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ABSTRACT

The immediate undrained poroelastic response after drilling is critical for short-term wellbore stability
in low-permeability formations. Despite its significance, existing analytical undrained wellbore stress
solutions in transversely isotropic formations are limited to special cases where the borehole axis is
either perpendicular or parallel to the plane of transverse isotropy. By extending Amadei's elastic
framework into the undrained poroelastic regime, this study presents an analytical undrained solution
for arbitrarily inclined boreholes in transversely isotropic formations, considering fully anisotropic
undrained poroelastic effects. Validation against undrained isotropic and transversely isotropic solu-
tions, as well as anisotropic Biot's effective stress coefficients, demonstrates the robustness of the
proposed model. The derived Biot's effective stresses are subsequently applied to evaluate short-term
collapse pressure with varying wellbore trajectories. Results show that undrained wellbore stress dis-
tributions deviate significantly from drained Amadei solution with varying elastic property anisotropy
and wellbore pressure, particularly in terms of axial and shear stress components. Furthermore, esti-
mating the undrained pore pressure response using drained Amadei stress solution introduces sub-
stantial errors, highlighting the necessity of adopting a fully anisotropic undrained poroelastic
framework. Unlike isotropic formations, the anisotropic undrained pore pressure response exhibits an
asymmetrical distribution, reflecting coupled shear-tension and solid-fluid couplings. Polar plots of
collapse pressure that incorporate the undrained effect exhibit significant differences compared to those
derived from previous models, indicating that the optimal drilling direction may not coincide with the
orientation of the horizontal principal stress. This analytical solution establishes a benchmark for fully
anisotropic undrained wellbore stress distribution and holds substantial implications for enhancing
early-stage wellbore stability assessments in strongly anisotropic poroelastic formations.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

2005; Bobet, 2011; Liu et al., 2015; Gao et al., 2017; Cheng et al.,
2019; Gao and Chen, 2020; Tran et al., 2022; Chen et al., 2023;

Poroelasticity, as established by Biot (1941) and further devel-
oped by Rice and Cleary (1976), is a critical framework for
analyzing borehole stability within porous geological formations
(Detournay and Cheng, 1988). Existing analytical poroelastic
models predominantly assume isotropic material properties or
consider special wellbore trajectories perpendicular or parallel to
the transversely isotropic plane (Cui et al., 1998; Abousleiman and
Cui, 1998; Abousleiman and Ekbote, 2005; Kanj and Abousleiman,
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Fan et al,, 2025; Lu et al., 2025). For arbitrarily inclined wells in
transversely isotropic formations, analyses often rely on purely
elastic anisotropic solutions that inherently exclude poroelastic
effects (Lekhnitskii, 1963; Amadei, 1983; Aadnoy, 1989; Fang, 2018;
Wang et al., 2022). However, these purely elastic analytical models
are inadequate for accurately simulating conditions such as dril-
ling in porous formations, as they overlook the critical influence of
pore pressure variations (Fjar et al., 2008).
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List of symbols
oh, oH, oy IN-situ stress components under PCS
Ex, Ey, €z, .
% %Y>»¥2> Normal and shear strains
Eyz, Exz, Exy
Orr, 000,02z,
19, Trz, Toz

ffo: ] . . .
S§(i =1 — 3) Biot's effective principal stresses

Stress components on the borehole wall

Do, P Initial and present pore pressure, respectively

ap, Po Wellbore azimuth and inclination angle, respectively

D A Stiffness and compliance constitutive matrix,
respectively

M Biot modulus

@ Porosity

v,V Horizontal and vertical Poisson’s ratio

N, T Bond transformation matrices

Aq, ot Compliance and Biot's effective stress coefficients
matrices under BCS, respectively

u1, 12, u3 Characteristic roots

i Imaginary unit

G ¢ Cohesion and friction angle of matrix

ab Mogi-Collomb coefficients related to c and ¢
F Shear failure potential

0x, 0y, 0z,

Total normal and shear stresses
Tyz, Txz, TXy

b b b
O [ 0.

XCTYYT 2 Far-field stress components under BCS
Tyzs Txzs Txy

S; (i = 1-3) Principal stresses under BCS

Py Wellbore pressure

as, Ps Offset angles of maximum horizontal and vertical
stresses under PCS, respectively

app+m, ppp Dip direction and angle of BP, respectively

an, ay Horizontal and vertical Biot's effective stress
coefficients under BPCS, respectively

¢ Fluid content variation per unit volume

K Bulk modulus

Ry, Ry, R; Transformation matrices

E F Horizontal and vertical elastic modulus under BPCS,
respectively

Ks, K¢ Modulus of solid grain and fluid

Ap Induced undrained pore pressure

Cwr Pw Cohesion and friction angle of matrix, respectively

PQ Elastic property anisotropy

P. Ultimate collapse pressure

Subscript

u,d Undrained and drained case, respectively

GCS Geographic coordinate system

PCS In-situ principal stress coordinate system

BCS Borehole coordinate system

BPCS Bedding plane/material property coordinate system

eff Biot's effective stresses

BP/bp Bedding plane

Furthermore, immediately following wellbore excavation, pore
fluids have not yet dissipated, rendering the instantaneous un-
drained response essential for understanding short-term wellbore
stability, especially for low-permeability formations or the pres-
ence of filter-cake (Abousleiman and Cui, 1998; Bobet, 2011; Gao
et al,, 2016; Liu et al.,, 2022; Chen et al., 2023; Nordas et al.,
2025). Consequently, a pressing need exists to develop a
comprehensive anisotropic undrained wellbore stability model
specifically tailored for arbitrarily inclined wells. However, a fully
anisotropic undrained poroelastic response of an inclined borehole
remains an open and unresolved issue in analytical solutions.

Previous research on analytical anisotropic wellbore stress solu-
tions has predominantly employed the complex stress functions
formulated by Lekhnitskii (1963) and Amadei (1983) to explore the
influence of anisotropic mechanical properties (Hou et al., 2013).
Extensions of these purely elastic frameworks have incorporated
anisotropy in tensile and shear strengths to delineate safe mud
weight window (Ma et al., 2019, 2022). Nonetheless, these models
are fundamentally limited to dry rock conditions, thereby over-
looking the crucial effects of pore pressure variations and poroelas-
ticity on wellbore stability. Anisotropic undrained pore pressure
response induced by depletion has been theoretically and experi-
mentally investigated for shales (Duda et al., 2023; Soldal et al.,
2025). While attempts to integrate poroelasticity into analytical
anisotropic wellbore stability models have been partial; for instance,
Liu et al. (2016) introduced an anisotropic wellbore stability model
for inclined wells that incorporates poroelastic effects through
anisotropic Biot's effective stress coefficients, but it does not consider
the anisotropic undrained poroelastic response immediately post-
drilling. Kanfar et al. (2015a, 2015b) first explored undrained pore
pressure response in anisotropic formations, though their analysis
was based on an isotropic solution. Subsequently, Raaen et al. (2019)
utilized elastic Amadei stress solution to characterize the anisotropic
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undrained pore pressure response, further investigating the effect of
undrained pore pressure on anisotropic wellbore stability (Asaka and
Holt, 2021). However, accurate representation of the undrained
poroelastic response necessitates the use of undrained poroelastic
parameters rather than drained ones (Lu etal., 2025; Lietal., 2025). Li
et al. (2025) focused exclusively on the undrained pore pressure
response, the corresponding stress solution and subsequent short-
term wellbore stability for such a fully anisotropic scenario remain
insufficiently explored.

Although some analytical undrained solutions exist for specific
cases in transversely isotropic formations, such as Bobet (2011)
deriving closed-form solutions for undrained conditions in trans-
versely isotropic lined circular tunnels, or Tran et al. (2022) and Lu
et al. (2025) obtaining deterministic solutions for analogous condi-
tions, these do not address the fully anisotropic inclined borehole
problem. Furthermore, while recent numerical simulations by Qiu
et al. (2023a, 2023b, 2024) and Peng et al. (2023) have examined
the time-dependent pore pressure and stress states of inclined wells
in anisotropic media, an analytical solution for the fully anisotropic
wellbore stability issue remains elusive.

This study aims to derive an analytical anisotropic undrained
poroelastic solution for an arbitrarily inclined borehole within
transversely isotropic formations, encompassing all stress compo-
nents and pore pressure variations. This study then evaluates the
short-term collapse pressure by integrating anisotropic shear failure
criteria with the derived anisotropic Biot's effective stresses. In the
end, polar plots of short-term collapse pressure with varying well-
bore trajectory and elastic property anisotropy are investigated.

2. Formulation

In this study, an arbitrary inclined borehole is drilled into a
transversely isotropic poroelastic formation with an arbitrary dip
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azimuth and angle of bedding plane (BP), as shown in Fig. 1.
When the borehole axis is neither perpendicular nor parallel to
the isotropic plane in transversely isotropic formations, the
wellbore problem becomes a fully anisotropic problem (Amadei,
1983). The initial vertical, minimum horizontal, and maximum
horizontal stresses under PCS are denoted as oy, on and oy,
respectively. The initial pore pressure is denoted as po. Differing
from previous purely elastic models (Kanfar et al., 2015a; Liu
et al,, 2016; Fang, 2018; Wang et al.,, 2022), the variation of
pore pressure and corresponding undrained effects immediately
after drilling are considered.

The in-situ stress and transversely isotropic poroelastic pa-
rameters need be converted into the borehole coordinate system
(BCS). In Fig. 2, a geographic coordinate system (GCS) is used as a
reference, where the positive directions of the Xe-, Ye-, and Z- axes
point north, east, and downward, respectively. The in-situ prin-
cipal stress coordinate system (PCS) is defined by the azimuth of
the maximum horizontal principal stress as and the angle between
the vertical stress and the vertical direction Bs in Fig. 2(a),
respectively. The borehole coordinate system (BCS) is determined
by the wellbore azimuth and inclination angles (ap, p) in Fig. 2(b),
respectively. In the bedding plane (material property) coordinate
system (BPCS), BP is defined by its dip direction and dip angle
(abp+m, Pup) in Fig. 2(c), respectively.

Conversion of far-field in-situ stress (on, on, oy) into BCS as (o2,
by, 6%, ;. 7, and 2%)) can refer to Liu et al. (2016), which is
described in Appendix A.

Ov

/

Fig. 1. A schematic diagram of an arbitrarily inclined borehole in transversely
isotropic formations (Modified from Qiu et al. (2023a)).
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2.1. Poroelastic constitutive law for transversely isotropic
formations

The compressive stress is positive, and tensile stress is negative.
Following the formality of a generalized Hooke's law, the linear
poroelastic constitutive equations for transversely isotropic for-
mations reads (Cheng, 2016)

6 = De + ap,
p=M({ +ae),

c = [O'mf’yﬁz,o'yzﬂxz,ffxy} 5

(1)

€= [EX7€y,€z»7yza}’sz’xy] :

where D and « are the stiffness and Biot's effective stress coeffi-
cient matrices under BPCS, respectively. o, € are the stress and
strain tensors, ¢ is fluid content variation per unit volume, M is Biot
modulus, p is pore pressure, respectively. Under BPCS, drained
stiffness matrix for the transversely isotropic formation can read
as follows (Cheng, 2016; Qiu et al., 2023a)

Dw Dy Dye 0 0 O
ny Dxx D;a 0 0 0
_ sz sz Dzz O 0 0
Do=1%" 0 0 ¢ 0 0 (2)
0 0 0 0 G O
0 0 0 0 0 G
with
B E(E —E/%)
(1 +0)(E - Ev—2E?)’
E(EII/-FEVQ)
Dxy = ) , 2y’
(1+v)(E — Ev—2E?)
D EEv 3)
¥ B _FEv—2E/?
b __ EX1-v
“ T F _Ev—2E/%
c__E B EE
20 +u) " T E+E+2EV

where, E, E' and v, v/ are the drained elastic modulus and Poisson's
ratio parallel and perpendicular to BP, respectively.

According to Cheng (2016), the solid grain bulk modulus K is a
constant independent of the BP direction and Kt is the fluid bulk
modulus, the Biot's effective stress coefficient matrix ag under
BPCS and Biot modulus M are given as follows (Cheng, 2016; Qiu
et al,, 2023a):

Z,(Down) o, . Horizontal plane Zy(Down) Z, ) Z,(Down) Z,,
d> ; / / ] Horizontal plane <> " Horizontal plane
v v, / / |
: Y, 4
: Ye ﬁ " Yoo /
: g R Poo
3 o Ye(East) .- ! Top of Borehole \)’
AN 3 = T /.
NN : Y(asty | | AT\ Y,(East)
XN % 1 Y \----
X,(North) R (@) X,(North) (b) X,(North) Xop (©)

Fig. 2. Coordinate system schematics: (a) PCS; (b) BCS; (c) BPCS (Modified from Liu et al. (2016)).

4812



W.-D. Li, Y.-Y. Zhang, M.-M. Zhang et al.

ap 0 O
xo]3,3 = { 0 o O } (4)

0 0 ay

K Ks

MKS/|:(1—K)—(/)<1—E>:| (5)
with
ap=1-— (Dxx + Dyy +sz) / (3Ks) (6)
ay :1 — (2sz +Dzz) / (31{5) (7)
K — (2Dxx + D, + 2ny + 4sz) (8)

9

where ap, ay are the Biot's effective stress coefficients parallel and
perpendicular to the transverse plane, respectively. ¢ is porosity,
K" is bulk modulus.

2.2. Anisotropic undrained poroelastic constitutive law with an
arbitrary wellbore trajectory

Under an undrained condition, the pore fluid has not yet
escaped from the solid skeleton immediately after drilling, so =0
is assumed in Eq. (1). Undrained constitutive law in Eq. (1) under
BPCS can be rewritten as

p= M[“O}leev

9)
o = (Do + Miaolg 1 ol 1 )
with [aO]Gx] = [ah7 Qh, Ay, 07 07 0}
Above stiffness constitutive law in Eq. (9) can be converted to
compliance equation by matrix inversion as follows:

p*M[j{O}les’ (10)
e = [Ap]g,60-
with A§ = (Do + Mlaolgy [ao]gx1)_l, which is in line with Cheng
(2016). The superscript “u” denotes the undrained case in this
study.

According to the bond coordinate transformation (Amadei,
1983; Gaede et al., 2012; Setiawan and Zimmerman, 2018; Fang,
2018; Vitali et al., 2020; Qiu et al., 2023a), the transformation
process of the compliance tensor Aj and Biot's effective stress
coefficient matrix a; under BCS can be expressed as follows:

A{ = [Njg,.cAp [NT]Gst

ar = [Tz, 3la0]3.3 [TT] ()

3x3’

where the transformation tensor N for the compliance tensor is
given by Lekhnitskii (1963) as
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N—
B B, B halis Lzl hialiq
5 B, B I3l PN olyy
B B, B l33l3; l3313; l35134

2l31lp1 213315 2133ly3 I33ly5 +13213 I33lh1 4131123 131150 + 132151
2l31111 2133112 2133143 33l +132043 33l +131li3 31112+ 132111

21l 2130, 21303 Lzl +lhialhs izl +li1ls Ll +li2by

(12)

And the components l;j (i, j = 1-3) are the direction cosines of
vectors of the rectangular axes under BCS and BPCS, which are
given as

lih =T(1,1), 17 =T(1,2), l13 =T(1,3)
lyn =T(2,1), Iy =T(2,2), I3 =T(2,3) (13)
I31 =T(3,1), 133 =T(3,2), 133 =T(3,3)
with
T=R, xR},
[ cosacosp, sina,cosp, —sin g,
R, = —sinay CoSay, 0 ,
| cosapsing,  sinausing,  cospy
[ cos (abp - n) cosfp,  sin (abp - 71:) COSPpp  SiNfy,
R; = —sin (abp — n) cos (abp — n) 0
—cos (abp — 71:) singy, —sin(abp — 11:) sinfpp,  COSPpp

(14)

where transformation tensors R, R3 from BPCS to BCS, are func-
tions of wellbore trajectory (ap, fp) and dip direction and angle
(abp+m, ppp)- The pore pressure p as a scalar quantity in Eq. (10)
does not change after the transformation process. Eventually, the
incremental anisotropic undrained poroelastic constitutive law for
any wellbore trajectory under BCS is given as:

Ae = [A{]g, 500",
Ap = Mlat; 6 [A¢ g, 620"

Cheng (1997, 2016) pointed out that there are twenty-one in-
dependent components in symmetric Af, six components in ag,
and one M, with a total of 28 independent material constants for
general anisotropy. When the borehole is not orthogonal to the
isotropic plane, there also exist six non-zero Biot's effective stress
coefficients under BCS rather than two independent values under
BPCS after coordinate transformation in Eqs. (11-14), which re-
flects their projection into BCS.

(15)
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2.2.1. Undrained poroelastic stress distribution on the borehole
wall

Using Amadei's method (1983), the total undrained stress
concentration on the borehole wall in the anisotropic medium can
be derived as

b b 2 2 2
Oy = Oxx + Aoy = oy + 2Re [r“]u‘plu + u5ubou + ’131“3u¢3u} )

b b ’ ’ ’
oy = oyy + Aoy = oy, + 2Re[¢, + ¢y + A3udb3y];
‘7;2 = TBZ + A";z =Tyz — 2Re [’11U¢7/1u + ’12U¢l2u + ¢l3u}7
‘7;(]2 = T)t()z + AU}(JZ = T)tzz +2Re [’hu/‘lu‘j’ll + /12u/42u¢/2u + /43u¢/3u} )

”uy = fxy + A”'xy = Txy 2Re [ﬂ]u‘/’lu Jr:“2u‘/’2u + i3u/"3u‘/’3u}

1
Gu = Uzz + A‘72 = ‘722 Al
t33

A1A0x + Ay A0y + AlsAoy, + AlssAcy, + AEBGAUEy} ;

(16)

where the in-situ stress components under BCS are denoted as 62,
oby, 60,7, 7%, and 72, respectively. And the superscripts and sub-
scripts “u” and “d” denote the undrained and drained cases in this
study, respectively. Three undrained characteristic roots with pure
or complex imaginary numbers yu;, (i = 1,2,3) is obtained using
Lekhnitskii and Amadei's method. Interested readers can refer to
Lekhnitskii (1963), Amadei (1983), Liu et al. (2016) and Wang
et al. (2022) for further details. It should be noted that the un-
drained compliance matrix Ag in Eq. (11) differs from the drained
compliance one D~! under BPCS. Consequently, the corresponding

two matrices AY, AY under BCS also differ, the three undrained
characteristic roots uj, (i = 1,2,3) are not identical to the drained
ones uig (i = 1,2,3). This distinction will be discussed further in
Section 3.2.
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, 1 ,
(/)‘lu = 2Au(/41uC059 _ sin9) [D (/12uﬂ«3u - 1)
+El (H2u — A2u/3uM3u) + F’(.“3u — H2u)A3u ]7
, 1 /
¢)2u = ZAu(ﬂzuCOSH _ Sil‘l@) [D (1 - /I]Ul?:u)
+E (Mudzuttzu — #1u) + F (10 — #3u)A3u ),
/ 1 /
P3u = 2 Ay (pi3,C0S6 — Sing) D (1 = 420)
+EI(]'2u/4]u — Aubou) + F(ﬂ2u — M) ], (17)
with

D= (PW — a,'?x> €00 — 75,5inf — [(PW — o—xx> SmG—i—TXyCOSG]

E=- (PW - ”By) sing+ fxycose —i [(Pw yy) coso+ rxysine} ,

F = —12,cos0 —b,sing — [ 7,C0S0 — rxzsme} :

Au=Hay —H1u +/12u/13u(ﬂ1u — p3u) +A1uA3u(H3u — Hau)-
(18)

The complex variables 1;,(i=1,2,3) are defined as
Ay = I3u(.‘"iu)7/12 _ bule) , _ Bulkin)
bu (piu) byu(piv) lau(piu)

Lou (ki) = Bia — 2B4skiu+ Piski®,

Bu (i) = 34+ (Bs + Plis)iu — (ia +F36)kiu” + Pispia”

Lo (kin) = —B32 — 2856k + (282 + Boe ) Hin” — 2B emin” + B 1min™
(19)

where gj; is the reduced strain coefficients from compliance matrix
A defined as:

u u
_Au Ati3Atj3

And the analytical functions (¢}, (i = 1,2,3)) is determined by Ry T (1,j=1,2,..,6) (20)

the boundary conditions, which are given as (Liu et al., 2016) 33

Table 1

Input parameters from Liu et al. (2016) and Gao et al. (2021).
Parameter Unit Value Parameter Unit Value
Maximum horizontal principal stress oy MPa 45,55 Offset angle of oy, as ° 135
Minimum horizontal principal stress op MPa 34.86 Offset angle of oy, fs 0
Overburden stress oy MPa 37.17 Formation pressure pg MPa 17.76
Elastic modulus normal to BP E' GPa P*30 Wellbore pressure Py MPa 25
Elastic modulus in BP E GPa 30 Grain solid modulus K; GPa 83
Poisson's ratio normal to BP »/ - Q*0.2 Fluid modulus K¢ GPa 3.29
Poisson's ratio in BP v - 0.2 Dip angle of BP fpp ° 45
Cohesion of intact rock ¢ MPa 8.2 Dip direction of BP app+n 315
Cohesion of BP ¢, MPa 2.07 Friction angle of intact rock ¢ ° 31
Wellbore inclination g, ° 30 Friction angle of BP ¢y, ° 26.6
Wellbore azimuth ap ° 45 Porosity ¢ - 0.05

4814



W.-D. Li, Y.-Y. Zhang, M.-M. Zhang et al.

(a)

Lines: Present model
Symbols: Existing isotropic solution

80 1

Total normal stress distribution, MPa

20 T T

135 180 225 270

Circumference angle 6, °

—
(=2
-

Lines: Present model
Symbols: Existing solution

Total shear stress distribution. MPa

-3 T T T T T T T

0 45 90 135 180 225 270 315 360
Circumference angle 6, °
(c) 24
Present model
20 A ®  Existing isotropic solution
Amadei solution + poroelasticity

& 16 A
=
s 124
<
%)
5 83 3
1
L 44
S
%)
S 01
o
3 4
£
o
T -8
=
=]

_12 .

_16 .

0 45 90 135 180 225 270 315 360

Circumference angle 6, °

Fig. 3. Comparison of undrained stress and pore pressure distributions between
present and existing solutions for the isotropic case.

2.2.2. Undrained poroelastic response utilizing drained Amadei
stress solution

While the existing model neglected the difference between the
undrained and elastic/drained stress solution (Amadei, 1983; Liu

4815
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et al., 2016). The existing elastic solution is given by Amadei so-
lution (1983) with drained parameters:

of = op + Ac§ = o} + 2Re [M%d%d + Haaa + ’13d/‘§d¢’3d] :
o4 =60, + Aot = 6D, + 2Re[¢ 14 + dog + A3ab3q)

y yy y vy 1d 2d 3d¥3d)»

d _ b d _ b , ' '
oy, = Ty, + Aoy, =1y, — 2Re [’hd(ﬁ]d + A2dPaq + ¢3d} ,

d b d b ! ! !
Oxz = Tx; + Aoy, = 70, + 2Re U]d/‘ld‘ﬁm + AadHadPaqg + I‘3d¢3d} )

d b d b / / !
Oxy = Txy + Any =Txy — 2Re [”1d¢]d + HodPrq + ’13d.‘43d¢3d]7

d_ b d_ b 1 l,d v d, ad rd,ad rd
6; =0z + Aoy =0y, — ad Aiz1A0y +At?:ZA‘)'y Jr/'\'534A5yz
£33

d ad ,ad A d
+Az540%, + At36A0xy] ;
(21)

where the common elastic drained parameters are used with the
superscript and subscript “d”. Corresponding drained parameters
in Egs. (16-20) is given by Amadei (1983) and Liu et al. (2016).
Raaen et al. (2019) used anisotropic Skempton coefficients and
elastic Amadei stress solution to obtain the undrained pore
pressure distribution. In similar, the induced undrained pore
pressure distribution using elastic Amadei stress solution and six
non-zero Biot's effective stress coefficients is given as:

Ap? =Miat] 1.5 [AE] 6x6 [Ao_d} 6x1 (22)

2.2.3. Stress distribution on the borehole wall under BCS

Stress components on the borehole wall in cylindrical coordi-
nate system can be given as (Hou et al., 2013; Zhang et al., 2021;
Ma et al., 2022)

Oorr — O'XXCOSZH + O'nyiIl29 + Txysinze
— 6xxSIN%0 + 6y C0S%0 — 7y5iN20
= 0zz

7]
Ozz
7rg = —0.50xxSIN20 4 0.56),5iN20 + 75,C0S26
Trz = TyzCOSO — 7x,SING
Tgz = TyzSINGO + 7x,C0OSH

(23)

where, o1, 699 and o, are radial, hoop and axial stress components,
and 7,4 712, 79, are three shear stress components, respectively. @ is
angle of circumference. According to Eq. (23), the shear stress
components 7y = 7r; = 0, thus the radial stress on the borehole wall
o = Py is a principal stress. Consequently, the three principal
stresses can be expressed as:

1 1
51 = 3 (600 + 022) + 5V (000 — 0'zz)2 + 4ng

1 1
Sy = 5 (000 + 022) — 5/ (000 — 0z2)? + 473,
S3 = Pu

(24)

The undrained pore pressure without any pore pressure dissi-
pation is assumed to occur when the wellbore is instantaneously
excavated. Considering the impermeable wellbore boundary con-
ditions, the corresponding ultimate pore pressure variation at/
near the borehole wall are given as
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Fig. 4. Comparison of undrained stress and pore pressure distributions between
present and existing solutions for the transversely isotropic case.

p=po+ Ap (25)

Considering the anisotropic poroelastic effect, Biot's effective
stress tensor on the borehole wall is given as

- Oxx Txy Txz axx QAxy Oxz
Oh ={ Ty Oy Tyz p—{ Qxy Qy ayz P (26)
Txz Tyz Oz QAxz Qyz QAzz

where ajj (i, j = X, y, Z) is the element in anisotropic Biot's effective
stress coefficient matrix a; in Eq. (11). Differing from the isotropic
case, Biot's effective stress coefficients ayy, ay,, ax, related to shear
stress components under BCS may not necessarily be zero,
implying that all induced stress components in A¢" both influence
undrained pore pressure variations in Eq. (15). The normal stress
variations may be induced by shear stress components in the
anisotropic case, which is often called as shear-tension coupling
effect (Liu et al., 2016). Consequently, the anisotropic poroelastic
response should consider the comprehensive impacts of shear-
tension and fluid-solid coupling effects.

In addition, due to the six non-zero anisotropic Biot's effective
stress coefficients, it can be expected that Biot's effective radial
stress component may not be a principal stress. Then following the
method by Zhang et al. (2015), the three effective principal stresses
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on the borehole wall are equivalent to the three eigenvalues of the
effective stress tensor sgff in Eq. (26), which can be obtained by:
det (cgff . seffE) -0 (27)

where E is a unit matrix, and S¢f (i= 1 -3) are the corresponding
three eigenvalues.

2.3. Determination of collapse pressure

2.3.1. Shear failure of intact matrix

Considering the effect of the intermediate principal stress, rock
failure potential based on 3D Mogi-Coulomb criterion developed
by Al-Ajmi and Zimmerman (2005) can be given as

Foy :%\/<5§ff75§ff)2+ (ngfis?ff)er (Scleffisgff)z fafbw7

2V/2ccosg
=

V2csing
3

b=2
(28)

where ¢ and ¢ are the rock cohesion and friction angle of matrix,
Seff(i=1-3) are the maximum, median, and minimum eigen-
values in Eq. (27), respectively.

2.3.2. Shear failure of weak BP
Based on the Mohr-Coulomb criterion, failure potential for the
weak BP by Lee et al. (2012) is given as:

2
)+ (=

where ¢, and ¢y are the cohesion and friction coefficient of BP,

bp
Ozz

Fpp= (lej;? )2 —Cw — tan(gy) (29)

respectively. re‘,p and 03," are the effective shear and normal
stresses on BP, respectively. Noted that the Biot's effective stress
coefficients related to shear stress components may be non-zero
values in Eq. (26). Thus, the shear stresses in Eq. (29) are Biot's
effective stresses. To determine the failure potential of weak BP,
the effective stress tensor under BPCS should be obtained by
transformation from BCS, which is given as (Liu et al., 2016)

Table 2

Additional input parameters in Section 3.1.2.
Parameter Unit Value Parameter Unit Value
Wellbore azimuth aj, ° 45 Inclination angle g, ° 90
Dip direction app ° 0 Dip angle fpp ° 0
Elastic anisotropy P - 0.4 Poisson's ratio anisotropy Q - 1.5

Table 3

Anisotropic Biot's effective stress coefficients under BCS with varying wellbore trajectories.
Boit's effective stress coefficients Qxx ayy azz ay; Qxz axy
ap = 45°, fp = 30° 0.569 0.618 0.602 —0.057 —-0.028 —-0.033
ap = 90°, pp = 30° 0.633 0.585 0.570 —0.024 —-0.037 0.051
ap = appE™, fo+ppp = 90° 0.683 0.552 0.552 0 0 0
ap = app, fb = Pop 0.552 0.552 0.683 0 0 0
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bp bp bp
Oxx Txy Txz
eff T eff T b b b
ohp =R3 xRy x o xRy xR3=¢ oy opf oF (30)
bp  bp  bp
Tzx  Tzy Oz

where agg is the Biot's effective stress tensor under BPCS.

3. Anisotropic undrained poroelastic solution of an arbitrary
inclined borehole

3.1. Model validation

Two anisotropy indexes P = E/E and Q = v’/v are used to char-
acterize the degree of elastic anisotropy. The analytical drained
solution has been validated by finite element method by Gaede
et al. (2012). To further validate the accuracy of the present un-
drained model, models comparisons with isotropic and trans-
versely isotropic solutions, as well as anisotropic Biot's effective
stress coefficients, are made. The input parameters utilized in this
study are listed in Table 1.

3.1.1. Model comparison in isotropic case

The validity of the present model in capturing the undrained
poroelastic response is first confirmed through comparison with
the isotropic scenario (P = Q = 1), demonstrating strong concor-
dance in Fig. 3. Detailed undrained and drained poroelastic solu-
tions for an inclined borehole within isotropic formations are
presented in Appendix B. Crucially, the pore pressure distribution
predicted using the drained/elastic stress solution (magenta line in
Fig. 3(c)) in Eq. (22) substantially overestimates the undrained
pore pressure response. While under dry or drained condition, the
undrained pore pressure response is zero, underscoring the critical
role of the undrained poroelastic effect immediately after drilling,
which pure elastic Amadei solution fails to capture.

3.1.2. Model comparison for a horizontal borehole in transversely
isotropic formations

To validate the proposed model in an anisotropic context, its
predictions for a horizontal borehole in a transversely isotropic
formation are made. The undrained stress solution of a horizontal
borehole drilled along BP is presented in Appendix C. Fig. 4 pre-
sents the model comparison between the present and existing
undrained solution (Lu et al., 2025), which shows strong agree-
ment. For this comparison, some input parameters from Table 1
are used, with additional parameters listed in Table 2. Note that the
existing solution by Lu et al. (2025) is limited to a specific case
where the borehole axis is drilled along BP and aligned with a
principal horizontal stress direction. In contrast, the present model
offers a more general framework, accommodating arbitrary well-
bore trajectories relative to the material and stress anisotropy.
Profile of the anisotropic undrained pore pressure does not
necessarily exhibit significant azimuthal dependence and sym-
metric distribution as the isotropic case in Fig. 4(c), where peak
values occur at 0°/90°. The in-plane characteristic roots in the
present model are reciprocals of those in the existing solution in
Eq. (C-3), due to the different coordinate system. While the three
characteristic roots, including in-plane and out-of-plane problems,
do not need to be specified in the present model, since the cor-
responding coefficients related to all characteristic roots both exist
in Egs. (16) and (17).

This validation case, demonstrating agreement with a specific
anisotropic solution, highlights that when the borehole axis de-
viates from orthogonality to BP, the fully anisotropic undrained
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poroelastic response becomes intricately dependent on the well-
bore trajectory, influenced by the coordinate transformation
described in Egs. (11-14). Such complexities, arising from the
interplay between borehole orientation and material anisotropy,
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Fig. 5. Comparison of undrained stress and pore pressure distribution on the bore-
hole wall with P = 0.4, Q = 1.5.
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Table 4
Characteristic roots under undrained/drained conditions with P = 0.4, Q = 1.5

Drained case

0.1308 + 1.0858i
0.1300 + 1.0854i
—0.0453 + 0.9643i

Undrained case

0.0081 + 1.2179i
0.1308 + 1.0858i
0.1800 + 0.9357i

Cases

Characteristic root yq
Characteristic root uo
Characteristic root us

underscore the critical need for the comprehensive, fully aniso-
tropic wellbore stability model proposed herein.

3.1.3. Validation of anisotropic Biot's effective stress coefficients

In certain scenarios, the six non-zero anisotropic Biot's effective
stress coefficients under BCS reduce to the two independent values
under BPCS, as illustrated in Table 3. This simplification can occur,
when the axis of the material's rotational symmetry is either in
parallel with or perpendicular to the borehole axis (Liu and
Abousleiman, 2020). There are two distinct conditions.

(1) When the borehole is drilled parallel to BP, and the borehole
azimuth aligns with the dip direction of BP, where the sum
of the wellbore inclination angle and the bedding dip angle
is 90° (ap = app=tm, fp+Pop = 90°).
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(2) When the borehole is drilled perpendicular to BP (ap = app,
Pb = Pop)- Under this condition, the in-plane Biot's effective
stress coefficients (axx, ayy) under BCS are equal to ap, and
the axial one (a;;) equals ay in Egs. (4-8), while all other
components vanish. This borehole problem can be solved
using the proposed solution by Cui et al. (1998), where the
three characteristic roots all degrade into 1i.

Conversely, in all other general cases not covered by these
specific conditions, all six non-zero anisotropic Biot's effective
stress coefficients must be considered. The calculated Biot's
effective stress coefficients in Table 3 further validates the accu-
racy of the present model.

3.2. Difference of undrained and drained poroelastic response

Fig. 5 shows the induced stress and pore pressure distributions
on the borehole wall with P = 0.4, Q = 1.5, as formulated in Egs.
(15) and (16). As depicted in Fig. 5(a) and (b), the induced
normal and shear stress distributions predicted by the present
model slightly diverge from those predicted by classical drained
Amadei solution. This discrepancy arises from variations in three
characteristic roots under the two conditions, as presented in
Table 4, which result in differing induced stress distributions in

(b) 55
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Fig. 6. Influence of elastic modulus anisotropy on the poroelastic response (Q = 1.5, P = 25 MPa).
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Egs. (16) and (21). Consequently, drained Amadei solution
(Amadei, 1983; Setiawan and Zimmerman, 2018; Fang, 2018), fails
to accurately represent the undrained stress distribution. In
addition to the differing induced stress components, discrepancies
between the drained and undrained compliance matrix in Eq. (12)
further exacerbate deviations in the (induced) undrained pore
pressure distribution in Fig. 5(c). When accounting for elastic
anisotropy, the classical isotropic undrained pore pressure solu-
tion presented in Eq. (B-4) introduces significant errors in pre-
dicting the anisotropic undrained pore pressure response. In
contrast, the “Amadei solution + poroelasticity” approach will
significantly overestimate the undrained pore pressure response,
as demonstrated by doted blue line in Fig. 5(c). These significant
discrepancies between the undrained and drained solutions un-
derscore the critical importance of considering undrained poroe-
lastic constitutive framework for accurate anisotropic undrained
pore pressure response analysis.

3.3. Parametric analysis of anisotropic undrained poroelastic
response

This section presents a comprehensive parametric analysis of
the undrained poroelastic response, focusing on the unique in-
sights provided by the fully anisotropic undrained stress solution.
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Red: Q=1 Blue:Q=15 Magenta: Q=2
80 1 Symbols: Present model
Lines: Amadei solution

©
o
=

£ 70 A
N
fe
kel
5
2

= 60 A
2
©
12}
1%
Q
k7

o 9501
o
o)
I

40 4

% % 95 100 1
® Circumference angle 4,
0 45 90 135 180 225 270 315 360
Circumference angle 0, °
(c)
Red: Q=1 Blue:Q=15 Magenta: Q=2

Symbols: Present model
Solid lines: Amadei solution

Shear stress distribution ,,, MPa

45 90 135 180 225 270 315 360

Circumference angle 6, °

Petroleum Science 23 (2026) 4810-4828

This approach is critical as drained Amadei solution, inherently
overlook the complex solid-fluid couplings, which are vital for an
accurate representation of the anisotropic Skempton effect.

3.3.1. Influence of elastic property anisotropy
(1) Elastic modulus anisotropy

Fig. 6 presents the profiles of wellbore stresses and pore pres-
sure on the borehole wall (excluding the constant radial stress
component) under varying elastic modulus anisotropy (P). With
increasing elastic modulus anisotropy (P—0), the differences in
hoop stress distributions under these two conditions can be
neglected in Fig. 6(a), while those of axial and shear stress distri-
butions in Fig. 6(b) and (c) should be paid more attention to.
Furthermore, the distribution ranges of axial and shear stress
components increase with increasing elastic modulus anisotropy,
suggesting that elastic modulus anisotropy intensifies the het-
erogeneity of stress patterns in both the present and Amadei so-
lutions. Compared to Amadei solution, the undrained condition
enhances the heterogeneity of stress distributions (Fig. 6(b) and
(c)), thereby underscoring the importance of the undrained
poroelastic response.
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Fig. 7. Influence of Poisson's ratio anisotropy on the poroelastic response (P = 0.7, Py, = 25 MPa).
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As illustrated in Fig. 6(d), the distribution range of undrained
pore pressure markedly increases as elastic modulus anisotropy
rises (P—0). This observation indicates that the undrained pore
pressure response is more pronounced under conditions of strong
elastic modulus anisotropy (P = 0.4). Additionally, circumferential
angles corresponding to peak values vary considerably with P.
Furthermore, predictions using drained Amadei stress solution
significantly overestimate the undrained pore pressure response
compared to the present model, further highlighting the necessity
of an anisotropic undrained constitutive framework for accurate
analysis of anisotropic Skempton effect.

(2) Poisson's ratio anisotropy

Fig. 7 illustrates the wellbore stress and pore pressure distri-
butions on the borehole wall, comparing the present model with
Amadei solution under varying Poisson's ratio anisotropy Q. In
general, the profiles of all stress components exhibit insignificant
variation in the present model in Fig. 7(a) and (c). In contrast,
substantial fluctuations of axial stress o, for varying Poisson's
ratio anisotropy are observed in Amadei solution in Fig. 7(b),
thereby underscoring the distinctions between the undrained and
drained solutions. Concerning the undrained pore pressure
response shown in Fig. 7(d), distribution range of the undrained
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pore pressure declines with increasing Poisson's ratio anisotropy,
suggesting a weakening undrained pore pressure response with
high Poisson's ratio anisotropy, differing from enhancing effect of
elastic modulus anisotropy.

3.3.2. Influence of wellbore pressure

Fig. 8 presents the wellbore stress and pore pressure distribu-
tions across varying wellbore pressures. Generally, the hoop stress
ogp distributions under undrained and drained conditions exhibit
minimal differences, as depicted in Fig. 8(a). Conversely, as Py
decreases, discrepancies in the distributions of 6., 54, between the
present and Amadei solutions progressively become more pro-
nounced, as illustrated in Fig. 8(b) and (c). Furthermore, with low
Py (15 MPa), the peak values of 6., and corresponding circumfer-
ence angles diverge from those predicted by Amadei solution
(Fig. 8(b)), emphasizing the critical need to apply an anisotropic
undrained constitutive law. In contrast, distribution range of un-
drained o4, remains relatively stable despite changes in Py, in
contrast to the result predicted by Amadei solution, as depicted in
Fig. 8(c).

As illustrated in Fig. 8(d), the asymmetric undrained pore
pressure distribution using Amadei stress solution is markedly
overestimated, as indicated by dashed lines. When P,y (15 MPa)

(b)
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Fig. 8. Non-zero stress distribution under undrained/drained conditions (P = 0.7, Q = 1.5) with varying wellbore pressure.

4820



W.-D. Li, Y.-Y. Zhang, M.-M. Zhang et al. Petroleum Science 23 (2026) 48104828

(a) 90 (b)
Dark Lines: Amadei solution Solid lines with symbol: Present model
Symbols: Present model 30 4 Dash lines: Amadei solution + poroelasticity
80 Red: K, =83 GPa Blue: K,=68 GPa Magenta: K, = 53 GPa Red: K, =83 GPa Blue: K,=68 GPa Magenta: K, = 53 GPa
e
£ =
= 701 g
3 g
1] =1
3 2
2 60 3
o a
2 g
Q a
c 50 4
= el
s 2
2 g
= 40 il
=)
30 A
T T T T -20 T T T T T T T
0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360
Circumference angle 6, ° Circumference angle 6, °
(c) 90 (d)
Dark Lines: Amadei solution Solid lines with symbol: Present model
Symbols: Present model 30 {1 Dash lines: Amadei solution + poroelasticity
80 | Red:¢=0.05 Blue:p=0.1 Magenta:¢=0.15 Red: 9 =0.05 Blue:p=0.1 Magenta: 9 =0.15
<
©
o - 20 A
= 701 5
8 o
1] >
g 2 0l
ﬁ 60 g
s o
2 ]
c 501
= kel 0 A
s 2
s s
= 40 °
O -10 A
30 1
T T T T - T -20 T T T T T T T
0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360
Circumference angle 6, ° Circumference angle 6, °
(e) 90 ()
Dark Lines: Amadei solution 30 4 Solid lines: Amadei solution + poroelasticity
Symbols: Present model Symbols: Present model
80 { Red: K =3.291 GPa Blue: K; = 0.025 GPa Red: K;=3.291 GPa Blue: K; = 0.025 GPa
e
£ =
= =
8 e
1] =1
8 g ;
3 g ]
g o 5
o a
c
= o
s 2
o =
E g UD o
5 10
T T T T -20 T T T T T T T
0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360
Circumference angle 6, ° Circumference angle 6, °
Fig. 9. Profiles of two principal stresses and undrained pore pressure with varying K, ¢, and K.
deviates substantially from the in-situ stress components (¢2, =  3.3.3. Influence of poroelastic parameters
35.4 MPa, of, — 45.6 MPa, and of, — 36.6 MPa), the distribution Tl.le dl.fferer?ce between the undrained ar;d d~ramed stlffnc.ess
range of Ap broadens considerably, highlighting the necessity of ~ Matricesis attr‘b“teq to thg term Maolg,. 1 [@0l61 in Eq. (9), Whlc.h
accounting for the anisotropic undrained poroelastic response, ~ depends on the solid grain modulus Ks, porosity ¢ and fluid
particularly at lower wellbore pressures. modulus Kr as described in Eqs. (4-8). Profiles of the two principal

4821



W.-D. Li, Y.-Y. Zhang, M.-M. Zhang et al.

stresses Sy, Sy and Ap, varying with Ks, ¢ and Kg, are displayed in
Fig. 9. Minor deviations in the profiles of S;, S, with varying K
and ¢ are observed between the undrained and drained condi-
tions, as illustrated in Fig. 9(a) and (c). Conversely, a more pro-
nounced Ap is evident with lower ¢ in Fig. 9(d), slightly
inconsistent with findings reported by Li et al. (2025). When the
formation is saturated with gas, the fluid modulus is assumed to
correspond to the initial pore pressure for an ideal gas. Due to the
high compressibility of gas, the deformation of solid skeleton
induced by wellbore excavation induces negligible undrained pore
pressure variation in Fig. 9(f), which can be explained by smaller
Biot modulus M with low fluid modulus Kfin Table 5. Furthermore,
the undrained compliance matrix in Eq. (10) changes little from
the drained one with smaller M. Therefore, the conventional
drained Amadei solution, which inherently assumes zero pore
pressure variation, can model the undrained poroelastic response
in gas saturated formations in Fig. 9(e) and (f). This observation is
consistent with findings for the isotropic case (Gao et al., 2021;
Cheng, 2016).

As summarized in Table 5, anisotropic Biot's effective stress
coefficients related to normal stress components aji (i = X, ¥, 2)
mainly decrease with diminishing K, while those related to the
shear stress components a;jj (i#j) change little. Biot modulus M
exhibits a significant decreasing trend with increasing ¢ and
decreasing Kg, resulting in lower undrained pore pressure varia-
tions. Consequently, a more pronounced anisotropic undrained
pore pressure response is positively correlated with Biot modulus.

Petroleum Science 23 (2026) 4810-4828

3.3.4. Influence of wellbore trajectory

The wellbore trajectory, characterized by its inclination and
azimuth angles, significantly affects the in-situ stress conditions
and the compliance matrix under BCS in Eqs. (11-14). For brevity in
this analysis, we focus on variations in the inclination angle. Fig. 10
illustrates the profiles of the two principal stresses Sj, S, and un-
drained pore pressure Ap with varying inclination angle . In this
section, the wellbore azimuth ap, = 45° and wellbore pressure
Py, = 25 MPa are held constant. As gy changes, the locations or
magnitudes of peak stresses and pore pressures both shift signif-
icantly compared to the drained scenario. Specifically, when the
borehole is oriented horizontally with g, = 90°, the minimum
value of S is observed to be 3.4 MPa lower than that in the drained
condition (magenta dashed lines with symbols in Fig. 10(a)). The
profile of the undrained pore pressure also changes significantly
with varying gy, as depicted in Fig. 10(b).

This highlights that wellbore trajectory is a critical parameter in
undrained poroelastic response, as varying wellbore trajectory can
induce significantly different undrained stress and pore pressure
response.

4. Short-term collapse pressure determination

To comprehensively analyze the short-term collapse pressure
accounting for the fully anisotropic undrained poroelastic
response, a detailed parameter investigation was conducted. The
input parameters are listed in Table 1. By combining the principal

Table 5
Anisotropic Biot's effective coefficients and Biot modulus with varying poroelastic parameters.
Poroelastic Unit Qxx ayy azz ay; Qxz axy M, GPa
parameters
Ks 83 GPa 0.569 0.618 0.602 0.057 —0.028 —0.033 45.9
68 0.474 0.534 0.514 0.069 —-0.035 —0.040 45.6
53 0.325 0.402 0.376 0.089 —0.044 —0.051 47.2
@ 0.05 - 0.569 0.618 0.602 0.057 —0.028 —0.033 45.9
0.1 275
0.15 19.6
Kr 3.291 GPa 45.9
0.025 0.50
(a) 90 (b) 40
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Dash lines with symbols: Present model Dash lines: Amadei solution+ poroelasticity
80 1 Red:,=30° Blue:f,=60° Magenta: 5, = 90° 30 { Red:f,=30° Blue:f,=60° Magenta: f, =90
e
< <
= g 2
8 o
173 >
1% 17
£ 8 101
2] a
3 o
2 g o
= el
s 2
2
F T 10 1
=]
_20 .

20

45 90 135

180 225

Circumference angle 6, °

270 315 360

135

180

Circumference angle 6, °

270

Fig. 10. Profiles of the two principal stresses and undrained pore pressure response with varying wellbore inclination angle.

4822

315

360



W.-D. Li, Y.-Y. Zhang, M.-M. Zhang et al.

Biot's effective stresses with failure criteria for both BP and matrix,
the collapse pressure can be determined. A critical distinction
arises when comparing the present model with conventional ap-
proaches. Specifically, the conventional anisotropic model pro-
posed by Liu et al. (2016) assumes a constant pore pressure equal
to the initial pore pressure, thereby neglecting the undrained ef-
fects on short-term wellbore stability. In addition, the combined
“Amadei solution + poroelasticity” approach enhances the repre-
sentation of the undrained poroelastic response in Figs. 5-10
significantly impacting wellbore stability prediction.

4.1. Collapse pressure analysis using various models

4.1.1. Comparative profiles of the three effective principal stresses:
present versus existing models

To further elucidate the mechanisms of wellbore failure, it is
essential to analyze the three Biot's effective principal stresses
distributions. Fig. 11 illustrates the discrepancies between the
three principal stresses S; (i = 1-3) and their corresponding
effective ones Sieff(i =1 — 3). Due to the anisotropic nature of Biot's
effective stress coefficients, as detailed in Table 5, the peak point
angles of S¢f(i = 1 —3) do not coincide with those of the respective
effective ones, a behavior absent under isotropic conditions.
Moreover, anisotropic Biot's effective stress coefficients vary with
alterations in the wellbore trajectory, as outlined in Eqs. (11-14)
and Table 3, thereby affecting the distribution of effective stresses
and the subsequent prediction of wellbore stability.

Fig. 12 presents the profiles of three Biot's effective principal
stresses S¢'(i= 1 —3) derived from different models with ap, = 45°
and gy = 30°. The distinct variations in the effective stress profiles
arise from differences in stress and pore pressure distributions
inherent to each model. The proposed model produces a moderate
range of the effective principal stresses compared to the models
proposed by Liu et al. (2016) and the combined “Amadei
solution + poroelasticity” approach. Additionally, it is observed
that the peak values of S§ff(i=1-3) do not occur at identical
circumference angles, contrasting with observations under
isotropic conditions.

4.1.2. Determination of failure potential and collapse pressure
Failure potentials of both matrix and BP under varying wellbore

pressures, as predicted by different models, are illustrated in

Fig. 13. In general, the failure potential associated with BP (solid
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Fig. 11. Difference of three principal stresses and the effective ones.
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Fig. 12. Profiles of three effective principal stresses with different models.
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Fig. 13. Failure potential with varying wellbore pressure with ap = 45°, , = 30°.

lines) exceeds that of the intact matrix (dashed lines). Conse-
quently, the collapse pressure is identified at the intersection point
where the failure potential curve of BP meets the criterion with
Fpp = 0 in Eq. (29). In this investigation, the collapse pressures
estimated by the present model (Model I), Liu et al.’s (2016) Model
I, and Model III employing the combined “Amadei
solution + poroelasticity” approach show a decreasing trend:
P> pls Pl respectively. Furthermore, as the wellbore pressure
increases beyond a certain threshold called as upper collapse
pressure, shear failure may occur in both BP or intact matrix, as
noted in previous studies (Liu et al., 2016; Ding et al., 2021; Liu
et al, 2022; Lu et al,, 2025). This study focuses on the allowable
lower collapse pressure maintaining wellbore stability, since
drilling speed can be elevated under lower wellbore pressure
conditions.

4.2. Short-term collapse pressure analysis

4.2.1. Comparative evaluation of collapse pressure across different
wellbore trajectories

Fig. 14 presents polar plots of collapse pressure across various
models, utilizing the specified parameters under a strike-slip
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Fig. 14. Polar plots of collapse pressure in different models: (a) present Model I, (b) Model II by Liu et al. (2016) and (c) Model III using “Amadei solution + poroelasticity”

approach (P = 0.4, Q = 1.5).

faulting stress regime in Table 1. The concentric circles denote
increasing wellbore inclination, with the outermost circle rep-
resenting horizontal wells and the centre corresponding to ver-
tical wells. The azimuth angles are indicated by the numerical
values around the outer circumference. This polar plot demon-
strates that the collapse pressure is dependent on the wellbore
trajectory, governed by the Biot's effective stress distributions
and anisotropic mechanical strengths. Variations in the profiles
of the three effective principal stresses across the models, as
depicted in Fig. 12, result in distinct polar patterns of collapse
pressure.

Collapse pressures are relatively low when the borehole is
oriented nearly parallel to the maximum horizontal principal

Table 6
Peak collapse pressures and corresponding wellbore trajectories.

stress direction and dip direction with ap = 135°/315°. Further-
more, the collapse pressures with dip direction (a, = 315°) exceed
those with ap, = 135°, indicating that it is safer to drill with a well
trajectory perpendicular to the BP. This result is in accordance with
on-site observations by Last (1996). Higher collapse pressures are
observed when drilling aligns closely with the minimum hori-
zontal principal stress direction with ap = 45°/225°. Notably, the
minimum collapse pressures in Models I and III occur at wellbore
azimuths offset from the maximum horizontal principal stress
direction, a phenomenon attributed to anisotropic poroelastic
response and six non-zero Biot's effective stress coefficients,
which contrasts with findings in Model II reported by Liu et al.
(2016).

Models Minimum P., MPa Wellbore trajectory Maximum Wellbore trajectory
(e, Bp), ° Pc, MPa (e, Bp), °
Present Model I 14.14 111/159, 66 31.91 42/228,89
Model II: Liu et al. (2016) 13.85 135, 72-74 31.55 66/204, 86
Model III: Amadei solution + poroelasticity 14.65 115/155, 65 32.7 45/225, 84
(b)

P-P!, MPa

180

P-P!", MPa
2

-2

180

Fig. 15. Polar plot of collapse pressure difference between the present Model I and the other two models: (a) Model II by Liu et al. (2016); (b) Model III using “Amadei

solution + poroelasticity” approach.
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Table 6 summarizes the minimum and maximum collapse
pressures alongside their corresponding wellbore trajectories,
determined using a 1° interval for both inclination and azimuth
angles. The peak collapse pressures and their associated trajec-
tories differ among the three models. Specifically, Model Il records
the lowest minimum collapse pressure, whereas Model III exhibits
the highest. For maximum collapse pressures, Model Il and Model
Il represent the minimum and maximum values, respectively.
Additionally, the wellbore trajectories corresponding to these
extreme values are closely aligned in Models I and III but differ
markedly from those in Model II. These results underscore the
necessity of incorporating an appropriate anisotropic undrained
poroelastic response to achieve a more precise characterization of
collapse pressure distributions.

To elucidate the distinctions among the three models, polar
plots depicting the differences in collapse pressure between the
proposed Model I and the other two models are presented in
Fig. 15. Relative to Model I, Models II and III either overestimate
or underestimate the collapse pressure depending on the wellbore
trajectory, highlighting the complexity inherent in the anisotropic

180
(a)P=04,Q=15

180
(c)P=1,Q=15
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undrained poroelastic response. Specifically, Model Il substantially
underestimates the collapse pressure (PL> P near the directions
of the maximum horizontal principal stress a, = 135°, while it
overestimates the collapse pressure in other wellbore trajectories.
In contrast, Model Il predominantly overestimates the collapse
pressure compared to Model I (PL < P11, except for certain specific
wellbore trajectories with ap, ~ 105°/165°, gy > 60°. Therefore, the
present Model I is recommended for accurately accounting for the
anisotropic undrained effects in addressing short-term wellbore
stability challenges.

4.2.2. Influence of elastic property anisotropy

Fig. 16 demonstrates the influence of elastic property anisot-
ropy on the polar plots of collapse pressure with varying Pand Q. A
comparison of the contour lines in Fig. 16(a—c), reveals that both
the minimum and maximum collapse pressure values increase
with rising P, suggesting that a reduction in the elastic modulus
anisotropy leads to an overall increase in P.. Furthermore, the zone

characterized by low collapse pressure (P < 18 MPa) notably

(b)P=07,Q=15

P,, MPa

(dP=1,Q=1

Fig. 16. Effect of elastic property anisotropy on the polar plots of collapse pressure.
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diminishes with increasing P, indicating that decreasing elastic
modulus anisotropy exacerbates wellbore stability challenges near
the direction of maximum horizontal principal stress with
ape(105°,165°). The increasing minimum value of P. and
decreasing zone of low collapse pressure, underscore the
complexity inherent in anisotropic short-term wellbore stability
issue, which should be studied with specified wellbore trajectory.

Regarding the impact of Poisson's ratio anisotropy Q on collapse
pressure, a broader range of P. is observed under isotropic con-
ditions with P = Q = 1, as evidenced by Fig. 16(c) and (d). Lower
P. < 15 MPa can be attained, and a more pronounced peak is
observed near the region corresponding to ap = 45°/225°, pp ~ 90°,
marked by two pentagrams in Fig. 16(d). The isotropic case also
exhibits a larger region with P. < 18 MPa, while the region with 18
< P. < 22 MPa becomes smaller, compared to the case with P = 1
and Q = 1.5. An increase in P is noted near the region with
ap = 315°, indicated by a rectangle in Fig. 16(d). These findings
highlight that Poisson's ratio anisotropy also exerts a non-
negligible effect on short-term collapse pressure, consistent with
the observations presented in Fig. 7.

5. Conclusion and discussion

This study derives a fully anisotropic undrained wellbore stress
solution for an arbitrarily inclined borehole in transversely
isotropic formations, encompassing all stress components and
pore pressure variations. The principal findings are as follows.

(1) When the borehole axis is neither perpendicular nor parallel
to the isotropic plane, the fully anisotropic borehole prob-
lem is governed by wellbore trajectory, leading to six non-
zero Biot's effective stress coefficients rather than the con-
ventional two. The resulting undrained stress distributions
notably differ from classical drained Amadei solution,
particularly in terms of axial and shear stress components.
Increasing elastic modulus anisotropy, decreasing Poisson's
ratio anisotropy and wellbore pressure, cause a more Sig-
nificant deviation of the undrained stress solution from the
drained Amadei solution.

(2) The undrained pore pressure response exhibits an asym-
metrical distribution. This asymmetry is driven by the
interplay between wellbore trajectory and poroelastic
anisotropy, distinguishing it markedly from the isotropic
case. The complex interplay of fluid—solid and shear-tension
couplings, alongside six non-zero Biot's effective stress co-
efficients, critically affects the anisotropic undrained pore
pressure response. Furthermore, due to six non-zero Biot's
effective stress coefficients, the principal stresses do not
coincide with the corresponding effective ones at same
circumference angles, a phenomenon absent in isotropic
case.

(3) Polar plots of collapse pressure indicate that the optimal
drilling direction may diverge from the orientation of the
horizontal principal stress due to the anisotropic undrained
pore pressure response and the influence of six non-zero
anisotropic Biot's effective stress coefficients. This model
offers improved accuracy compared to previous approaches:
the “Amadei solution with poroelasticity” generally over-
estimates collapse pressure, and models neglecting pore
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pressure variations (e.g., Liu et al., 2016) can either under-
estimate or overestimate it, depending on the wellbore
trajectory.

Thus, the proposed fully anisotropic undrained poroelastic so-
lution provides a more accurate foundation for short-term well-
bore stability evaluation of arbitrarily inclined boreholes in low-
permeability transversely isotropic formations. This advance-
ment has direct practical implications for optimized mud weight
design and drilling trajectory planning, enabling more reliable
prevention of borehole collapse during early-time operations.
Previous analytical studies (Rice and Cleary, 1976; Gao et al., 2016,
2024, 2025) have addressed fluid permeation in isotropic forma-
tions through so-called short-time solution, which combine the
undrained poroelastic solution and poroelastic stress induced by
fluid permeation. In such frameworks, the undrained poroelastic
solution serves as the mechanical baseline. The derivation of an
analytical short-time solution for inclined boreholes that in-
corporates fully anisotropic fluid flow remains a significant
analytical challenge.
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Appendix A. Far-field in-situ stress transformation

The far-field stress distribution should be transformed from the
principal stress coordinate system (PCS) to the borehole coordi-
nate system (BCS), which is given as (Liu et al., 2016):

b b b
Oxx Txy Txz
T T b b b
() :RZ ><R1 X 6p ><R] ><R2: Txy Oyy Tyz (A—])

b b b
Txz Tyz Oz

with
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oy 0 O
Gp = 0 Oh 0 N
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. . (A-2)
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R = —sinag COSas 0
—CoSasSings  —sinassSings  Cosp

where o, o are the initial in-situ stress matrix under PCS and BCS,
respectively.

Appendix B. Drained and undrained poroelastic response of
an inclined borehole in isotropic formations

The analytical solution of undrained poroelastic response on the
borehole wall in the isotropic formation is rewritten in following.
The interesting reader can refer to the previous contributions (Chen
et al., 2023; Gao et al., 2024; Lu et al., 2025). Taking compressive
stress as positive, the drained and undrained poroelastic solution
on/near the borehole wall are given as (Gao et al., 2024)

oo = O'Bx + (r)tfy -2 ((r)t()x - O'By) Cc0s20 — 4TBySiH29 — Py (B-1)
(fb — O 2
od =60, —2u ("xzyy> + 75, C0S2(60 — Or)
(B-2)
oD b\ ?
o) =6, — 2uy <X"2yy> + 75,C052(0 — 0r)
tgr = 21,080 — 213,5in0 (B-3)
2aM R — oy ’ b
Ap = T MG ( 5 ) + 7%,C0S2(0 — 6r)
b _ b2
~Pasw <"""2”yy> + 8,c0s2(0 - 6) (B-4)
with
B_ aM 1o 2Gu ’ _ 3v+aB(1-2v)
TK+e2MT T 1-20) " 3—aB(1-20)"°
B-5
1 21’,%, (B-5)
Or = 5 arctan | —— |.
2 ox — 0y
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Appendix C. Undrained poroelastic response of a horizontal
borehole in transversely isotropic formations

The analytical solution of a horizontal borehole in transversely
isotropic formations can refer to the previous contributions
(Bobet, 2011; Tran et al., 2022; Lu et al., 2025). In this scenario, take
tensile stress as positive. When the borehole is drilled along the
minimum horizontal principal stress direction, the normal stress
and pore pressure distributions can be given as (Lu et al., 2025)
152 -A1s-Cis | pas?-Axs-Cos
Cis®+D1s>  Cos®+Dos? |

A1s-Cis Ars-Cos
Cis?+D1s?  Cos +Dys?

oy =oy+Acy =oy+2

(7;:0V+A0;,J=o'\,72

)

oy =op— (vAo'}(J +v’Aa;/P+ﬂ4Ap),

2 2\ A1s-Gis 2\ AxsCos
ap=—=|(py— il i R _fasas |
P 7 [(ﬁz Pimas )C152 T D<2 (ﬁz Pas >C252 ' Dys?
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El

D1s = (1+u15)sin20, Das = (1 + pps)sin2,

B1=S110n +S120v, 2 =S120K +S220V,

M
S = (1 —Vz)/E si2=-(1 +V)V,/E’,
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Two undrained in-plane characteristic roots are used, whose
imaginary parts can be obtained analytically as

—(s—=2p152/P3) £ \/(5 ~2p152/B3)% — 4(511 */312/ﬁ3) (522 7/}22//}3)

#1ps=1m

2(511 —ﬂlz/ﬁ3)

with s = 257, + s33. Noted that the isotropic plane lies in the x-z
plane in Lu et al. (2025), different from that in the present study.
In addition, the initial circumference angle in the present model
is the lowest point of borehole, while that in Lu et al. (2025) is in
the isotropic plane. Thus, the initial angles differ by 90° in two
models.
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