmousi2 model. Panels (a) and (b) show the P-wave and S-wave velocity models, respectively.
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satisfactory results. Under these conditions, ERWI can partially 
improve the performance of EFWI. The effectiveness of ERWI 
largely depends on the quality of the constructed perturbation 
model, which generates reflected-wave energy to update the 
background model. This observation motivates the construction of 
higher-quality perturbation models.

Fig. 12 presents the perturbation models generated in the first 
iteration using the NLCG and TGN methods. Owing to unbal
anced illumination and limited bandwidth, the perturbation 
models produced by the NLCG method, as shown in Fig. 12(a) 
and (b), exhibit pronounced amplitude imbalance and noticeable 
artifacts. Furthermore, substantial amplitude discrepancies be
tween the P-wave and S-wave perturbation models, arising from 

multi-parameter trade-off effects, result in inaccurate back
ground model updates, slower convergence behavior, and a 
reduction in the final  inversion accuracy. In contrast, the 
perturbation models generated by the TGN method (Fig. 12(c) 
and (d)) more clearly delineate the anomaly locations, 
compensate for illumination deficiencies  induced by the acqui
sition geometry, and yield sharper perturbation models by alle
viating the limited-bandwidth effects of the seismic data. In 
addition, by reducing multi-parameter trade-off effects, the TGN 
method achieves a better balance between the amplitudes of the 
P-wave and S-wave perturbation models. Collectively, these im
provements facilitate faster convergence and lead to enhanced 
inversion accuracy.
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Fig. 13. The conventional ERWI inversion results for the Marmousi2 model. (a) and (b) show the background P-wave and S-wave velocity models, respectively; (c) and (d) show 
the corresponding perturbation models; (e) and (f) present the final inversion results, obtained by adding the background and perturbation models.
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The conventional ERWI inversion results based on the NLCG 
method with the scale-separation strategy (referred to as 
method1 in the context) are shown in Fig. 13. As illustrated in 
Fig. 13(a) and (b), the inverted P-wave and S-wave background 
models are significantly  improved relative to the linearized 
initial model, demonstrating the capability of conventional 
ERWI to construct a reasonable initial background model. 
Fig. 13(c) and (d) present the corresponding P-wave and S- 
wave perturbation models. The final  inversion results obtained 
by summing the background and perturbation models are 
shown in Fig. 13(e) and (f). Overall, ERWI provides improved 
results compared with EFWI. However, the perturbation models 
still contain substantial artifacts, characterized by unbalanced 
amplitudes and illumination, poorly defined  velocity interfaces, 
and excessively large update magnitudes. These deficiencies 
adversely affect the quality of the final  summed models, as 
evident in Fig. 13(e) and (f).

The inversion results obtained using the proposed ERWI 
workflow based on the TGN method and the scale-fusion strategy 
(referred to as method2 in the context) are shown in Fig. 14. In this 
framework, the background model after inversion can be regarded 
as the final result, because the temporary perturbation models are 
explicitly incorporated into the background model at each itera
tion through scale fusion. For comparison, the perturbation 
models from the last iteration are also presented in Fig. 14(c) and 
(d). These perturbation models exhibit an enhanced ability to 
delineate anomalous interfaces, with more balanced amplitudes. 
Compared with the conventional ERWI method, the proposed 
method produces perturbation models with substantially higher 

resolution, clearer characterization of anomaly locations, and 
more effective suppression of multi-parameter crosstalk. The 
wavenumber spectra of the final perturbation models, shown in 
Fig. 15, further indicate that the proposed method recovers 
richer high-wavenumber content and a broader wavenumber 
bandwidth. A comparison between the final ERWI results from the 
conventional method (Fig. 13(e) and (f)) and those from the pro
posed method (Fig. 14(a) and (b)) shows that the latter achieves 
overall superior inversion quality, with fewer artifacts, better- 
preserved boundary updates, and more clearly defined  in
terfaces, thereby leading to improved overall inversion 
performance.

Fig. 16 presents a comparison of the convergence curves for the 
three methods, where EFWI and conventional ERWI are iterated 
250 times, and the proposed ERWI method is iterated 100 times. It 
can be seen that the proposed ERWI method converges to a lower 
data misfit with fewer wave equation simulations, demonstrating 
better convergence performance.

Fig. 17 presents the vertical profiles  of the inversion results. 
Both EFWI and conventional ERWI exhibit noticeable numerical 
fluctuations and multiple instances of mispositioned structures. In 
contrast, the proposed ERWI method produces more stable results 
that are closer to the true values. Although the inversion results 
from the proposed ERWI method do not perfectly match the true 
velocities, they remain generally acceptable given the challenging 
conditions, including short-offset data, missing low-frequency 
components, and a linear initial model. Overall, the proposed 
ERWI method demonstrates a clear improvement over both EFWI 
and conventional ERWI.
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Fig. 14. The proposed ERWI inversion results of Marmousi2 model. (a) and (b) show the background P-wave and S-wave velocity models, which are also the final ERWI inversion 
results in the proposed method. (c) and (d) show the temporary perturbation P-wave and S-wave velocity models at the final iteration.
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To perform a quantitative analysis of the entire inversion re

sults, the model error is defined as 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

‖minv − mtrue‖
2
2=‖mtrue‖

2
2

√

. As 
shown in Table 1, the model error for the EFWI method increases 
relative to the initial model, indicating that the method becomes 
trapped in a local minimum under challenging conditions. In the 

conventional ERWI method, the P-wave velocity model error de
creases compared to the initial model, whereas the S-wave ve
locity model error increases. This is partly due to parameter trade- 
off effects that hinder the accurate updating of the S-wave velocity 
model. In contrast, the proposed ERWI method substantially re
duces both P-wave and S-wave velocity model errors. This 
improvement arises from updating the perturbation model using 
the Gauss-Newton direction, which incorporates the multi- 
parameter Hessian matrix to mitigate the coupling between P- 
and S-wave velocities. Moreover, the scale fusion strategy prevents 
error accumulation in the perturbation model, ensuring progres
sively more accurate updates that effectively guide the background 
model inversion. Consequently, the final inversion result obtained 
using the proposed ERWI method exhibits lower model error than 
both the EFWI and conventional ERWI methods, demonstrating its 
effectiveness in enhancing inversion accuracy.

3.4. Robustness to noise

To further evaluate the robustness of the proposed method, the 
ERWI inversion is performed using noisy multi-component seismic 
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Fig. 15. The wavenumber spectra of the perturbation models at the final iteration. (a) and (b) show the P-wave and S-wave perturbation model spectra obtained using the 
conventional ERWI method, while (c) and (d) show the corresponding spectra from the proposed ERWI method.
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records, generated by adding Gaussian noise to the seismic data 
from the previous section. Considering all sources, receivers, time 
samples, and both horizontal and vertical components, the root- 
mean-square (RMS) of the seismic data is 4.61 ×10− 10, defined as 

RMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2 NsNrNt

∑

c∈{x;z}

∑Ns

s=1

∑Nr

r=1

∑Nt

t=1

[
dsignal

c (s; r; t)
]2

√
√
√
√ ; (25) 

where Ns, Nr, and Nt denote the numbers of shots, receivers, and 
time samples, respectively. The standard deviation of the noise is 
2.89 × 10− 10, computed as 

σnoise =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2 NsNrNt

∑

c∈{x;z}

∑Ns

s=1

∑Nr

r=1

∑Nt

t=1

[
dnoise

c (s; r; t) − θ
]2

√
√
√
√ ;

(26) 

where θ denotes the mean value of the noise, 3.25 ×10− 14, which is 
much smaller than the RMS values of both the seismic data and the 
noise, indicating that the noise can be regarded as approximately 
zero-mean. The signal-to-noise ratio (SNR) is 4.02 dB, representing 
a relatively strong noise level that provides a challenging test for 
evaluating the robustness of the proposed method. The SNR is 
defined based on the energy ratio between the signal and the noise 
as 

SNR = 10log10

(
Esignal

Enoise

)

; (27) 

where the signal or noise energy is defined as 

E =
∑

c∈{x;z}

∑Ns

s=1

∑Nr

r=1

∑Nt

t=1

[dc(s; r; t)]
2
: (28) 

Fig. 18 presents a comparison between the noise-free and noisy 
multi-component seismic data for the 12th common-shot gather.

The convergence curve in Fig. 19 shows that, under noisy con
ditions, the proposed ERWI method fails to reduce the data misfit 
to a sufficiently low level. This is because the noise in the observed 
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Fig. 17. The vertical profiles of (a) P-wave and (b) S-wave velocities at a horizontal distance of 0.6 km, (c) P-wave and (d) S-wave velocities at a horizontal distance of 1.2 km and 
(e) P-wave and (f) S-wave velocities at a horizontal distance of 1.8 km.

Table 1 
The model errors of the inversion results of Marmousi2 model.

Parameter Initial EFWI ERWI method 1 ERWI method 2

vp 12.20% 12.33% 12.01% 10.42%
vs 11.87% 12.33% 12.00% 10.16%
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data cannot be effectively fitted. However, in inversion problems, 
the primary concern lies in the accuracy of the results in the model 
space. The final inversion results obtained from noisy data exhibit 
no significant  degradation compared to the noise-free results 
shown in Fig. 14. Although the perturbation models in Fig. 14(c) 
and (d) are of higher quality than those in Fig. 20(c) and (d), the 
overall inversion results with noisy data remain acceptable, indi
cating that the proposed ERWI method exhibits robust perfor
mance under noisy conditions. In the case of noisy data, the model 
errors of the inverted P-wave and S-wave velocity models are 
10.46% and 10.24%, respectively. Compared with the results ob
tained from noise-free data, these errors increase only slightly, 
demonstrating that the proposed method maintains strong 
robustness against noise.

4. Discussion

The successful implementation of FWI often relies on long- 
offset data, low-frequency information, and a good initial model. 
In the absence of these conditions, the inversion is prone to failure. 

Compared to FWI, RWI relaxes these requirements. By using deep 
penetrating reflected waves to update the background model, it 
can improve the inversion results. In RWI, the background and 
perturbation models can be explicitly separated, allowing low- 
wavenumber tomography components to be retrieved from the 
reflected waves. In the context of elastic media with multi- 
component data, ERWI simultaneously recovers both P-wave and 
S-wave velocities, thereby enriching the information of the sub
surface parameters. Unlike a single reflected-wave objective 
function, the joint incident-wave and reflected-wave objective 
function leverages both transmitted and reflected waves to update 
the background model. The Fr�echet derivatives and gradients of 
the background and perturbation models under this objective 
function share identical terms originating from transmitted waves 
propagating through the background model, whereas the pertur
bation model consists solely of these terms. Consequently, the 
perturbation model can be rationally integrated into the back
ground model. Small-scale Gaussian smoothing is applied to 
ensure that the energy of the background wavefield  remains 
concentrated in the transmitted waves.

During inversion, accounting for the Hessian matrix helps 
mitigate the effects of the acquisition system, geometrical 
spreading, and band-limited wavelets, while also reducing 
parameter trade-off effects. The accurate construction of the 
perturbation model is critical, as it not only influences the back
ground model update but also directly integrates into the back
ground model under the scale fusion strategy. To this end, a 
scheme is proposed to construct the perturbation model using the 
TGN method, implemented via an efficient Hessian-vector product 
and a matrix-free conjugate gradient approach. This method en
hances the quality of the perturbation model and effectively sup
presses multi-parameter trade-off effects. Under the proposed 
strategy, constructing the perturbation model using only the TGN 
method already yields significant  improvements in inversion 
resolution, and the additional computational cost is manageable, 
especially considering that comparable computational effort pro
duces better results. While the TGN method can also be applied to 
background model updates, doing so would further increase the 
computational burden compared to its use in perturbation model 
updates.
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Fig. 18. The multi-component seismic records of the 12th shot for both noise-free and noisy data. (a) and (b) show the horizontal and vertical components of the noise-free 
seismic records, respectively, while (c) and (d) show the horizontal and vertical components of the noisy seismic records, respectively.
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5. Conclusion

We propose an ERWI method based on the Hessian and a scale 
fusion strategy. Within the joint incident and reflected wave 
objective function, the Fr�echet derivatives and gradients of 
different wavefield  components are derived and analyzed, clari
fying the respective contributions of transmitted and reflected 
waves to the model updates. The update of the background model 
relies on the reflected waves generated by the perturbation model, 
emphasizing the importance of constructing accurate perturba
tion models and motivating the use of the Hessian matrix to 
enhance their inversion quality. Moreover, the shared terms in the 
Fr�echet derivatives of the background and perturbation models 
inspire the adoption of a scale fusion strategy to improve the 
inversion process.

Compared with conventional ERWI, the proposed method 
employs the TGN method to construct more accurate perturbation 
models, which facilitates more reliable background model up
dates. The scale fusion strategy ensures that perturbation models 
are effectively integrated while their accuracy improves during 
iterations, establishing a mutually reinforcing feedback mecha
nism between the perturbation and background models. Numer
ical experiments on an anomaly model demonstrate the role of the 
Hessian in mitigating multi-parameter crosstalk and enhancing 
inversion accuracy. Tests using the Marmousi2 model indicate 
that, compared with EFWI and conventional ERWI, the proposed 
ERWI method achieves faster convergence, lower data misfit, and 
reduced model errors, resulting in significantly  improved inver
sion results. Finally, noise-resilience tests confirm the robustness 

of the proposed method, highlighting its potential for future 
application to field data.
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Appendix A. Fr�echet derivatives

The forward modeling of the background wavefield  is 
expressed as 

F(m0)u0 = f: (A.1) 

Taking the partial derivative of Eq. (A.1) with respect to λ0 and 
μ0 yields 

∂F(m0)

∂λ0
u0 + F(m0)

∂u0
∂λ0

= 0; (A.2a) 

∂F(m0)

∂μ0
u0 + F(m0)

∂u0
∂μ0

= 0: (A.2b) 

By incorporating the differential operator defined in Eq. (7)

∂F(m0)

∂λ0
= − A1Aλ; (A.3a) 

∂F(m0)

∂μ0
= − (A1Aμ +A2Aʹ

μ); (A.3b) 

and utilizing the Green’s function, Eq. (A.2) can be further 
expressed as 

∂u0
∂λ0

= G0A1Aλu0; (A.4a) 

∂u0
∂μ0

= G0

(
A1Aμ + A2Aʹ

μ

)
u0: (A.4b) 

where G0 denotes the background Green’s function.
By taking partial derivatives of the perturbed wavefield forward 

modeling Eq. (5) with respect to λ0 and μ0, respectively, we obtain 

∂F(m0)

∂λ0
δu + F(m0)

∂δu
∂λ0

= A1δλAλ
∂u0
∂λ0

; (A.5a) 

∂F(m0)

∂μ0
δu + F(m0)

∂δu
∂μ0

= (A1δμAμ +A2δμAʹ
μ)

∂u0
∂μ0

(A.5b) 

Substituting Eq. (A.4) into Eq. (A.5) yields 

∂δu
∂λ0

= G0A1δλAλG0A1Aλu0 + G0A1Aλδu; (A.6a) 

∂δu
∂μ0

= G0

(
A1δμAμ + A2δμA

′

μ

)
G0

(
A1Aμ + A2A

′

μ

)
u0

+G0

(
A1Aμ + A2A

′

μ

)
δu

(A.6b) 

The perturbed Green’s function satisfies  Eq. (5) and can be 
expressed as 

F(m0)δG = A1δλAλG0 + A1δμAμG0 + A2δμAʹ
μG0 (A.7) 

Thus, the perturbed Green’s function can be decomposed as 
δG = δGλ + δGμ. 

δGλ = G0A1δλAλG0; (A.8a) 

δGμ = G0(A1δμAμ +A2δμAʹ
μ)G0: (A.8b) 

Substituting Eq. (A.8) into Eq. (A.6) yields 

∂δu
∂λ0

= δGλA1Aλu0 + G0A1Aλδu; (A.9a) 

∂δu
∂μ0

= δGμ(A1Aμ +A2Aʹ
μ)u0 + G0(A1Aμ +A2Aʹ

μ)δu (A.9b) 

By combining Eqs. (A.4) and (A.9), the Fr�echet derivatives with 
respect to the background model parameters are obtained as 

Lλ0 =
∂u0
∂λ0

+
∂δu
∂λ0

; (A.10a) 

Lμ0
=

∂u0
∂μ0

+
∂δu
∂μ0

: (A.10b) 

Taking the partial derivatives of the perturbed wavefield  for
ward Eq. (5) with respect to δλ and δμ and utilizing the Green’s 
function, we obtain: 

∂δu
∂δλ

= G0A1Aλu0; (A.11a) 

∂δu
∂δμ

= G0(A1δμAμ +A2δμAʹ
μ)u0: (A.11b) 

It is generally assumed that the model perturbations do not 
influence  the background wavefield.  Therefore, the Fr�echet de
rivatives with respect to the perturbation model parameters are 
given by 

Lδλ =
∂δu
∂δλ

; (A.12a) 

Lδμ =
∂δu
∂δμ

: (A.12b) 

Appendix B. Gradient derivation using the adjoint-state 
method

By applying the Lagrange multiplier method and taking the 
forward equations of the background and perturbed wavefields as 
constraints, the optimization problem in Eq. (8) can be reformu
lated as 

E(m0; δm;u0; δu;Φ;Φ
′

) =
1
2
‖u0 + δu − uobs‖

2
2

+ 〈F(m0)u0 − f;Φ
′

〉 + 〈F(m0)δu − B(δm)u0;Φ〉:

(B.1a) 

Here, Φ and Φ′ denote the adjoint-state variables. The adjoint 
equations can be obtained by taking the derivative of Eq. (B.1) with 
respect to the state variables and setting it equal to zero: 

∂E
∂u0

= 0;
∂E

∂δu
= 0: (B.2) 

Thus, the adjoint equations can be written as 

FT(m0)Φ = − Δu; (B.3a) 

FT(m0)Φʹ = − Δu + BT(δm)Φ: (B.3b) 
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where T denotes the conjugate transpose operator, and 
Δu = u0 + δu − uobs represents the data residual. Introducing an 
auxiliary adjoint-state variable δΦ and let 

Φʹ = Φ + δΦ: (B.4) 

Then subtracting Eq. (B.3a) from Eq. (B.3b), the adjoint equation 
can be further written as 

FT(m0)Φ = − Δu; (B.5a) 

FT(m0)δΦ = BT(δm)Φ: (B.5b) 

Taking the derivative of Eq. (B.1) with respect to perturbation 
model parameters yields the gradients of the perturbation models: 

g(δm) =
∂E

∂δm
= −

(
B(δm)

δm
u0

)T
Φ: (B.6) 

The gradients with respect to the perturbation Lam�e parame
ters can be written as 

∂E
∂δλ

= − (A1Aλu0)
TΦ; (B.7a) 

∂E
∂δμ

= −
(

A1Aμu0 + A2Aʹ
μu0

)T
Φ; (B.7b) 

Expanding Eq. (B.7) further yields 

∂E
∂δλ

= − (Aλu0)
TAT

1Φ; (B.8a) 

∂E
∂δμ

= −
(
Aμu0

)TAT
1Φ −

(
Aʹ

μu0

)T
AT

2Φ; (B.8b) 

Taking the derivative of Eq. (B.1) withrespect to background 
model parameters: 

∂E
∂λ0

=

(
∂F(m0)

∂λ0
u0

)T
Φʹ +

(
∂F(m0)

∂λ0
δu
)T

Φ; (B.9a) 

∂E
∂μ0

=

(
∂F(m0)

∂μ0
u0

)T
Φʹ +

(
∂F(m0)

∂μ0
δu
)T

Φ; (B.9b) 

Substituting Eqs. (A.3) and (B.4) into Eq. (B.9) yields 

∂E
∂λ0

= − (Aλu0)
TAT

1Φ − (Aλu0)
TAT

1δΦ − (Aλδu)TAT
1Φ; (B.10a) 

∂E
∂μ0

= −
(
Aμu0

)TAT
1Φ −

(
A

′

μu0

)T
AT

2Φ

−
(
Aμu0

)TAT
1δΦ −

(
A

′

μu0

)T
AT

2δΦ

−
(
Aμδu

)TAT
1Φ −

(
A

′

μδu
)T

AT
2Φ:

(B.10b) 

Since seismic data consist of multiple shots and have a finite 
bandwidth, the final  gradients of both the background and 
perturbation models are computed by integrating over all fre
quencies (or time) and summing the contributions from all 
shots. 

g(λ0) =
∑

s

∫
∂E
∂λ0

dω; g(μ0) =
∑

s

∫
∂E
∂μ0

dω; (B.11a) 

g(δλ) =
∑

s

∫
∂E
∂δλ

dω; g(δμ) =
∑

s

∫
∂E
∂δμ

dω: (B.11b) 

Appendix C. Hessian-vector product

To compute the Hessian-vector product with respect to the 
perturbation model parameters, the second-order adjoint-state 
method (Wang et al., 2021; Assis et al., 2024; Wu et al., 2024) is 
employed to construct the Lagrangian function: 

P(g(δm);m0; δm;u0; δu;Φ; δΦ;n1;n2;n3;n4;n5) = 〈g(δm);p〉

+ 〈g(δm) +

(
∂B(δm)

∂δm
u0

)T
Φ;n1 〉 + 〈F(m0)u0 − f;n2〉

+ 〈F(m0)δu − B(δm)u0;n3〉 + 〈FT(m0)Φ + Δu;n4〉

+ 〈FT(m0)δΦ − BT(δm)Φ;n5〉:
(C.1) 

where g(δm) denotes the gradient with respect to the perturbation 
model parameters, n1, n2, n3, n4, and n5 are the second-order 
adjoint-state variables.

Taking the derivative of Eq. (C.1) with respect to δm yields the 
Hessian-vector product: 

Hδmp =
∂g(δm)

∂δm
p = −

(
∂B(δm)

∂δm
u0

)T
n3 −

(
∂BT(δm)

∂δm
Φ

)T

n5:

(C.2) 

Taking the derivative of Eq. (C.1) with respect to the state var
iables and setting it equal to zero: 

∂P
∂g(δm)

= 0;
∂P

∂u0
= 0;

∂P
∂δu

= 0;
∂P
∂Φ

= 0;
∂P

∂δΦ
= 0:

(C.3) 

The second-order adjoint equations can be obtained as 

p + n1 = 0; (C.4a) 

F(m0)n5 = 0; (C.4b) 

F(m0)n4 = B(δm)n5 −
∂B(δm)

∂δm
u0n1; (C.4c) 

FT(m0)n3 = − n4; (C.4d) 

FT(m0)n2 = BT(δm)n3 −

((
∂B(δm)

δm

)T
Φ

)T

n1; (C.4e) 

By neglecting the terms irrelevant to Eq. (C.2) and further 
simplifying, we obtain 

p + n1 = 0; (C.5a) 

F(m0)n4 = − B(n1)u0; (C.5b) 
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FT(m0)n3 = − n4; (C.5c) 

and 

Ha
δmp = −

(
∂B(δm)

∂δm
u0

)T
n3: (C.6) 
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