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ABSTRACT

With the advancement of oil and gas exploration into deepwater and deep formations, constructing
accurate velocity models from reflection wave data has become essential for seismic imaging. The wave-
equation-based reflection traveltime inversion (RTI) method typically decomposes the subsurface
model into a smooth background velocity and high-wavenumber reflectors. In the Born modeling
framework, both components jointly govern the generation of primary reflections. Conventional
reflection-based inversion strategies often employ an alternating updating scheme to iteratively refine
the background velocity and reflectivity. However, since reflectors are typically derived from migrated
images that are themselves dependent on the current velocity model, this alternation can lead to in-
consistencies between the updated reflectors and background velocity. In this paper, we propose a full-
gradient RTI method based on the characteristic reflection wavefield (CRW). By using structural con-
straints from the characteristic reflectors and the imaging invariance of small-offset data, we derive the
full gradient of the objective function with respect to the background velocity. The CRW enables robust
measurement of traveltime shift and facilitates the construction of accurate adjoint source. The new
gradient formulation comprises two key terms: A conventional reflection-based gradient term and a
novel velocity-reflectivity coupling term. Numerical experiments demonstrate that the proposed full-
gradient method effectively mitigates the coupling artifacts between the background velocity and re-
flectors during gradient computation, leading to improved gradient directions and significantly
enhanced inversion convergence.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).

1. Introduction

1995; Lee and Kim, 2003; Virieux and Operto, 2009; Fichtner
et al,, 2013; Zhou et al., 2015; Li and Demanet, 2016; Hu et al.,

Full waveform inversion (FWI) has become a powerful tool for
constructing high-resolution velocity model in seismic imaging
(Tarantola, 1984). By minimizing the misfit between observed and
simulated seismic data, FWI formulates an L,-norm objective
function that maps waveform differences back to the subsurface,
enabling iterative updates of the velocity model. However, FWI is
highly sensitive to the initial velocity model and is prone to
convergence toward local minima. Numerous methods have been
proposed to improve its stability and robustness (Bunks et al.,
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2017; Huang et al., 2017; Qu et al., 2017; Zhang et al., 2017; Chen
et al., 2018, 2020; Liu et al., 2018; Xie et al., 2024; Wang et al.,
2024; Borisov et al., 2025).

FWI has achieved considerable success in building velocity
models at shallow to intermediate depths, particularly through the
use of diving wave and refraction, which provide robust con-
straints on the velocity model (Zhou et al., 2015; Abreo et al., 2018;
da Silva et al., 2024). However, these waves have limited pene-
tration depth, making them ineffective for updating deep or ultra-
deep velocity models. To overcome this limitation, researchers
have proposed FWI approaches based on reflections, which carry
deeper subsurface information and therefore offer significant po-
tential for high-accuracy deep velocity model building (Xu et al.,
2012a, 2012b; Wang et al., 2013; Sun et al.,, 2016; Yao et al,,
2020; Yang et al., 2020; Zhang et al., 2025).
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In reflection FWI (RFWI), the conventional FWI gradient con-
tains both low-wavenumber wave path information and high-
wavenumber migration isochrons. Since the amplitude of the
migrated component is typically an order of magnitude larger than
that of the wave path term (Yao et al., 2020), the gradient tends to
be dominated by high-wavenumber updates, thereby increasing
the risk of convergence to local minima. To address this issue and
effectively recover the low-wavenumber background, two main
strategies have been developed: (1) implicit methods, which
suppress high-wavenumber components through wavefield
decomposition or angle-domain filtering, thereby preserving only
the low-wavenumber wave path information (Alkhalifah, 2014;
Kazei et al., 2016; Irabor and Warner, 2016; Ramos-Martinez
et al., 2016; Nie et al., 2025); and (2) explicit methods, which
decompose the velocity model into a smooth background velocity
model and high-wavenumber reflectivity, and then invert these
components separately using reflection waveform inversion (RWI)
(Xu et al., 2012a, 2012b; Wang et al., 2013; Sun et al., 2016; Yao
et al.,, 2020).

RWI typically employs a Born-linearized forward operator to
simulate primary reflections. This operator assumes that seismic
waves propagate through a background velocity model, scatter at
reflectors, and are recorded at receiver locations. As a result, the
traveltimes of the reflections are jointly influenced by both the
background velocity and the reflector geometry. A common
inversion strategy is to alternately update the background velocity
and reflectivity. However, this sequential process—particularly
when the reflectors are held fixed during velocity updates—often
introduces inconsistencies between the velocity model and the
reflectors, thereby hindering convergence and reducing inversion
accuracy.

Van Leeuwen and Mulder (2009) proposed the variable pro-
jection method, in which the normal equations for the reflectivity
are substituted back into the inversion process, allowing the ve-
locity model to be updated independently. While theoretically
efficient, this approach requires the construction of accurate pro-
jection operators, which are computationally expensive in practice
and therefore often approximated. Plessix et al. (2012) introduced
an inversion scheme in the pseudo-time domain to mitigate
velocity-depth coupling. Brossier et al. (2015) proposed the use of
a reflection sensitivity kernel under the assumption of a known
reflector and highlighted the importance of maintaining reflector
invariance through the velocity model. Chavent et al. (2014),
Chavent (2017) and Tcheverda et al. (2016) developed a reflec-
tion FWI algorithm within the migration based travel time (MBTT)
framework by incorporating a time-domain representation of
reflectivity, thereby reducing its dependence on the background
velocity. Kryvohuz et al. (2019) suggested incorporating reflectiv-
ity into the data space to ensure dynamic consistency using a least-
squares criterion. However, this approach involves significant
computational cost. Valensi et al. (2017) and Baina and Valensi
(2018) analyzed the inconsistencies that arise from alternately
updating reflectivity and background velocity in RWI. Valensi and
Baina (2019) derived a consistency gradient linking velocity and
reflectivity, but did not provide a concrete implementation.
Valensi and Baina (2021) further proposed a consistency
gradient formulation based on time alignment within the velocity
model using zero-offset data, aiming to address the coupling be-
tween velocity and reflectivity. Hassine et al. (2022) addressed this
issue within a one-way wavefield framework, proposing a one-
way waveform inversion (OWI) methodology, which was subse-
quently demonstrated on real marine seismic data (Hassine et al.,
2024).

In reflection-based velocity inversion, the Hessian operator
plays a critical role in characterizing second-order sensitivity and

4663

Petroleum Science 23 (2026) 4662-4685

parameter coupling between background velocity and reflector
geometry, and thus provides the theoretical basis for mitigating
velocity-depth ambiguity and improving convergence. Xu et al.
(2021) derived the Hessian of reflection waveform inversion un-
der the Born approximation and demonstrated that Hessian-based
Gauss-Newton optimization significantly enhances low-to inter-
mediate-wavenumber velocity recovery. Wang et al. (2021) further
analyzed the functional Hessian of reflection FWI and imple-
mented a second-order adjoint-state Gauss-Newton scheme,
showing improved convergence and resolution for deep velocity
model building. Assis et al. (2024) investigated the tomographic
Hessian in inversion velocity analysis and demonstrated that
incorporating second-order information effectively reduces
parameter trade-offs and stabilizes background velocity updates
in reflection-dominated settings. In addition to explicit Hessian
formulations, several studies have focused on understanding and
approximating Hessian effects to improve practical feasibility.
Alkhalifah and Wu (2016) proposed model-space filtering strate-
gies that implicitly reshape the gradient to mimic inverse Hessian
effects, thereby enhancing background velocity updates without
explicitly constructing the Hessian. More recently, Abolhassani
et al. (2025) incorporated a depth-dependent Hessian precondi-
tioner into one-way reflection FWI, achieving improved stability
and computational efficiency without explicitly forming the full
Hessian. Despite the demonstrated effectiveness of Hessian-based
and second-order reflection inversion methods, their practical
implementation remains challenged by high computational cost
and strong reliance on accurate reflectivity or modeling
assumptions.

In this paper, we propose a characteristic reflection wave-
equation traveltime inversion method based on full-gradient
computation. The remainder of this paper is organized as fol-
lows. First, we review conventional reflection-based velocity
inversion method, in which reflectivity and velocity are iteratively
updated due to their inherent coupling. We then explain the ne-
cessity of using full gradient to achieve more consistent and ac-
curate velocity model updates. Next, based on cross-correlation
traveltime shift measurements and by leveraging the imaging
invariance of small-offset reflection data, we derive a full-gradient
reflection traveltime inversion framework and establish a gradient
formulation based on the two-way wave equation. This method is
then extended under the characteristic reflection wavefield para-
digm, from which we derive a corresponding full-gradient
expression for background velocity. By incorporating structural
constraints from characteristic reflectors, the proposed approach
enables robust traveltime shift measurements and accurate
gradient calculations. Finally, numerical experiments are pre-
sented to validate the effectiveness and advantages of the pro-
posed method.

2. Conventional reflection-based velocity inversion method

In reflection-based velocity inversion method, the background
velocity is updated using primary reflections. The associated misfit
function can be written as:

min J (mS(x)) = [(dobs(vat7xs)vdcal(xl‘7tvx5))

ms(X)
s.t. dey(Xr, t,Xs) = C[B(ms(X))R(X)]

; (1)

where Xs and X; denote the source and receiver positions,
respectively, t is time, d ., = dcy (Xr, t,Xs) and dps = dgps (Xr, £, Xs)
are the simulated and observed seismic data, respectively. The
operator ¢ denotes a norm that measures the difference between
observed and simulated data, which is typically chosen as the L;-
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norm ¢ = |-|%, B(-) denotes the forward modeling operator,
which depends on the velocity model ms = ms(x) and reflectivity
R =R(x). C[-] represents the sampling operator that maps the
wavefield to the receiver positions.

According to the wave-equation-based demigration formula-
tion (Eq. (B.4)), the reflection wavefield d.; can be expressed as,

[ Pug(X,t,X
a0, £3%5) = — [R3) 10X gy )

= C[ucal(xﬁ t, xS) ]

(2)

dcal (Xr, L, XS)

where uy = ug(X,t,Xs) is the background wavefield propagated
from the source position Xs to the subsurface point X, and gy =
Zo(X,t,X;) is the Green’s function from point x to the receiver
position X;. The * represents convolution.

Eq. (1) and Eq. (2) show that the modeled data d; is a
nonlinear function of the background velocity ms. The simulated
data is jointly dependent on the background velocity mg and the
reflector image R. However, during the velocity inversion process,
the reflectivity is unknown and must be estimated. Thus, the misfit
function in Eq. (1) is reformulated as

J (ms(x), R(x)) =

min

ms(X),R(X) ¢ (dops (Xr, t, Xs),

dcal(xf7t7 XS))' (3)

A conventional approach to solving Eq. (3) is through sequential
inversion, where only one variable is updated at a time. This
process can be described as follows, First, given a background
velocity model ms, the reflectivity R is estimated (Eq. (4a)). Using
this updated reflectivity, reflections are modeled via Eq. (2), and
then the background velocity mg is updated by minimizing the
misfit between observed and simulated data (Eq. (4b)). This pro-
cess is iterated to gradually update the velocity model,

R(x) = arg min f (R(X)) = ¢ (dobs(Xr. £, Xs), dcal (Xr, £, Xs))
R(x
s.t. dga(Xr, £, Xs) = CB(ms(X))R(X)

)

(4a)

rﬁs(x) = arg 1;1’1)111 J (mS( )) =/ (dobs(xr t XS) dcal(xrvt’xS))
ms(X .

s.t. dey (Xr, t,Xs) = CB(ms(X))R(X)
(4b)

From Eq. (4a) and Eq. (4b), it is evident that the velocity update
is performed under the assumption of a fixed reflectivity. However,
since reflectivity is inherently dependent on the background ve-
locity, each updated velocity model should ideally be accompanied
by a re-estimation of reflectivity. This mismatch between velocity
and reflectivity (Valensi et al., 2017) can hinder convergence and
reduce inversion accuracy. In some cases, re-estimating the
reflectivity based on the updated velocity model may even in-
crease the misfit function, thereby preventing convergence.
Furthermore, inaccuracies in the velocity model lead to defocused
imaging. The reflectivity is typically derived from stacked images
based on small-offset data. However, as indicated by the demi-
gration operator in Eq. (2), small-offset reflections exhibit minimal
traveltime differences, which limits their sensitivity to background
velocity variations. As a result, long-offset data are generally
required to effectively update the velocity model. These observa-
tions underscore the importance of properly accounting for the
coupling between reflectivity and velocity in reflection-based ve-
locity inversion.
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3. Reflection traveltime inversion based on cross-correlation
time shift estimation with full gradient

To address the coupling between reflectivity and velocity, we
introduce the reflectivity as an explicit variable into the objective
function. The modified objective function is expressed as,

mi(n)f (ms(x))
S dey(Xr, t,Xs) = CIB(ms(X) R(ms(X))]

min /(dgps(Xr, t,Xs), dcal(Xr, £, Xs))
ms(X)

; (5)

where the reflectivity R = R(ms(x)) is now considered a function of
the estimated background velocity model ms(x). Applying the
chain rule, the total derivative of the objective function with
respect to the background velocity is

s 97 RX)
dms(x) ~ oms(x) T ;aR(x’) ams(x)’ 6)
where the first term anf/(x = Ca'fjg—’fx;)R(ms(x)) represents the

data perturbation induced directly by perturbations in the back-
ground velocity. The second term captures the indirect effect via

reflectivity: am(’(‘x) is the sensmwty of the reflectivity to the back-

ground velocity, R(x,) = CB(ms(x)) represents the effect of
reflectivity perturbations on the data misfit.

In reflection traveltime inversion, the traveltime misfit function
is defined as

7 (mg)= 2||T< obs (Xr. £,Xs)) — T(dcal (%r. £.Xs))|

EZZM (Xr, Xs),

where T(-) denotes the traveltime picking operator. We adopt a
cross-correlation-based method to estimate traveltime shift (Luo
and Schuster, 1991; Wu et al., 2024).

(7)

3.1. Partial derivative of the objective function with respect to the
background velocity model

The first term in Eq. (6) represents the partial derivative of the
objective function with respect to the background velocity model:

=22 omm)

Combining Eq. (8) and Egs. (A.4)-(A.6), we obtain the partial
derivative of the objective function with respect to the background
velocity:

=]

S

aAt
ams

o
oms

AAL(Xr, Xs)
oms(X)

At(Xp, Xs). (8)

Obs(xr7t+At Xs)At(Xr,Xs)
[dobs Xr,t+ At Xs)deq (Xr, t,Xs)dt

OUc, (Xr, t,Xs)

oms(X) dt,

dms

(9)

where dobs and &Obs denote the first-order and second-order de-
rivatives with respect to time, respectively.

According to the Fréchet derivative of the reflection wavefield
with respect to the background velocity model (Eq. (B.16)), the
gradient of the objective function can be represented using adjoint
wavefields:
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ZJ —lg(X, t, Xs)Ds (X, t, Xr) — Us(X, t, Xs)Pr (X, t, Xr)dt,

0m5 S
(10a)
YKo, £Xs) = ] dobs (Xr, £ + AL, Xs) At(Xr, Xs) 7 (10b)
J"dobs(xr, t + AL, xs)dcal(xr, t, Xs)df
pS(X7 tvxl') - Z [}’(xr7t7xs)*gs(X, t7xl‘)dt7 (IOb)
Tl
el £:Xe) = 3 [y £ ) g0, £ X0 (100)

T

wherey = y(Xr, t, Xs) is defined as the adjoint source, p, =pr (X, t, Xr)
and p, = ps(X, t,X;) denote the background and reflection adjoint
wavefields, respectively.

3.2. Partial derivative of the objective function with respect to
reflectivity

The second component of Eq. (6), the partial derivative of the
objective function with respect to reflectivity, is given by,

a2y _ZZaAt(xl ,Xs) AE(Xe, Xs).

R~ R

Combining Eq. (11) and Eqgs. (A.7)-(A.9), we can derive the
expression for the partial derivative of the objective function with
respect to reflectivity:

ZZJ dobs(xr’tJrAtvxS)At(xhxs)

s T J dops (Xr, t + AL, Xs)dq (Xr, £, Xs)dt
aucal(xﬁ L, xS)

7@R(X) dt.

oat’

R an

(12)

According to the Fréchet derivative of the reflected wavefield
with respect to reflectivity (Eq. (B.18)) and the adjoint source

OR(X)
OR(X) oms(x)

7UO(X, t7 XS)
_ﬁl'(xv t7 Xl')

= ZJ W(x,0)

S

defined in Eq. (10b), the corresponding derivative of the objective
function is:

B ;Z [ Y (X, £,Xs) ( — g (X, £,Xs)*go (X, L, xr)) dt.

Finally, based on the adjoint wavefield defined in Eq. (10c), the
partial derivative of the objective function with respect to reflec-
tivity can be written as,

7
JR

(13)

- J*ﬁo(xv £ Xs)Pr(X, £, X;)dL. (14)
S

(_ 8o (X, t, x')*iir(x’, t, xl'))
(7 8o (X, L, X/)*ﬁo (xlv L, XS))
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3.3. Partial derivative of reflectivity with respect to the background
velocity model

We now consider the second part of the second term in Eq. (6):
the perturbation of reflectivity induced by changes in the back-
ground velocity model. Based on the migration and demigration
processes, we note that the traveltime of simulated and observed
data are approximately invariant at zero or small offsets. Under
this assumption, the reflectivity can be approximately represented
within the current velocity model as:

~ ZW(X, 0) [uo(x, t,Xs)ur (X, t, X;)dt, (15a)
S .
UO(X, tv XS) :f(t)*go(x7 t7 x5)7 (15b)
ur(x7 t7 Xr) :go(x’ t7 Xr)*dObS(xf? t? XS)’ (15C)
1 6<6
W(x,6) = { 0 e’ (15d)

where ug(X,t,Xs) and u;(X,t,X;) denote the source and receiver
wavefields, respectively, propagated from the source X; and
receiver X;. 0 is the local scattering angle between the two wave-
fields, and W(x,0) is the angle-dependent weight function. 6,
denotes a small-angle threshold coefficient. We compute the
wavefield propagation angles using the Poynting vector method
(Yoon and Marfurt, 2006; Yan and Dickens, 2016).

From Eq. (15a), the partial derivative of reflectivity with respect
to the background velocity model can be expressed as:

oug (X, t,Xs)
=) Wx,0 J (0711
; (-6) omg(X) '
our (X, t,Xr) dt.
oms(X)
Based on Eqgs. (B.11) and (B.12), and by combining Eqgs. (14) and
(16), we obtain

(x, I t7 Xr)

+ (X, t, Xs) (16)

(UO(X/, t, XS)pr(xl-, t, xl‘))

J / dt.
(u0(x . L xS)pr(x )L Xl‘))

To simplify notation, we define the following imaging
condition:
I(x) (18)

Because pr(X,t,X;) is the backward-propagated adjoint wave-
field constructed from a traveltime-based adjoint source, we refer
to Eq. (18) as the traveltime-mismatch imaging condition. Unlike
conventional imaging conditions, which are formed by back-
propagating observed seismic data and therefore persist

=Ug (X, L, XS)pl‘(xv L, xl‘)'
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regardless of velocity accuracy, the traveltime-mismatch imaging
condition explicitly encodes traveltime residual information. Its
amplitude and spatial distribution are directly controlled by the
magnitude of the traveltime mismatch. As the background velocity
model is progressively updated and the traveltime mismatch de-
creases, the corresponding imaging response weakens and ulti-
mately vanishes once kinematic consistency is achieved.

Substituting Egs. (17) and (18) into the second term of Eq. (6),
we finally obtain:

¥ ARX)
—~IR(X) oms(x)

- Z JW(x, 0)( — tip(X, t,Xs)qr (X, t, Xr)

— Gs(X, t, Xs)ur(X, t, Xr))dﬂ
(19a)

ar(X, ;%) =Y~ — go(X, £, X)I(X)*tir (X, £, Xr), (19b)
.

s(X,t,Xs) = — go(X, t, X)[(X)*tig (X, t,Xs), (19¢)

where ¢gs(X,t,Xs) represents the virtual reflected wavefield
generated by the incident source wavefield uf (X, t, Xs) at the image

location I(x), and q;(X,t,X;) corresponds to the reverse-time
propagated virtual receiver wavefield uf (X t,X;) reflected at the

image I(x) .

3.4. Total derivative of the objective function with respect to the
background velocity model

Finally, by substituting Eq. (10a) and Eq. (19a) into the chain
rule expression in Eq. (6), we obtain the total derivative of the
objective function with respect to the background velocity model,

d7
dms(x)

grad =

S

>

S

The total derivative of the objective function with respect to the
background velocity includes contributions from both explicit and
implicit terms. We refer to this as the full gradient in the context of
inversion.

We analyze the physical meaning of the gradient terms in Eq. (20).
The first term represents the conventional gradient used in reflection
traveltime inversion, which accounts for traveltime shifts caused by
perturbations in the background velocity. Specifically, the first
component of this term corresponds to the convolution between the
second time derivative of the forward-propagated background
source wavefield iy (x, t, Xs) and the adjoint reflection wavefield ps (X,
t,Xr), which is generated by back-propagating the Green’s function
from the receiver location to the scattering point in the perturbed
medium, as shown in Fig. 1(a). The second component involves the
convolution between the forward-propagated reflection wavefield
tis(X, t, Xs), generated by velocity perturbations, and the adjoint
background wavefield p;(x,t,X;), back-propagated from the receiver

JW(X, 0) ( —Tg(X, t,Xs)qr (X, t,Xr) — Gs(X, t,Xs)Ur(X, , xr)) dt
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side, as shown in Fig. 1(b). Together, these two contributions form the
reflection tomography gradient, producing the characteristic “rab-
bit-ear” wave path pattern shown in Fig. 1(c).

The second term in Eq. (20) accounts for the coupling between
reflectivity and velocity. If the reflectivity (i.e., the depth position of
reflectors) is assumed to be independent of the background velocity,
then the first term alone would suffice for updating the velocity
model, and the partial derivative would be equivalent to the full
derivative. However, in practice, the positions of subsurface re-
flectors are not known a priori—reflectivity is derived from migrated
images, which themselves depend on the background velocity
model. As a result, reflectivity and velocity are inherently coupled.

This coupling is captured by the second term of Eq. (20), which
describes how perturbations in the background velocity affect the
reflectivity and, consequently, the simulated reflection data. To
better understand this, consider Eq. (19b) and Eq. (19¢): the im-
aging condition generates the reflectors by correlating the back-
ground source wavefield with the adjoint wavefield (Eq. (18)). The
presence of the adjoint wavefield—encoding the traveltime
residual—is due to errors in both the background velocity and the
reflector. These errors lead to traveltime shifts that are mapped
into the new imaging result I(x). The forward-propagated back-
ground source wavefield ug(X,t,Xs) interacts with the imaging
result I(x) (treated as a “secondary source”) and produces a
simulated reflection gs(X, t, Xs). Similarly, the back-propagated
receiver wavefield u; (X, t,X;) interacts with I(x) to generate an
additional reflection contribution g;(X, t, X;). If both the back-
ground velocity and reflector depth are accurate—i.e., if there is no
traveltime shift—the adjoint source becomes zero, and the imag-
ing result I(x) vanishes. In this case, no secondary source exists,
the reflection contributions gs(X,t,Xs) and gr(X,t,X;) disappear,
and the second gradient term becomes zero.

However, in practical scenarios where inaccuracies exist in
either the velocity model or the reflector position, the adjoint
wavefield remains nonzero, leading to a nonzero imaging result

= Z J—ﬁo (X, t,Xs)Ps (X, t,X;) — s (X, t,Xs)pr(X, t, Xp)dt+

(20)

and associated reflection wave paths that can be used to update
both the background velocity and the reflector structure. Notably,
Eq. (20) restricts these wave paths to small-offset configurations.
As shown in Fig. 1(d), one wave path is formed by the second time
derivative of the background source wavefield iig (X, t,Xs) from the
source side and the simulated reflection wavefield g;(x, t,X;). On
the receiver side, another wave path is formed by the second de-
rivative of the background wavefield i, (X, t, X;) and the simulated
reflection wavefield gs(x, t, Xs), as shown in Fig. 1(e). These two
wave paths overlap and interfere constructively, yielding the
gradient shown in Fig. 1(f).

4. Reflection traveltime inversion using full gradient of
characteristic reflection wavefield

Although the full-gradient reflection traveltime inversion
derived in Section 3 provides a theoretically consistent framework
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Fig. 1. Gradient responses from a single shot-receiver pair. (a) Partial result of the first term in Eq. (20); (b) another partial result of the first term; (c¢) sum of (a) and (b); (d) partial
result of the second term in Eq. (20); (e) another partial result of the second term; (f) sum of (d) and (e). The shot and receiver positions are marked by red stars and black inverted

triangles, respectively. Different wave paths are illustrated with black dashed lines.

for background velocity updating, its practical performance may be
degraded by complex wave phenomena, noise, and interference
among multiple reflection events in observed seismic data. Under
such conditions, reliable traveltime shift estimation becomes chal-
lenging and may lead to unstable gradient updates.

To address this issue, we introduce characteristic reflection
wavefields (CRWs) guided by characteristic reflector structures
(CRSs). The central idea is to restrict the inversion to a subset of
physically meaningful reflection events that dominantly control
background velocity variations. By doing so, the robustness of
traveltime measurements is improved, and the inversion process
becomes more stable.

The proposed method builds upon the full-gradient formu-
lation introduced in Section 3. Importantly, the mathematical
structure of the full gradient remains unchanged. The intro-
duction of CRSs affects only the construction of observed and
simulated wavefields and the corresponding adjoint sources.
Instead of using the entire reflection wavefield, the inversion is
driven by CRWs associated with selected CRS horizons, which
preserve the kinematic information relevant to background ve-
locity updating while suppressing irrelevant or noisy wave
components.

The overall workflow of the proposed CRS-guided full-gradient
reflection traveltime inversion is summarized in Algorithm 1.
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Algorithm 1
CRS-guided full-gradient reflection traveltime inversion.
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Input:
Initial background velocity model my
Observed seismic data d g

Output:
Updated background velocity model mg

1. Perform prestack migration using the current background velocity model to generate common-image gathers (CIGs), stack the CIGs, and extract characteristic

reflector structures (CRSs).
2.
3.

u$ (X, t,Xs)
dS, (Xe, £,%s) = C[u§(Xr, t,Xs)].

VX, t,Xs) = —

Demigrate the selected CRSs to obtain observed characteristic reflection wavefields (CRWs) dgy,
Generate simulated reflection wavefields using the extracted CRSs and the current background velocity model:
F(©)*8o (X, t,Xr)*S(Xs),

(21)
(22)

. Estimate traveltime shifts between observed and simulated CRWs using cross-correlation and construct the corresponding adjoint source:
5 C
dobs (Xr, t 4 AL, X5 ) AL(Xr, Xs)

w

grad®

> l W(x,6) ( —dig(X, £, Xs)qS (X, £, Xr) — G5 (X, £, Xs )US (X, t,xr)> dt
. Update the background velocity model using a gradient-based optimization scheme,

my,; = my — o P(grady).

I deps (Xr, £+ AL, Xs)dS, (Xr. t, xs)dt
. Propagate the adjoint wavefields associated with CRWs and compute the corresponding adjoint-state variables.
. Compute the full gradient of the objective function with respect to the background velocity model,

> [—ﬁo(x-, £,Xs)PS (X, £, Xr) — Uig (X, £, Xs)PF (X, £, Xr)dt+

(23)

.(24)

(25)

where k denotes the iteration number, oy is the step size, and P is a regularization operator.

Comparing Eq. (20) and Eq. (24), the primary difference lies in
the definition of the adjoint source. In Eq. (20), the adjoint source
is constructed directly from Eq. (10b), whereas in Eq. (24) it is
defined by Eq. (23) based on characteristic reflection wavefields.
Because the gradient accuracy strongly depends on the correctness
of the adjoint source, this difference plays a critical role in the
stability and effectiveness of the inversion.

In practical applications, seismic data often exhibit complex
wave phenomena and various types of noise, which make accurate
traveltime-shift estimation between observed and simulated data
challenging. When the initial velocity model deviates significantly
from the true model, the adjoint source defined by Eq. (10b) may
become unreliable, leading to unstable or misleading gradient
updates. To improve the robustness of traveltime estimation under
such conditions, several approaches have been proposed,
including time-lag FWI (Zhang et al., 2018; Wang et al., 2019, 2023;
Vandrasi et al.,, 2020), enhanced template-matching FWI (Vigh
et al.,, 2019; Kang et al., 2021; Cheng et al., 2023), and dynamic
matching FWI (Mao et al., 2020; Huang et al., 2023).

In this study, we adopt the characteristic reflection wavefield
(CRW) approach (Wu et al., 2024) to estimate traveltime shifts.
Because CRWs contain only a limited number of well-defined and
physically meaningful reflection events, the traveltime shifts asso-
ciated with individual reflections can be measured more robustly.
Consequently, the adjoint source defined in Eq. (23) is more accu-
rate and less sensitive to noise and complex wave interference,
ensuring that the resulting gradient is reliable and stable for ve-
locity inversion. This improvement directly translates into more
effective and consistent background velocity model updates.

Since CRS constraints enter the inversion exclusively through
the construction of CRWs and their corresponding adjoint sources,
the proposed method can be seamlessly integrated into existing
wave-equation-based inversion frameworks. Moreover, the CRS-
guided strategy provides a practical and physically motivated
mechanism to stabilize full-gradient reflection traveltime inver-
sion in the presence of noise and complex wave phenomena.

5. Experimental tests

To evaluate the effectiveness of the proposed full-gradient
inversion method, we design a series of numerical experiments
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organized into four parts. First, a sensitivity analysis is conducted
using a simple layered model to examine how the full-gradient
formulation improves convergence behavior and resolution. Sec-
ond, the method is applied to a more realistic and geologically
complex modified two-dimensional overthrust model to assess its
robustness. Third, a Marmousi model test is carried out to further
demonstrate the capability of the proposed approach in recovering
background velocity trends in a highly heterogeneous medium.
Finally, a field data example is presented to validate the practical
applicability of the method to real seismic data.

5.1. Sensitivity analysis of the full gradient

To validate the effectiveness of the full gradient, we use a series
of numerical experiments with a layered velocity model. The true
velocity model is shown in Fig. 2(a), where the reflector is located
at a depth of 3 km. The first layer has a velocity of 2000 m/s, and
the second layer has a velocity of 2500 m/s. The model spans 6 km
laterally and 4 km in depth, with a uniform grid spacing of 10 m in
both directions. Forward modeling is performed using a finite-
difference scheme with 10th-order spatial and 2nd-order tempo-
ral accuracy. The source is a 25 Hz Ricker wavelet. The acquisition
geometry consists of 151 evenly spaced shots between 0 and 6 km
at 40 m intervals. For each shot, 1001 receivers are symmetrically
deployed from —5000 m to 5000 m with a 10 m spacing. Seismic
records are 6 s in duration with a 1 ms sampling interval. A single-
shot record generated using the true velocity model, with the
source located at 3 km, is shown in Fig. 3(a).

The background velocity model is a constant 1500 m/s, signif-
icantly lower than the true model. As a result, the migrated image
is poorly focused. We extract zero-offset CIGs to generate the
migration result shown in Fig. 2(b). In this figure, the red dashed
line indicates the true reflector position, while the blue dashed line
denotes the imaged reflector location. Using this image, simulated
data are generated through a demigration process, as shown in
Fig. 3(b). Fig. 3(a) and (b) compare the reflection traveltime posi-
tions derived from the true and demigrated records. The red
dashed lines represent traveltimes from the true model, whereas
the blue dashed lines correspond to the traveltimes from the
demigrated data based on the background model. Fig. 3(c) shows
the adjoint source computed using Eq. (10b).
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Fig. 2. (a) The true layered velocity model, where the first layer has a velocity of
2000 m/s and the second layer has a velocity of 2500 m/s, with a reflector located at
3 km depth; (b) migration result using a background constant velocity of 1500 m/s;
(c) migration result using a background constant velocity of 2500 m/s. Red dashed
lines indicate the true reflector position, blue dashed lines represent the imaged
position using the 1500 m/s model, and green dashed lines represent the imaged
position using the 2500 m/s model.

A comparison between the demigrated and true records reveals
that for small (or zero) offsets, the traveltime differences are
negligible due to the inherent time-invariance of the migration-
demigration process. Consequently, reliable velocity updates
cannot be obtained from small-offset data and must instead rely
on large-offset information, as illustrated in Fig. 3(c). According to
the demigration formulation (Eq. (B.4)), the process primarily
utilizes focused energy from zero-offset or small-offset gathers.
This explains the widespread use of small-offset data in seismic
imaging. In practice, defocused energy is generally attenuated
through multi-fold acquisition, which favors more coherent im-
aging results.

Fig. 4 shows the single-shot gradient results for a source located
at 3 km. Fig. 4(a) shows the conventional gradient, corresponding
to the first term in Eq. (20), while Fig. 4(b) shows the reflectivity-
velocity coupling component, represented by the second term of
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Eq. (20). Fig. 4(c) shows the conventional gradient assuming the
true reflector depths are known. Fig. 4(d) shows the full gradient,
which combines both terms. A comparison of these results reveals
that in Fig. 4(a), the gradient is absent at small offsets where the
area is highlighted by red circle, indicating limited sensitivity in
this region. In contrast, the full-gradient result in Fig. 4(d) suc-
cessfully recovers the missing sensitivity, particularly at small
offsets. Furthermore, the update directions in Fig. 4(a) and (b) are
consistent, confirming that both terms in Eq. (20) contribute
constructively to velocity updating. The multi-shot gradient, ob-
tained by stacking 151 shots, is shown in Fig. 5. Fig. 5(a) and (b)
show the first and second gradient terms, respectively. The simi-
larity in update directions between these terms demonstrates the
stability and robustness of the full-gradient formulation.

Figs. 6 and 7 show the single-shot and multi-shot gradient re-
sults, respectively, using an overestimated constant velocity model
0of 2500 m/s. Compared to the underestimated velocity model case,
the gradient directions are reversed, which is consistent with
physical intuition. This further validates the effectiveness of Eq.
(20) in guiding velocity updates. Specifically, when the velocity
is underestimated, the imaged reflectors appear shallower than
their true positions (as shown by the blue dashed line in Fig. 2(b)),
and the resulting negative gradient encourages deeper velocity
updates. Conversely, when the velocity is overestimated, the re-
flectors appear too deep (as indicated by the green dashed line in
Fig. 2(c)), and the gradient promotes upward corrections. When
the velocity model is accurate, the reflector aligns with its true
depth, and the second gradient term naturally vanishes.

We further assess the impact of the full gradient on inversion
convergence. To isolate the influence of the gradient, we perform
fixed-step-size iterative updates using both the conventional and
full-gradient approaches. The initial velocity model is a constant
1500 m/s. All other parameters and the acquisition configuration
are kept consistent with those in Fig. 5. Inversion results at
different iteration steps are shown in Figs. 8 and 9. The results
demonstrate that the full-gradient method achieves faster
convergence and produces smoother, more geologically plausible
velocity models.

Figs.10 and 11 show comparisons of vertical profiles at different
iterations. The full-gradient method produces results that are
closer to the true velocity model and better capture the layered
structure, further confirming the validity of the proposed
approach. The convergence curves are plotted in Fig. 12, where the
blue curve represents the conventional method and the red curve
corresponds to the full-gradient method. The full-gradient method
achieves convergence more than twice as fast as the conventional
method. In terms of computational cost, partial wavefield com-
ponents in Eq. (20) and Eq. (24) can be reused, improving overall
efficiency. With a shot-parallel implementation, the computa-
tional overhead of the full-gradient method is approximately 1.75
times that of the conventional method. This overhead can be
further reduced with optimized implementation strategies.
Nevertheless, the benefits of significantly faster convergence and
improved inversion accuracy justify the additional computational
effort.

5.2. Modified 2D overthrust model test

To further assess the effectiveness of the proposed full-gradient
inversion method, we apply it to a modified version of the 2D
overthrust model. The true velocity model, shown in Fig. 13(a),
spans 20 km laterally and 5.5 km in depth, with uniform grid
spacing of 25 m in both directions. Wavefield modeling is
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Fig. 6. Single-shot gradient results with the background velocity (2500 m/s). (a) Conventional gradient (first term of Eq. (20)); (b) reflectivity-velocity coupling term (second term
of Eq. (20)); (c) conventional gradient assuming the true reflector depth is known; (d) full-gradient combining both terms.
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Fig. 8. Inversion results using the conventional gradient method at (a) iteration 15; (b) iteration 30.

performed using a 10th-order finite-difference scheme in space
and a 2nd-order scheme in time. A 10 Hz Ricker wavelet is used as
the source. A total of 401 shots are evenly distributed along the
surface from 0 km to 20 km at 50 m intervals. Each shot is recorded
by 401 receivers spaced at 25 m, covering offsets from —5 km to
5 km. The initial velocity model consists of a laterally homoge-
neous profile with a vertical velocity gradient, starting at
2178.83 m/s and increasing by 0.5 m/s per meter of depth. This
initial model is shown in Fig. 13(b).

4671

The observed CRW is extracted using Eq. (21), and the complete
processing workflow is shown in Fig. 14. As shown in Fig. 14(a), the
input seismic data are first migrated using prestack depth migra-
tion (PSDM) to generate CIGs, shown in Fig. 14(b). These gathers
are then flattened and stacked using the method of Wu et al.
(2025), and the characteristic reflector structure is extracted via
the approach proposed in Wu et al. (2023a), as shown in Fig. 14(c).
This structure is subsequently used to constrain the generation of
characteristic CIGs (Wu et al., 2023b), which are demigrated to
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produce the observed CRW dataset (Wu et al., 2024), shown in
Fig. 14(d).

We then assess the influence of the proposed full-gradient
method on velocity model updating. Fig. 15(a) shows the
inverted velocity model after 40 iterations using the conven-
tional gradient-based inversion with CRWSs, while Fig. 15(b)
shows the result after only 20 iterations using the proposed full-
gradient method. Notably, under the initial velocity model
(Fig. 13(b)), conventional reflection traveltime inversion using
the observed data (Fig. 14(a)) fails to converge when the trav-
eltime differences are measured using the dynamic time
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Fig. 13. Overthrust 2D velocity model. (a) True velocity model; (b) initial velocity model.
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Fig. 14. Workflow for extracting observed characteristic reflection wavefields (CRWs). (a) Raw observed seismic data; (b) common image gathers (CIGs) using the initial model; (c)
characteristic reflector structure; (d) characteristic CIGs; (e) observed CRWs generated based on CRS constraints.
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Fig. 15. Inverted velocity models using CRWs. (a) Conventional gradient method; (b) proposed full-gradient method.
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warping (DTW) method. Therefore, we compare only the CRW-
based inversions using the conventional gradient and the pro-
posed full-gradient method. Both inversion strategies use
identical parameters and a fixed step size to ensure a fair
comparison. The results demonstrate that the proposed full-
gradient method achieves more accurate reconstruction of the
true subsurface velocity, with smoother and geologically more
plausible structures. Figs. 16 and 17 show comparisons of ver-
tical and horizontal velocity profiles, respectively. In both fig-
ures, the black line represents the initial model, the blue line
represents the true model, and the red and green lines represent
the results of the conventional and full-gradient methods,
respectively. The results clearly indicate that the proposed

Petroleum Science 23 (2026) 4662-4685

method provides higher inversion accuracy and better recovery
of the low-wavenumber velocity background trend.

To further validate the inversion quality, we perform PSDM using
different velocity models. Fig. 18(a) shows the migration result us-
ing the initial model, while Fig. 18(b) and (c) show results using the
models obtained from conventional and full-gradient inversions,
respectively. As seen in Fig. 18(a), the initial model produces poor
imaging quality with significant reflector depth errors and defo-
cused reflectors. After conventional gradient inversion with CRWs,
the reflector positions are improved and the image becomes more
focused (Fig. 18(b)), but some areas remain inadequately imaged. By
contrast, the migration result using the velocity model obtained
from the proposed full-gradient method (Fig. 18(c)) shows reflectors
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Fig. 16. Vertical profile comparisons at surface locations: (a) 2.5 km; (b) 5.0 km; (c) 10 km; (d) 12.5 km; (e) 17.5 km. Black lines: initial model; blue lines: true velocity; red and

green lines: results from the conventional and full-gradient methods, respectively.

4674



C.-L. Wu, B. Feng and H.-Z. Wang
(a) Distance, km
0 2 4 6 8 10 12 14 16 18 20
1 L L L L L L L L L
—True
— Initial
21 —— CRW-based method
g ~——The proposed method
X 34
Zz
3 41
D
>
5
6
(c) Distance, km
0 2 4 6 8 10 12 14 16 18 20
1 L L L L L L L L L
—True
— Initial
2 A —— CRW-based method
o ~———The proposed method
£ 4]
=
8
[
>
5 4
6
Fig. 17.

results from the conventional and full-gradient methods, respectively.

(a) Distance, km
0 25 5.0 75 10.0 12,5 15.0 17.5 20.0
0
1

€ 2

X

£

o 3

Q

[a]
4
5

(b) Distance, km
0 25 5.0 75 10.0 12.5 15.0 17.5 20.0
0
1

€ 2

K4

<

a 3

@

[a]
4
5

(c) Distance, km
0 25 5.0 75 10.0 12,5 15.0 17.5 20.0
0
1

E 2

X

r=)

a 3

[}

[a]

Fig. 18. Migration results using different velocity models. (a) Initial model; (b)
inverted model using the conventional method; (c) inverted model using the pro-
posed full-gradient method.
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Horizontal profile comparisons at depth locations: (a) 2.0 km; (b) 2.5 km; (c) 3.0 km; (d) 3.5 km. Black lines: initial model; blue lines: true velocity; red and green lines:

that align well with those in the true model, with better focusing
and higher resolution. Fig. 19 shows CIGs migrated using different
velocity models. While both the conventional and full-gradient
methods improve event flattening, the gathers derived from the
full-gradient inversion (Fig. 19(c)) are noticeably more coherent and
horizontal, indicating more accurate velocity updates. These results
demonstrate that the proposed full-gradient method significantly
enhances both convergence speed and inversion accuracy.

5.3. Marmousi model test

We employ the Marmousi model to further demonstrate the
velocity updating capability of the proposed method. The true
velocity model is shown in Fig. 20(a), with a depth extent of 3.5 km
and a lateral extent of 17 km, sampled at 10 m in both directions.
The upper 0.5 km is a constant-velocity water layer with a velocity
of 1500 m/s. To emphasize the ability of the proposed method to
update the background velocity, we choose an initial model that
significantly deviates from the true model: below 0.5 km depth,
the velocity starts at 1500 m/s and increases linearly at a rate of
0.167 m/s per meter of depth, as shown in Fig. 20(b).

For the data acquisition setup, sources are uniformly distrib-
uted from O to 17 km with a shot interval of 100 m, resulting in a
total of 171 shots. For each shot, receivers cover an offset range
of —1.5 km to 1.5 km. A 10-Hz Ricker wavelet is used as the source,
and the recording time is 4 s with a sampling interval of 0.5 ms.
The observed data are preprocessed only by removing direct
waves, without any additional processing. The processed data are
shown in Fig. 21 where the source position is at 5 km.

The inversion is carried out in three stages. In the first two
stages, we apply the proposed CRW based full gradient reflection
wave-equation traveltime inversion, while in the third stage,
conventional FWI is used. In the first stage, three characteristic
reflection structures are selected, and in the second stage, six
characteristic reflection structures are used. The step length is
gradually reduced over the three stages.

Prestack Kirchhoff depth migration is first performed using the
initial velocity model, and the small-angle stacked image is shown
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(a) Position, km

Depth, km

(b) Position, km

Depth, km

(c) Position, km

Depth, km

Fig. 19. CIGs generated using (a) the initial model; (b) the inverted model from the conventional method; (c) the inverted model from the proposed full-gradient method. The
CIGs are extracted at every 2.5 km, with an offset range of 0-5 km and 25 m spacing.
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Fig. 20. The Marmousi velocity model. (a) True velocity model; (b) initial velocity model.
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Fig. 21. Common-shot gather after direct-wave removal (source location at 5 km).
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Fig. 22. Migration result obtained using the initial velocity model where the green
lines denote the selected characteristic reflection horizons.
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Fig. 23. Velocity model after the first-stage inversion.
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in Fig. 22. Due to the large discrepancy between the initial and true
velocity models, the migration quality is poor; therefore, only
clearly identifiable reflectors are selected for inversion (blue lines
in Fig. 22). After five iterations, the updated velocity model is
shown in Fig. 23, where noticeable updates are observed in parts of
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Fig. 24. Migration result obtained using the velocity model from the first-stage
inversion where the red lines denote the selected characteristic reflection horizons.
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Fig. 25. Velocity model after the second-stage inversion.
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the model. Migration using this updated model (Fig. 24) shows
that reflector positions are better aligned and reflection events
become clearer compared to Fig. 22. Based on this improved im-
age, additional characteristic reflectors are selected (red lines in
Fig. 24), and ten further iterations are performed. The resulting
velocity model (Fig. 25) shows a clear improvement in the back-
ground velocity trend and matches the true model in Fig. 20(a)
much more closely.

To further assess the inversion results, the CIGs corresponding
to the initial and inverted velocity models are extracted and
compared (Fig. 26). The CIGs associated with the initial velocity
model exhibit strong curvature and non-flat events, while those
obtained after inversion are largely flattened and correctly posi-
tioned in depth. The stacked images derived from these CIGs are
shown in Fig. 27, demonstrating a significant improvement in
imaging quality compared to Fig. 22.

Finally, the inverted velocity model is used as the initial model
for FWI. After 100 iterations, the FWI-updated velocity model is
shown in Fig. 28. The velocity above 3 km depth is well recovered
and closely matches the true model, owing to the prior updates
guided by characteristic reflection structures. Below 3 km depth,
where no characteristic reflectors were selected, the velocity re-
mains less accurate even after FWI iterations. This result highlights
the importance of characteristic-structure selection: FWI can
effectively refine the velocity model only when the background
trend is sufficiently accurate.

A comparison of vertical velocity profiles extracted from the
true, initial, and inverted models is also shown in Fig. 29. The blue
curve represents the initial model, the black curve the true model,
the green and cyan curves the results after the first and second
stages of reflection traveltime inversion, respectively, and the red
curve the final FWI result. The first-stage inversion updates the
velocity trend but introduces local overcorrections due to the use
of a relatively large step length. These anomalies are effectively
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(a) Position, km

Depth, km

(b) Position, km

Depth, km

Fig. 26. CIGs generated using (a) the initial model; (b) the inverted model after the second-stage inversion. The CIGs are extracted at every 1.0 km, with an offset range of 0-800 m
and 10 m spacing.

Distance, km Distance, km
0 25 5.0 75 10.0 125 15.0 0 25 5.0 75 10.0 125 15

0

0 5000

05 4500
4000 ¢
0 g e 3500 E
€ < 15 — -
= 1 £ 3000 2
£ S 20 3
2 20 2 [ 2500 3
o . 25 2000 =

’ 30 1500

30 35 1000

35

Fig. 28. Velocity model after full waveform inversion.

Fig. 27. Migration result obtained using the inverted model after the second-stage
inversion.

provides a reliable low-wavenumber background velocity foun-
dation, which is essential for enabling successful and stable FWI
updates in complex media; without such a background trend, FWI
alone fails to recover deep velocity structures.

corrected in the second stage, leading to a more stable and
geologically consistent background velocity model. Subsequent
FWI further refines the model and yields a high-accuracy velocity
estimate. These results demonstrate that the proposed method
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Fig. 29. Vertical velocity profile comparisons at surface locations: (a) 1.0 km; (b) 4.0 km; (c) 7.0 km; (d) 10.0 km; (e) 13.0 km; and (f) 16.0 km. Blue lines denote the initial model;
black lines denote the true velocity; green and cyan lines represent the results after the first-stage and second-stage inversions, respectively; red lines represent the result after

full waveform inversion.

5.4. Field data test

We further validate the proposed method using field data from
an exploration area in eastern China. The prestack seismic data
have undergone conventional preprocessing, and a representative
shot gather is shown in Fig. 30, where clear reflection events can
be observed. The initial velocity model, provided by the operating
oil company, is shown in Fig. 31(a). Six characteristic reflectors are
selected for inversion.

During the inversion, strong smoothing is applied to the
gradient to retain only low-to intermediate-wavenumber

components of the velocity model. The inverted velocity model is
shown in Fig. 31(b). The corresponding migrated CIGs and stacked
images obtained using the initial and inverted velocity models are
shown in Figs. 32 and 33, respectively. Compared to the initial
results, the CIGs after inversion are significantly flattened, and the
migrated images are better focused and more coherent, demon-
strating a clear improvement in imaging quality.

For field data, particular attention is paid to the practical
implementation strategy of the proposed method. Given the
limited bandwidth, incomplete offset coverage, and unavoidable
noise in real seismic data, strong spatial smoothing is applied to
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Distance, km

Time, s

Fig. 30. Common-shot gather of the field data.

the gradient to retain only low-to intermediate-wavenumber
components of the velocity update, which is consistent with the
objective of background model building. Characteristic reflectors
are manually picked by experienced interpreters based on image
continuity and signal-to-noise ratio, ensuring meaningful reflector
selection and reliable traveltime shift measurements in practical
data conditions. The resulting velocity updates lead to significantly
flatter common-image gathers and improved reflector focusing,
indicating a better alignment between the velocity model and
reflection kinematics. These observations suggest that the pro-
posed method can be effectively integrated into practical seismic
processing workflows, where it serves as a robust intermediate
step between conventional migration velocity analysis and full
waveform inversion.

6. Discussion

The proposed characteristic reflection-guided full-gradient
traveltime inversion is designed to address the long-standing
coupling between background velocity and reflectivity in
reflection-based velocity inversion. Compared with time-
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consistent wave-equation inversion (TWIN), the present method
differs both conceptually and practically. While TWIN resolves
velocity-reflectivity coupling through a consistency term based on
zero-offset (ZO) post-stack migration, requiring a separate ZO
imaging treatment, our approach is formulated entirely within a
unified two-way wave-equation framework. Wave propagation
paths are controlled through angle selection derived from the
Poynting vector under a small-angle constraint, avoiding reliance
on ZO data that may be missing or incomplete in practice. More-
over, the required wavefield gradients are naturally available
during two-way wavefield extrapolation, enabling a consistent
derivation of full-gradient expressions. In contrast to one-way
waveform inversion (OWI) approaches that treat velocity-
reflector coupling in a one-way framework, the present method
maintains physical consistency by treating wave propagation and
gradient computation in a fully two-way setting. Another key
distinction lies in the adjoint-source construction: the proposed
method employs traveltime-based adjoint sources derived from
cross-correlation measurements, rather than waveform-
amplitude residuals. This choice yields improved convexity and
stability for background velocity updates, particularly when the
initial model is far from the true solution. The additional gradient
term is driven by a newly defined imaging response that explicitly
encodes traveltime mismatches; this response diminishes and
ultimately vanishes as traveltime errors are corrected, ensuring
physically meaningful and self-terminating velocity updates.

The effectiveness of the proposed method also depends on the
selection of characteristic reflectors, which are used to guide the
inversion. In this study, characteristic reflectors are manually
picked following clear physical criteria: priority is given to strong,
laterally continuous reflections that control background velocity
variations; reflectors are selected sparsely and introduced pro-
gressively from dominant to secondary features. This strategy al-
lows the inversion to proceed in multiple stages, gradually
enriching the reflection information while maintaining stability.
Although automatic horizon picking in complex geological settings
remains challenging-especially in the presence of faults, strong
noise, or multiples-existing machine-learning- and image-
processing-based methods may be integrated in future work.
From a computational perspective, the proposed method requires
the computation of seven wavefields per iteration, compared with
four in conventional reflection waveform inversion, resulting in an
approximately 1.75-fold increase in per-iteration cost. However,
this moderate overhead is offset by a substantial reduction in the
number of required iterations, particularly when characteristic
reflection constraints are applied. The synthetic and field data
examples demonstrate that the method efficiently recovers low-to
intermediate-wavenumber background velocity trends and pro-
vides a reliable foundation for subsequent FWI refinement. While

extension to fully three-dimensional problems remains
(b) Distance, km

2.50 3.75 5.00 6.25 7.50 8.75 10.00

0 4500

4 4000

3500 2

£, g
£ 3000 %
e 3 %
o 2500 Q

4 2000

5 1500

Fig. 31. (a) The initial velocity model and (b) the inverted velocity model.
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Fig. 32. CIGs generated using (a) the initial model; (b) the inverted model.
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Fig. 33. Migration result obtained using (a) the initial velocity model, (b) the inverted model.

computationally demanding, ongoing work explores wavefield
decomposition strategies to mitigate the cost of repeated wave-
field extrapolations, as well as semi-automatic approaches for
reflector selection in 3D datasets. Overall, the proposed framework
effectively bridges reflection-based velocity analysis and wave-
form inversion, offering a robust and physically consistent
pathway for background velocity model building in both synthetic
and real-data applications.

7. Conclusion

Reflection traveltime inversion is a primary approach for
velocity model updating in deep and ultra-deep exploration
scenarios. However, reflection data are jointly influenced by
both the background velocity and the reflector. In this paper, we
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propose a full-gradient reflection traveltime inversion method
using characteristic reflection wavefields (CRWs) under the
wave equation framework. We first reviewed the limitations of
conventional reflection-based velocity modeling, where the ve-
locity model and reflectivity are updated alternately. Then,
based on the migration-demigration invariance of small-offset
data, we derived the full gradient of the objective function
with respect to the background velocity model. Subsequently,
we extracted observed CRWs constrained by the characteristic
reflector structure and developed a full-gradient-based inver-
sion method tailored for CRWs. Numerical experiments validate
the effectiveness of the proposed method. The results demon-
strate that the full-gradient formulation improves inversion
convergence and accuracy, enabling more reliable velocity
model updates in complex geological settings.



C.-L. Wu, B. Feng and H.-Z. Wang
CRediT authorship contribution statement

Cheng-Liang Wu: Writing — review & editing, Writing — orig-
inal draft, Methodology, Conceptualization. Bo Feng: Writing —
review & editing, Methodology, Conceptualization. Hua-Zhong
Wang: Writing review & editing, Methodology,
Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgment

The authors thank the sponsors of the WPI group for their
financial support and help. WPI's research works are also finan-
cially supported by the National Natural Science Foundation of
China (Grant Nos. 42304124, 42574148, 42474142). Thanks to the
RIPED and BGP of CNPC; Geophysical Research Institute of Shengli
Oilfield, Geophysical Research Institute (Nanjing) and its North-
west Branch of SINOPEC; Research Institute and Zhanjiang Branch
of CNOOC for their funding.

Appendix A

The cross-correlation function between observed and simu-
lated reflection wavefields is defined as:

fXp, Xs,7) = Jdobs(xr, t+17,Xs)dca (X1, £, X5 )dE, (A1)

where f reaches its maximum when the 7= At(X,Xs) corre-
sponding to the traveltime shift of the target reflection event:

At(Xr,Xs) = argmax{f(Xr,Xs,7)| 7€ [— Ty, T2}, (A2)

where T; and T, is the local time window.
From Eq. (A.1), the condition for the cross-correlation function
to reach its maximum is

of (X, Xs, 7)

F(at) ===

le—at = Jdobs(xr’ t+ AL, Xs)d ey (Xr, £, X5)dE = 0.
(A3)

Based on Eq. (A.3), the Fréchet derivative of the traveltime
perturbation with respect to the velocity model can be written as,

oAt Fmx)  of (Xr,Xs, AL) of (Xr, Xs, At)\ 7! (A4)
oms(X) Far oms(X) oAt ' ’
P X80 _ [ dops e, £+ A X deai 0, £ 3 (AS5)
of (Xe, Xs, AL) [ OUgqy (Xr, £, Xs)
= Jdobs(xr, R s (A6)

Based on Eq. (A.3), the Fréchet derivative of the traveltime
perturbation with respect to the reflectivity can be expressed as,
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oAt Frey  of (%o, Xs, AD) (0f (X0, Xs, ADY (A7)
RX) Far aR(X) AL ‘ :
W: J&obs(xn t+ AL Xs)d g (Xr, £, Xs)dE. (A8)
of (Xr, Xs, AL) [ OUgay (Xr, £, Xs)

== Jdobs(xr,tﬁ—At,xs)iaR L (A9)
Appendix B

We decompose the subsurface medium model m(x) into a
background parameter model mg(x) and a perturbation model
R(x):

m(X) =mp(X) + R(X). (B.1)

The seismic wavefield is decomposed into a background
wavefield ug (X, t, Xs) propagating in the background medium and a
scattered wavefield us(xX, t,Xs) resulting from the perturbation in
the medium:

u(X, t,Xs) =ug(X, t,Xs) + Us(X, t,Xs). (B.2)

Under the first-order Born approximation, the first-order
reflection can be generated by the interaction of the incident
background wavefield with the reflectivity:

2
(mo(x);? - V2> Ug(X, t, Xs) 7f(t)5(x —Xs)

(mo (x)

Eq. (B.3) is commonly referred to as the demigration wave
equation. The integral form of Eq. (B.3) is given by

. (B.3)
62 uo (x7 t7 XS)
ot?

62

o2

- V2> Uus(X, t,Xs) = —R(X)

?ug (X, t,Xs)

P *go(X, t, X )R(X)dX,

Us(X, t,Xs) = —J (B.4)

where gy(X, t,X) denotes the Green’s function in the background
medium:

2
<m0(x):?_vz>g0(x7 tax/):5(t)5(x7x/)a (BS)
Up (X, t,Xs) =f(£)*go(X, £, Xs). (B.6)
Substituting Eq. (B.5) into Eq. (B.4), we obtain
st tx) = — [Fep B L Xugyx L xORK)AX. (B7)

Let §5(X,t,Xs) = % then the above equation becomes

uS(X7 t7 XS) = - Jf(t)*go (X/7 t7 XS)*gO (x7 t7 X’)R(x,)dx/‘ (B'S)

According to the relationship between the Green'’s function and
the wavefield, the first-order reflection Green’s function can be
written as
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£ £ ) = — [ 0(X.£:X2) 80 (X, £ X)R(X)dX (B9)
Assume the background velocity model my(x) undergoes a

small perturbation §mg(x),

ms(X) =mg(X) + 5mo(X). (B.10)

(a) This perturbation smg(x) leads to a small change sug (X, t, Xs)
in the background wavefield. The Fréchet derivative of the
background wavefield with respect to the background ve-
locity can be expressed as

()UO(X7 t,XS)_ o oy 7 % / /
= = | Fr g t.xs) gt X (B.11)

Thus, the Fréchet derivative of the Green’s function with
respect to the background velocity is

agO (x7 L, XS) _

o (B.12)

- Jgo (X, £, %s)*go (X, £, X )dX

(b) This perturbation §mg(x) also causes a variation sus (X, t,Xs)
in the reflection wavefield. The Fréchet derivative of the
first-order reflection with respect to the background veloc-

ity is
s(X, [, Xg O X/, \ Xs ) ) )
%: B Jf(t)*%*go(x, £,X)R(x)dx

ago (x’ t7 x/)

e ) R(X)dx.

- [f(t)*go(xc £ Xs)*

Substituting Eq. (B.12) into Eq. (B.13) yields

= [ [£(0 oyt x0)"800 £ "B . £ X Ry dy
+ | [roro. t.x)%80(y. £ X)Eox. YRy AXay.
(B.14)

Substituting Eq. (B.9) into Eq. (B.14), the Fréchet derivative of
the first-order reflection with respect to the background velocity
becomes

ous(X,t,Xs) _ .y N
Toms(x) Jf(t)*gs(x,t, Xs)*go (X, t,X)dX
— Jf(t)*go(x’, t,Xs)*gs(X,t, X )dxX. (B.15)
dus(X,t,Xs) o N ool
Tomsx) J”O(X,t-,xs)*gs(K t,X)dx
- Jis . 2070 (. £ X)X (B.16)

(c) Based on Eq. (B.7), the Fréchet derivative of the first-order
reflection with respect to the perturbation is

ous(X,t,Xs)

RO (B.17)

- jf(t)*gom’, £ Xs)*go (X, £, X )dX.

Or in an equivalent form:
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auS (X7 t7 XS) _

RGO (B.18)

- [u‘o<x', £ Xs)*go (X, £, X)dX

Appendix C

The characteristic reflectors S(x) are obtained through the
following process:

stack

I(x, )" ="1(X)—>S(x),

where I(x, h) denotes the common-image gathers (CIGs), and I(x)
represents the stacked image.

The observed CRWs dS, is constructed by CRS-guided demi-
gration applied to the CIGs,

mlgratlon

dObS (Xr, t,Xs) (C1)

demlgratlon

I(x,h) S<x>

(Xr, £, Xs). (C2)

obs
The characteristic (CRS-guided) receiver wavefield u¢ is then
obtained as

UL (X, £ Xr) = gs (X, £, Xr)*d5p o (X, £, Xs). (C3)

The characteristic background adjoint wavefield p$(x, t,Xr) and
the characteristic reflection adjoint wavefield pf(x,t,x;) are
generated as follows:

pE(X, t» Xr) = Z ch(va tv XS)*gS(xv tv xl’)dt’ (C4)

r

Pr(X.t,Xr) = Z ch(xl'v t,Xs)*go (X, t, X;)dt. (C5)

r

The traveltime-mismatch imaging condition is defined as:

(%) = ug (X, £, Xs)pE (X, £, Xr). (C.6)

The characteristic virtual reflected wavefield and the reverse-
time-propagated characteristic virtual receiver wavefield are
then generated by

Z o, t,X)I
Z go(x, t,X)I

This appendix summarizes the construction of CRS-guided
wavefields and adjoint variables used in the full-gradient formu-
lation, providing a complete and reproducible description of the
CRS-based implementation.

C(X, t,Xr) I X)*US (X, t, Xy), (C.7)

C(X,t,Xs) (X)) *tig (X, £, Xs). (C.8)
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