Petroleum Science 23 (2026) 4792-4809

(2}

Petroleum
Science

Contents lists available at ScienceDirect

KeAil

CHINESE ROOTS
GLOBAL IMPACT

Petroleum Science

journal homepage: www.keaipublishing.com/en/journals/petroleum-science

Original Paper

Axial-torsional-lateral vibration model of drill bit considering axial )
and lateral cutting effects St

Jin-Cheng Huang?, Wen-Jun Huang®", De-Li Gao®"", Wen-Tuo Li", Jin-Hui Zhou*

2MOE Key Laboratory of Petroleum Engineering, China University of Petroleum (Beijing), Beijing, 102249, China
b Hainan Branch of China National Offshore Oil Corporation Limited, Haikou, 570311, Hainan, China

ARTICLE INFO ABSTRACT

Article history:

Received 26 March 2025
Received in revised form

1 December 2025

Accepted 1 April 2026
Available online 6 April 2026

In ultra-deep well drilling, the drill bit undergoes severe axial-torsional-lateral coupled vibrations, such
as stick-slip and whirling, significantly increasing drilling risks. The evolution laws of these complex
vibrations have not been fully revealed, making it challenging to design effective vibration mitigation
strategies. Therefore, this paper aims to build a new drill bit dynamic model considering axial and
lateral cutting processes to reveal the evolution laws of stick-slip and lateral vibrations. Firstly, by
considering the three-dimensional cutting force while breaking rock, cutting limits, and nonlinear
friction, the axial-lateral-torsional coupled vibration model of the drill bit was established. Next, the
contact determination conditions between the drill bit and rock were extended, refining the three-
dimensional bit-rock interaction model. Additionally, considering the complex time delay caused by
axial-lateral-torsional vibrations, the realistic cutting profile for the drill bit was constructed. Conse-
quently, the evaluation indexes for the stick-slip vibration and whirling of drill bit were developed.
Finally, the validity of the model was confirmed through field data validation and comparison with the
RGD model. The results indicate that the lateral motion of the drill bit undergoes a “collision-cutting-
separation” process. The lateral alternating cutting motion intensifies stick-slip vibrations, reduces
torsional amplitude stability, and raises the rotational speed threshold for escaping stick-slip vibration.
As rotational speed increases, stick-slip vibration transitions to intermittent stick-slip vibration and
eventually escapes from stick-slip vibration. The lateral cutting limit and torsional sticking state can lead
to the lateral sticking state. With increasing rotational speed, the lateral motion changes from “collision-
cutting-sticking-separation” to “collision-cutting-separation”, with the lateral motion evolving from
random backward motion to quasi-periodic backward motion and ultimately entering periodic back-
ward whirling. This study provides a theoretical foundation for drilling parameter optimization and drill
bit selection.
© 2026 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-
nd/4.0/).
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1. Introduction

Drilling engineering is critical in the geological exploration and
extraction of oil and natural gas. A drilling system typically con-
sists of a drilling rig, top drive system, and drill string, with the
drill string as the primary carrier for energy transmission and rock
breaking. The drill string comprises the upper drill string and the
bottom hole assembly (BHA), the latter of which includes the drill
bit, drill collar, stabilizers, and downhole measurement tools
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(Wang et al., 2025). During actual drilling operations, the drill
string is usually lowered into a narrow wellbore, extending to
several kilometers, and filled with a three-phase mixture of gas,
liquid, and solid. The drilling bit is then driven forward through
rotational motion and weight on bit (WOB), enabling the drilling of
the well in the desired direction (Liu and Gao, 2017; Shi et al.,
2021). However, the large length-to-diameter ratio characteris-
tics of the drill string and the complex bit-rock interaction make
the drill string system prone to self-excited vibration, which
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further evolves into lateral, axial, and torsional vibration (Khulief,
2025). The coupling between these vibrations may lead to more
severe vibration modes, such as stick-slip vibration, bit bounce,
and whirling (Li et al.,, 2022). Field data indicated that the time
spent in stick-slip vibration in deep well drilling usually accounts
for more than half of the total drilling time (Kriesels et al., 1999;
Zhang et al., 2022). The alternating stresses induced by stick-slip
vibration can significantly accelerate fatigue failure of the drill
string and wear of the drill bit, thereby reducing drilling efficiency
(Di et al., 2024). Therefore, an in-depth study of the mechanisms
on stick-slip vibration occurrence and subsequent dynamic evo-
lution behaviors is of great importance.

The studies on dynamic modeling of stick-slip vibration have
gone through a staged development, from modeling torsional vi-
bration alone to modeling coupled axial-torsional vibrations and
then to modeling coupled axial-lateral-torsional vibrations. In
early studies, researchers believed stick-slip vibration was solely
related to torsional vibration (Luo et al., 2023). It was commonly
assumed that the velocity-dependent weakening effect, in which
the torque of bit (TOB) decreases as rotational speed increases,
dominates the stick-slip vibration of the drill string (Gao and
Huang, 2024; Shi et al., 2023). Based on this, several functional
relationships were proposed to describe the dependence between
the TOB and rotational speed (Choe et al., 2022; Liu et al., 2024).
These models partially revealed the essential characteristics of the
stick-slip vibration. However, with the validation of rock-breaking
experiments and the deeper study of the mechanisms behind the
stick-slip vibration, the velocity-dependent weakening assump-
tion has proven challenging in explaining the experimental phe-
nomenon accurately. It also fails to explain the intrinsic connection
between stick-slip vibration and other vibration modes.

To overcome the limitations of the velocity-dependent weak-
ening assumption, based on a large number of cutting experi-
ments, Detournay and his team developed a bit-rock interaction
model under the assumption of velocity independence (Detournay
and Defourny, 1992; Detournay et al., 2008). This model was then
applied to the two-degree-of-freedom drill string dynamics model
(RGD model), achieving coupling of axial and torsional vibrations
(Richard et al., 2004, 2007). The drill bit-rock interaction exhibits
time-delay characteristics, meaning that the current cutting depth
depends on the relationship between the current axial position
and the axial position of the preceding cutter blade at the same
angular displacement (Li et al., 2024a). Notably, the large length-
to-diameter ratio of the drill string induces significant torsional
vibration in the rotational motion, resulting in a non-constant time
delay (state-dependent time delay) (Zhang and Detournay, 2020).
The axial cutting depth can be obtained by solving the state-
dependent delay differential equations (SDDDE). Subsequently, a
series of scholars have made various improvements based on this
model, including drill string discretization (Chen et al., 2021a;
Xiang et al., 2023b; Zhang and Detournay, 2022), detailed bit
modeling (Deng et al., 2024; Tian and Detournay, 2021; Tian et al.,
2020; Zhang et al., 2024a), stability analysis (Bakhtiari-Nejad and
Hosseinzadeh, 2017; Kumar et al., 2024), heterogeneous forma-
tions (Aribowo et al., 2022, 2023), drilling tool analysis (Aribowo
et al., 2023; Dehkordi et al., 2022), modifications to the bit-rock
interaction model (Zhang et al., 2024b), BHA structure optimiza-
tion (Feng et al., 2019), and vibration control (Li et al., 2024b; Liu
et al,, 2021; Zheng et al., 2020), among others.

Due to the time delay characteristics of the drill bit-rock
interaction and the influence of axial vibrations, the axial cutting
depth is no longer controlled solely by the position of the previous
cycle but also by multiple historical cycles (axial multiple regen-
eration effect) (Liu et al., 2020). When bit bounce occurs, the axial
multiple regeneration effect becomes more pronounced. Although
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the RGD model can describe the stick-slip vibration characteristics,
its drill bit-rock interaction model neglects the axial multiple
regeneration effect, causing SDDDE to fail to capture the actual
historical axial displacement, which leads to errors in axial cutting
depth calculation (Hou et al., 2023). Liu Xianbo’s studies increase
computational accuracy by extending the historical search space of
the SDDDE to account for axial multiple regeneration effects
(Liu et al., 2023). Although this approach can partially increase
computational accuracy, it significantly increases computational
overhead. A two-dimensional diffusion equation was employed to
characterize the functional relationship between angular and axial
displacement to accurately calculate the axial cutting depth
(Ambrus et al., 2024; Xie et al., 2023). Subsequently, the bottom-
hole plane function was introduced by updating the functional
relationship between angular and axial displacement in real time
(Deng et al., 2021; Faghihi et al., 2024). These improved models
consider the axial multiple regeneration effect and state-
dependent time delay, further enhancing the computational ac-
curacy. However, the models above only explain stick-slip vibra-
tion through the modeling of axial-torsional vibration and do not
consider the influence of lateral vibration on stick-slip vibration,
which cannot sufficiently reveal the evolution mechanisms of
stick-slip vibration.

Currently, the lateral vibration is primarily addressed through
Hertzian collision models in existing research (Cai et al., 2023; Liu
et al., 2024; Xiang et al., 2023a). Unlike the contact between the
drill string and the wellbore, the contact between the bit and the
rock involves lateral and axial cutting motions, and thus, it is
influenced by the axial and lateral multiple regeneration effect and
state-dependent time delay. Therefore, it is difficult to use the
Hertzian contact model to accurately obtain the three-
dimensional force on the drill bit and reveal the evolution mech-
anisms of stick-slip vibrations. Liu Xianbo developed a three-
dimensional drill bit-rock interaction model and revealed the in-
fluence of lateral cutting on stick-slip vibration (Liu et al., 2013).
However, this study still has certain limitations in calculating the
axial and lateral cutting depths and the three-dimensional bit-rock
interaction model.

In this paper, a drill bit time-delay dynamics model (DBTD)
based on axial-torsional-lateral coupled vibrations is built. The key
to the DBTD model is the three-dimensional bit-rock interaction
model, in which the multiple regeneration effects caused by axial
and lateral vibrations and state-dependent time delay due to
torsional vibration are considered. The axial cutting profile func-
tion and lateral cutting trajectory function are adopted to calculate
the axial and lateral cutting depths. The validity of the DBTD model
is demonstrated through field data validation and comparison
with the RGD model. At last, the three-dimensional force charac-
teristics of the drill bit and the evolution mechanisms of stick-slip
vibration and lateral motion are explored.

2. Drill bit dynamics model
2.1. Four-degree-of-freedom dynamic equations

To simplify the system, the following assumptions are made in
this study.

(1) The drill string is equivalent to a single mass, and both axial
and torsional damping and stiffness are proportional to the
length of the drill string.

(2) The drill bit is simplified into a rigid, planar multi-blade
assembly with uniformly distributed blades, a constant
wear flat length, and a maximum cutting limit.

(3) The drillability of the formation is isotropic.
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Fig. 1. Drilling system and equivalent model.

(4) The drill bit-rock interaction can be decomposed into two
independent components: friction and cutting.

(5) The coupling between axial and lateral vibrations in the
computation of the axial and lateral cutting depth is
neglected.

This model expands the two-degree-of-freedom RGD model
(Richard et al., 2004, 2007) to characterize lateral-axial-torsional
vibrations, as shown in Fig. 1.

Two coordinate systems are defined based on the right-hand
rule. The first is a fixed coordinate system (0-XYZ), in which the
positive Z-axis is aligned with the axial direction of the drill bit,
and the positive X-axis points in a direction perpendicular to the Z-
axis. The second is a follower coordinate system (01-X1Y1Zy),
whose origin translates with the bit center at the current time step
while its axes remain fixed relative to the global coordinate fra-
me—that is, it does not rotate with the bit angle. The dynamic
boundary conditions are established by the constant rotational
speed wg and hook running speed vg. The lower boundary of the
model is defined by the three-dimensional bit-rock interaction
model and the initial weight of bit Wy. From the perspectives of
system kinetic and potential energy, four-degree-of-freedom dy-
namic equations are constructed based on the Lagrangian equa-
tion, resulting in a set of four-degree-of-freedom equations, as
shown in Eq. (1).

mX + cpX + kpx = —Fx

my + ¢y + kpy = —Fy

mz+ Ca_(z —vg) + ka(z —vgt) = Wy — F,
JO + ce(6 — @g) + k(0 — wot) = ~Ty,

(1)

where m is the equivalent mass of the drill string, kg; J is the
equivalent moment of inertia, kg/m?; k, is the equivalent axial
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stiffness, N/m; kyp is the equivalent lateral stiffness, N/m; k; is the
equivalent torsional stiffness, (N-m)/rad; c, is the equivalent axial
damping, (N-s)/m; cp is the equivalent lateral damping, (N-s)/m; c¢
is the equivalent torsional damping, (N-s-m)/rad; Fy is the X-di-
rection force on drill bit, N; Fy is the Y-direction force on drill bit, N;
F, is the Z-direction force on drill bit, N; Ty, is the torque on drill bit,
N-m; W is the weigh on drill bit, N.

2.2. Three-dimensional bit-rock interaction model

In the calculation of drill bit-rock interaction, accounting for
the complex geometrical features of a PDC drill bit-such as cutter
tip arcs, back reamer cavities, and tooth profiles—substantially
increases the degrees of freedom in the dynamic model and the
computational cost of the numerical solution. Therefore, the PDC
drill bit’s blades and tooth arrangement are idealized as rigid
planar surfaces (Detournay et al., 2008). Based on this geometric
simplification, the rock-breaking process is decomposed into a
cutting force F. and a friction force Fr (Detournay and Defourny,
1992), as illustrated in Fig. 2, by computing the planar blade cut-
ting depth d,;. This approach significantly reduces computational
complexity while accurately capturing the dynamic interaction
characteristics between the drill bit and rock. Compared with the
2D model (Liu et al., 2013), lateral forces induced by axial cutting,
cutting limits of cutter blades and nonlinear friction factors were
further considered in the 3D bit-rock interaction model.

The forces in the z-direction are primarily those generated by
the axial cutting and friction, as shown in Eq. (2).

N
F,= Z ¢erH(O)R(dy;) + rlajoH(2)H(dy) + Faci
i=1

(2)

where ¢ is the intrinsic specific energy of rock, MPa; ¢ is the con-
tact strength of rock, MPa; ¢ is the cutter face inclination; r is the
radius of the drill bit, mm,; I,; is the effective axial friction surface
width of the i-th cutter blade, mm); d,; is the axial cutting depth of
the i-th cutter blade, mm; N is the number of cutter blades on the
drill bit; H(x) is the Heaviside function; R(x) is the Ramp function;
Faci is the axial rigid body collision force of the i-th cutter blade, N.
To effectively simulate the friction forces during actual rock
cutting, the effective widths of the axial and lateral friction sur-
faces are determined by Eq. (3) below (Detournay et al., 2008).

la/li :{

where [y, is the maximum axial wearflat length of the drill bit,
mm; [, is the maximum lateral wearflat length of the drill bit,
mm,; « is the wearflat coefficient; [); is the effective lateral friction

la/lm Kda/li = la/lm
Ky 1 ka1 < lajim

(3)

Cutter blade

Fig. 2. Forces in the rock-cutting process.
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surface width of the i-th cutter blade, mm; dj; is the lateral cutting
depth of the i-th cutter blade, mm. Lateral forces are generated
both by axial cutting & friction and lateral cutting & friction.
Lateral forces are determined by superimposing the normal and
tangential forces of each cutter blade through coordinate trans-
formations. The normal and tangential components of lateral
forces are calculated with Eq. (4).

Fpi = ebdyH(ro+ vy)R(dy;)H(6) + blyyoH vy ) H(dy;) +Fei
Fyj = ebd}iH(r6 + v )R(d);)H(6) + yuolbH (v ) H(d);)Sign(r6 + vy +

erdyiR(dai)H(6) + yuolyTH(2)H(dy;)sign(6)
(4)

where Fi; is the lateral rigid body collision force of the i-th cutter
blade, N; F,; is the normal force on the i-th cutter blade, N; F;; is the
tangential force on the i-th cutter blade, N; sign(x) is the sign
function; b is the height of drill bit, mm; v,; is the normal velocity
of the i-th cutter blade, m/s; v;; is the tangential velocity of the i-th
cutter blade, m/s; y is the geometric parameters of drill bit; y is the
coefficient of friction. The components of lateral forces along the x
and y directions for each cutter blade can be calculated with the
following equation:

-]

Fy;
where Fy; is the X-direction force of the i-th cutter blade, N; Fy; is
the Y-direction force of the i-th cutter blade, N; @; is the angular
displacement of the i-th cutter blade, rad. The angular displace-
ment of each cutter blade is calculated as shown in Eq. (6).

COsP;
sing;

*Sil’l@,‘
COSP;

Fni

Fy (5)

¢i:Rem(9+9i72n), i:1,2,...7N (6)
where 0; is the angle between each blade and the first blade, rad;
Rem(-) is the remainder function. Then, the components of the
total lateral forces on the drill bit along the x and y directions can
be obtained from Eq. (7).

N N
FX:Zinv Fy:ZFyi
i=1 i=1

The torque on the drill bit is generated by the lateral and axial
contacts of the drill bit and rock, as shown in Eq. (8).

(7)

K 0.5¢r2H(d,)R(0) + 0.5yuclyr*H(Z)H(d,;)sign(0)+
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As shown in Egs. (2)-(8), it is evident that the forces and tor-
ques acting on the drill bit are combinations of non-smooth
functions of axial and lateral cutting depths, axial and lateral
wearflat lengths, angular velocity, axial speed, and normal and
tangential speeds of each blade.

To keep the simulated cutting behaviour physically realistic, the
axial and lateral cutting depths are constrained by the maximum
axial and radial exposures of the cutters, respectively. The detailed
motivation, supporting literature and parameter selection are
provided in Appendix A. When the axial cutting depth d,; or the
lateral cutting depth d); reaches the maximum axial and lateral
cutting depth d,, cutting and rigid-body collision are assumed to
coexist. The rigid contact behavior is enforced using a penalty-
based collision formulation: a penalty stiffness k, generates a
contact force to restrict any excess penetration beyond dac, while
the additional penetration is not used to update the bottom-hole
profile or cutting forces. In this way, the drill bit remains effec-
tively rigid, and the enforcement of the depth constraint does not
introduce elastic degrees of freedom into the system. The collision
force F. is calculated as:

0 a/li a/lc =

where dy is the corresponding axial and lateral limits imposed by
the cutter exposures, mm; k;, is the equivalent lateral collision
stiffness, N/m. The bit-rock interaction state is determined using a
series of functions, including the Heaviside function, the Ramp
function, and the sign function. To assess the axial state of the bit-
rock interaction, several parameters are considered, including
axial cutting depth da;, axial speed z, and angular speed é (Liu et al.,
2020). For the lateral state of bit-rock interaction, the relevant
parameters include lateral cutting depth dj;, normal speed of the
cutter blade v,;, and tangential speed v;;. The classification of bit-
rock interaction is shown in Table 1.

2.3. Calculation method of cutting depth

In the three-dimensional bit-rock interaction model, the axial
and lateral cutting depths of each cutter blade are essential for
calculating the axial and lateral forces on the drill bit. To calculate
the lateral and axial cutting depths, it is necessary to consider the

T, = : _ 8
b i rbsdliH(rH + Vti)H(‘g)R(dli) + rbyﬂllioH(vm)SIgn(rH + Ut,')H(d“') ( )
Table 1
Classification of bit-rock interaction.
Parameters States
d; >0 z2>0 9>0 Axial cutting and friction
z<0 0>0 Axial cutting
z>0 0<0 Reversed friction force/torque
2<0 0<0 No cutting and friction
dyy< 0 - - No contact with rock
d; >0 vpi >0 r0+vg >0 Lateral cutting and friction on i-th cutter blade
vpi <0 10+ v >0 Lateral cutting without friction on i-th cutter blade
vpi >0 0+ v <0 Reversed friction force without cutting on i-th cutter blade
vpi <0 10+ v <0 There is no cutting and friction on i-th cutter blade
di< 0 - - There is no cutting and friction on i-th cutter blade
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historical cutting displacements generated in the previous cutting
process. However, due to the multiple regeneration effects and
state-dependent time delays inherent in the cutting process, the
rock profile created by the drill bit is not solely determined by the
historical displacement of the previous cutter blade. Instead, it is
influenced by the historical displacements of multiple cutter blade
delay cycles. This characteristic leads to the existence of multiple
solutions. To solve this problem, the axial cutting profile function
and lateral cutting trajectory function are introduced to determine
the actual historical cutting displacement of each cutter blade.

2.3.1. Calculation method of axial cutting depth

In the computation of the axial cutting depth, the influence of
the lateral vibration is neglected so that the axial cutting behavior
depends solely on the axial displacement and angular position of
the drill bit. Based on the global coordinate system, the axial
cutting profile function U(®;) is constructed to characterize the
relationship between the axial historical trajectory and angular
displacement of the drill bit, as shown in Eq. (10).

U(®;) = max(z(t),U(®;)), i=1,2,....N (10)
where U(@;) is the axial cutting profile function, mm. Therefore,
when the i-th cutter blade is engaged in cutting, the axial cutting
depth depends on the difference between the current axial
displacement and the historical axial cutting displacement corre-
sponding to the current angular displacement in the axial cutting
profile function, as expressed in Eq. (11).

dy=2z(t) — U(®;) (11)

When the i-th cutter blade is engaged in cutting, the corre-
sponding axial cutting profile function is updated based on the
current cutting displacement. If the i-th cutter blade is not
engaged in cutting, the axial cutting depth is set to zero, and the
axial cutting profile function remains unchanged. Following these
updating rules, the profile function effectively eliminates the false
displacements caused by the axial multiple regeneration effect,
ensuring the accuracy of the axial cutting depth calculation. As
illustrated in Fig. 3, the axial cutting depth d,4 of the fourth cutter
blade is determined by the current and historical cutting dis-
placements of the third cutter blade. The historical displacement

0 2n

Trajectory of blade 1
Trajectory of blade 2
Trajectory of blade 3
Trajectory of blade 4

Z”

Fig. 3. Calculation of axial cutting depth while considering axial multiple regenera-
tion effect.
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of the third cutter blade is obtained from the axial cutting profile
function.

2.3.2. Calculation method of lateral cutting depth

The lateral cutting depth of each cutter blade depends on the
interaction between the instantaneous cutter position and the
previously cut rock surface. Since lateral motion, rotation, and
axial motion of the drill bit jointly contribute to the formation of a
fully three-dimensional cutting profile, a direct computation of the
true geometric intersection would be prohibitively expensive. In
this study, the influence of axial displacement on the lateral cut-
ting depth is neglected. Accordingly, the three-dimensional cut-
ting profile is reduced to a two-dimensional cutting profile, from
which it follows that the evaluation of the lateral cutting depth is
determined solely by the lateral displacement and the angular
position of the drill bit.

To represent the lateral cutting profile, a discrete lateral tra-
jectory dataset is constructed for each cutter blade. The dataset
collects the lateral coordinates of a blade in the global coordinate
over its cutting history, and its definition is given in Eq. (12).

%i(t) = {[x(t’) +rcoso(t),y(t) + rsind(t)]|6(t)

2sm

> 0(t) N

}, j=1,...N (12)

where t’ denotes historical time, y;(t') is historical lateral trajectory
dataset of cutter blade j in the global coordinate, N is the number of
blades, x(t') and y(t') are the historical lateral displacement of the
drill bit center in the global coordinate frame, 6(t') and 6(t) are the
historical and current angular displacements, respectively, and s is
the regeneration-order parameter. The angular constraint
o(t) > 9(t) — 2sn/N ensures that only the portion of the previously
cut surface relevant to the current blade position is retained. The
necessity of introducing this regeneration-based indexing be-
comes apparent upon examining the computational requirements.
For a drill bit with four blades (N = 4), rotating at 60 r/min, with a
mechanical ROP of 18 m/h and a bit radius of 0.1 m, a 0.1 m drilling

Fig. 4. Calculation of lateral cutting depth while considering lateral multiple regen-
eration effect.
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— Drill pipe

____Heavyweight
J drill pipe

L Drill collar
— Stabilizer

— MWD

100

| — | \WD
l— ATKeXact
@ —PDC bit

Fig. 5. Field description of the full hole section. (a) 3D wellbore trajectory illustrating the spatial profile of the entire section. (b) Drilling tool assembly used in this full 9-1/2" hole
section (4035-5079.3 m). (c) Drill bit condition before drilling. (d) Drill bit condition after drilling, indicating cutter wear and structural damage.

interval yields approximately 400,000 trajectory samples at a time
resolution of 0.0002 s. Performing reconstruction over such a
dataset at every time step would be computationally prohibitive.
By applying a finite regeneration-order constraint of s = 12, the
angular indexing limit is reduced to 2sx/N, and only trajectories
cut within this angular range are retained, reducing the total
number of historical points to approximately 60,000. This corre-
sponds to an 85% reduction in indexing cost while retaining the
essential regeneration effect required for accurate cutting depth
evaluation.

To calculate the lateral cutting depth, the historical lateral
trajectory y;(t') is first transformed from the global coordinate
system into the follower coordinate system at the current time
step. The follower frame translates with the bit but does not rotate
with 6(t), ensuring geometric consistency. The coordinate trans-
formation is given by:

X; = x(t') +rcoso(t') — x(t)

yj=y(£) +rsing(t) — y(t) "

where X;, y; denote the historical lateral displacement expressed in
the follower coordinate system at the current time step,

(a) 0.10
Field data
Simulated data
0.05 4
o
g l
2 0
S
£
<
-0.05
-0.10 T T T T T T

4300 4305 4310 4315

TVD, m

4320 4325 4330 4335

transformed from the global coordinate frame. Each transformed
trajectory point is then expressed in polar coordinates:

52 2 o -1 5’1’
pj=1\/X +¥j, ®j=tan %

]

(14)

where p;, ®; denote the polar radius and polar angle of j-th cutter
blade in the follower frame, respectively. To represent the histor-
ical lateral trajectory at a given polar angle &, the radius function is
defined in set form as:
Pj(qﬁ):{pj|q>j:¢>} (15)
where Pj(®) is the set of historical radii for j-th cutter blade at

angle @ and generally multi-valued. The calculation formula for
the lateral cutting depth of the i-th cutter blade is given by Eq. (16).

d“:r_j:%?),(_,N[Pf(@i)]’ i=1,2,...,N (16)

This formulation ensures that the lateral depth is governed by
the maximum previously generated radius at each angle,

(b) 02
Field data
Simulated data
0.1 4
o
o)
kel
2 09
a
£
<<
-0.1 4
-0.2 T T T T T T

4300 4305 4310 4315

TVD, m

4320 4325 4330 4335

Fig. 6. Time-domain comparison between field measurements and simulation results: (a) Lateral acceleration; (b) Axial acceleration.
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enabling the method to naturally account for regeneration, inter-
blade coupling, and arbitrary lateral bit motion. An example is
shown in Fig. 4, where the lateral cutting depth of cutter blade 4
is evaluated based on the maximum envelope of the historical
radii generated by all blades. In this case, the maximum polar
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radii P,(®4) represents the actual historical lateral cutting
displacement, which is generated by the cutting action of cutter
blade 2. The lateral cutting depth of cutter blade 4, d4, is deter-
mined by the radius of drill bit r minus the maximum polar radius
Py(24).
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2.4. Vibration evaluation index

2.4.1. Evaluation index of stick-slip vibration

The stick-slip index (SSI) is commonly used to evaluate the
intensity of stick-slip vibration (Kamel and Yigit, 2014; Long et al.,
2023), as follows.

n . .
Z (Gi_max - ‘9i_min)

SSI =

. = [tefy] (17)

2nwy

where n is the number of complete torsional vibration cycles of the
drill string that occur within the time window of duration; ; .y is
the maximum angular velocity within the i-th torsional velocity
period, rad/s; 6; min is the minimum angular velocity within the i-
th torsional velocity period, rad/s; t, is the total time window
duration, s; f is the torsional main frequency, Hz. This n is ob-
tained by multiplying the total time window duration ty by the
torsional main frequency fy, and then taking the integer part (i.e.,
floor function) of the result.

Although the SSI can characterize the angular velocity fluctu-
ation characteristics and identify the occurrence of stick-slip vi-
brations, it neglects the amplitude fluctuations of angular
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velocities in different vibration cycles. These non-stationary
amplitude fluctuations can significantly exacerbate the fatigue
failure of drill strings. This paper proposes the stick-slip fluctua-
tion index (SSFI) to effectively characterize the amplitude change
in stick-slip vibration, as shown in Eq. (18).

n . 1 n . 2
n Z gi,max ~n Z‘gi,max
i i

SSFI = , = [tofy] (18)

n .
Z gi,max
i

In this context, a smaller SSFI value indicates a smaller difference
between the peak values of the angular velocities in n vibration
cycles, which suggests greater amplitude stability of the stick-slip
vibration. The characteristic of stick-slip vibration can be more
comprehensively depicted with the above two indices.

2.4.2. Evaluation index of lateral vibration

To evaluate the intensity of lateral vibrations in the drill bit, the
lateral vibration intensity index (LVII) is proposed based on the
lateral contact frequency between the drill bit and the rock within
a single torsional vibration cycle, as shown in Eq. (19).
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LVII=—
tefo

where n. is the number of blade-rock contact events during the
contact interval; t. is the length of the time window, s. The larger
LVII value indicates a higher lateral contact frequency between the

(19)
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drill bit and rock within a single torsional vibration cycle, which
leads to more pronounced lateral vibrations.

3. Model verification and comparison
3.1. Field data verification

To validate the accuracy and practical applicability of the pro-
posed DBTD model, we selected the 9-1/2" open-hole section
(4035-5079.3 m) of Well BDXX-X-XX, located in the northern
fault-step belt of the Baodao Depression, Qiongdongnan Basin,
South China Sea. This interval features alternating soft and hard
lithologies from the Sanya and Lingshui formations, resulting in
heterogeneous, interbedded strata. The drilling tool assembly,
from the drill bit to surface, consisted of the following compo-
nents: a 9-1/2” Smith SI516 MBPX PDC bit and multiple 6-3/4"
tools, including the ATK, Copilot, OnTrak, ASB, BCPM2, ORD, and
CCN. Additional components included a 6-3/4" topstop sub, a 6-3/
4" hydra-oscillator, a 6-3/4" reamer stabilizer, a 6-3/4" junk basket,
a 6-3/4" float valve, a 7" bridge-plug sub, eight 6-1/2" drill collars, a
6-1/2" hydraulic shock absorber, a crossover sub, twelve 5-7/8"
heavy-weight drill pipes, and 5-7/8" drill pipe (see Fig. 5). During
drilling, weight on bit ranged from 2 to 18 tonnes, rotary speed
from 60 to 130 rpm, flow rate from 2500 to 2700 L/min, torque
from 2 to 20 klb-ft, and pump pressure from 1750 to 2900 psi.

The dynamic simulation was conducted over the interval from
4300 to 4350 m, which is part of the third member of the Lingshui
Formation. This interval is characterized by poor drillability, with
uniaxial compressive strength typically ranging from 5 to 15 kpsi.
The drilling parameters were established as follows: weight on bit
was 10 tonnes, rotary speed was 120 rpm, applied torque was 10
klb-ft, mechanical drilling rate was 45 m/h, and the assigned rock
strength was 70 MPa. All model inputs, including the bottom-hole
assembly geometry, material properties, and formation parame-
ters, were defined based on the actual drill-string components and
in-situ conditions for this interval.

As shown in Fig. 6, the comparison of signals for lateral and
axial acceleration, between the simulated and measured data,
demonstrates excellent overall agreement. It successfully captures
the lateral and axial vibration trends and envelope shapes of the
drill string. However, the model consistently underpredicts
response amplitudes, particularly during localized peak events.
This underprediction arises from inherent structural
simplifications-namely, the omission of higher-order modal con-
tributions and local resonance phenomena. Furthermore, by
neglecting detailed mass-and-flexibility distribution, fluid-
structure coupling, and formation heterogeneity, the model in-
curs some certain degree of error. Nevertheless, despite these
simplifications and associated amplitude discrepancies, the model
remains highly effective for engineering purposes, as it reliably
reproduces the key vibration frequencies and overall dynamic
behavior of the drill bit.

3.2. Model comparison

A comparison is made between the DBTD and RGD models,
and the values of the relevant parameters are provided in
Appendix B. Fig. 7 illustrates the results from the both models
at a rotational speed of 40 r/min, a downward velocity of 18 m/h,
and a WOB of 50 kN. As shown in Fig. 5(a) and (c), stick-slip
vibration occurs in the axial and torsional directions, with the
axial velocity rapidly switching between high and low peaks.
The magnitude of torsional stick-slip vibration obtained from
the DBTD model is more significant than that from the RGD
model. As shown in Fig. 5(b) and (d), the same dominant
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frequency of 0.299 Hz is in the axial and torsional directions. In
the 0-1 Hz range, low-amplitude broadband frequency bands on
both sides of the dominant frequency introduce disturbances to
the periodic vibration characteristics, leading to amplitude
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4. Vibration characteristics analysis
4.1. Analysis of stick-slip vibration evolution
The stick-slip vibration of the drill bit is closely related to the

discontinuous rock-breaking motion, which can be explained from
the aspect of energy. When the energy on the drill bit is

4802

insufficient to sustain the rock-breaking motion, the drill bit enters
the sticking phase, and energy accumulates. The rock-breaking
motion resumes when the energy exceeds the threshold value,
and then the energy is consumed. In the three-dimensional bit-
rock interaction model, the axial and lateral cutting depths serve
as key indicators of energy consumption during the rock-breaking
process. Thus, this section uses rotational speed as the control
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variable to systematically investigate the motion characteristics of
the drill bit and the variation patterns of axial and lateral cutting
depths, to reveal the intrinsic evolution laws of stick-slip vibration.

In the non-vibrating drilling mode, the axial cutting depths of
the 4-blade drill bit at an axial speed of 18 m/h and angular ve-
locities of 40, 50, 70, and 120 r/min remain constant at approxi-
mately 1.875, 1.5, 1.071, and 0.625 mm, respectively. As shown in
Fig. 8, due to the state-dependent time delay caused by torsional
vibration and the axial multiple regeneration effect induced by
axial vibration, the axial cutting depth exhibits significant fluctu-
ations, with the range of these fluctuations varying according to
the intensity of the torsional and axial vibrations. Increasing the
rotational speed reduces the axial cutting depth and its corre-
sponding fluctuation, decreases the rock-breaking energy con-
sumption per unit torsional vibration cycle, and consequently
narrows the pink region of the axial sticking phase.

The lateral motion of the drill bit is characterized by alternating
contact between each cutter blade and the rock. When one cutter
blade performs lateral cutting, the resulting asymmetric forces
disrupt the lateral force and torque of the drill bit. This disruption
affects lateral motion and reduces the amplitude stability. As
shown in Figs. 7(f) and 9, the non-periodic fluctuations and the low
contact frequency of the lateral cutting depth exacerbate the un-
stable oscillations of lateral forces, leading to severe lateral rigid-
body collisions at low rotational speeds. As the rotational speed
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increases, the lateral cutting depth transitions to periodic fluctu-
ations, and the lateral cutting frequency increases significantly,
reducing the disturbance caused by asymmetric lateral forces.

Subsequently, the evolution of stick-slip vibration is further
examined through time-domain and frequency-domain velocity
analyses. As shown in Figs. 7 and 10, it is evident that as the
rotational speed increases, the system tends to move away from
stick-slip vibration. When the rotational speed reaches 70 r/min,
the periodic sticking state cannot be sustained, resulting in the
system entering an intermittent stick-slip vibration mode. If the
rotational speed increases to 120 r/min, the intermittent stick-slip
vibration will disappear. This indicates a transitional state, namely
intermittent stick-slip vibration, between stick-slip vibration and
no stick-slip vibration. At different rotational speeds, no significant
amplitude components are observed at the driving fundamental
frequency. In contrast, notable amplitudes appear near the
torsional natural frequency, indicating that the stick-slip vibration
is not externally forced but is self-excited.

To better illustrate the intensity of stick-slip vibration and the
stability characteristics of velocity amplitude, this study analyzes
both models based on SSI and SSFI. As shown in Fig. 11(a), lateral
cutting significantly increases the rotational speed threshold
needed for the system to escape stick-slip vibration compared to
the RGD model. By combining Figs. 9 and 11(b), lateral cutting
significantly reduces amplitude stability. Although increasing the
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rotational speed mitigates the disturbance caused by lateral cut-
ting on the system vibration, this disturbance is not eliminated
entirely.

4.2. Analysis of lateral vibration evolution

The alternating lateral cutting motion of the drill bit results in
an imbalance of lateral forces, which induces more pronounced
lateral vibrations. This section focuses on using rotational speed as
the control variable to further explore the evolution of lateral vi-
brations from both time-domain and frequency-domain perspec-
tives. Considering the symmetry of lateral motion, only the lateral
(x-direction) motion at four representative rotational speeds of 50,
120, 240, and 270 r/min—is selected for comparative analysis.

As shown in Figs. 7 and 12(a), in the stick-slip vibration mode,
the lateral motion of the drill bit exhibits a distinct alternating
pattern of “collision-cutting-sticking-separation”, in which the
lateral sticking state is caused by torsional sticking state or lateral
rigid-body collisions, disrupting the periodicity of lateral vibration.
When the rotational speed increases to 24 r/min, as shown in
Fig. 12(c) and (e), the lateral motion exhibits strong periodic
characteristics, and disturbances caused by lateral rigid-body
collisions prevent the periodic lateral motion from being sus-
tained. When the rotational speed increases to 270 r/min, the
lateral motion transitions to an alternating periodic motion char-
acterized by “collision-cutting-separation”.
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Although the time-domain analysis has provided insights into
the evolution process of lateral motion, understanding the domi-
nant factors and mechanisms remains limited. Therefore, the ef-
fects of different motion characteristics on lateral vibrations are
further explored through frequency-domain analysis. As shown in
Fig. 13(a), the lateral motion exhibits a prominent main frequency,
with significant frequency amplitudes on both sides and low-
amplitude disturbances at high frequencies. This indicates that
multiple key factors are influencing the motion. At a rotational
speed of 270 r/min, the dominant frequency is found to be 1.35 Hz,
which corresponds to the alternating periodic motion of “collision-
cutting-separation”. In contrast, at 240 r/min, the entire frequency
domain exhibits low-amplitude disturbances, suggesting that a
pronounced lateral sticking state occurs due to rigid-body
collisions.

The above frequency-domain analysis does not distinguish
between the effects of lateral sticking state and alternating cutting
motion on dynamic behavior. Additionally, the characteristics of
alternating cutting motion at low rotational speeds have not yet
been revealed. To address this, a time-frequency analysis of the
lateral motion is performed using wavelet transform. From
Fig. 14(c) and (d), the system demonstrates a stable energy band
at 0.0011 kHz, reflecting alternating “collision-cutting-separation”
periodic motion. A notable difference is that at 240 r/min, multiple
energy bands ranging from 0.0011 to 0.6 kHz are perpendicular to
the time axis, reflecting the lateral sticking state caused by the

(b)

Frequency, kHz

Time, s

20

Frequency, kHz

160 165 170 175 180

Time, s

Fig. 14. Time-frequency analysis of lateral motion at different rotational speeds. (a) 50 r/min. (b) 120 r/min. (c¢) 240 r/min. (d) 270 r/min.
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rigid body collision. Furthermore, as seen in Fig. 14(a) and (b), the
energy bands that are perpendicular to the time axis increase
significantly at lower rotational speeds, highlighting a prominent
lateral sticking state. When the system undergoes stick-slip vi-
brations, the frequency-domain range of these perpendicular en-
ergy bands expands to 0.0011-1 kHz, indicating that lateral
sticking caused by the torsional sticking state is more severe than
that due to rigid-body collisions. Additionally, at 50 r/min, the
lateral energy spectrum is more uniformly distributed, showcasing
a high degree of randomness during the alternating cutting pro-
cess. Although the lateral vibration comprises both periodic and
random components, the random component predominates. As
the rotational speed increases, periodicity increasingly governs the
lateral motion (exhibiting quasi-periodicity). When the rotational
speed reaches 270 r/min, the lateral motion of the drill bit tran-
sitions into purely periodic vibration.

The above analysis focuses on the evolution of lateral motion
from a dynamic perspective without investigating the whirling
characteristics of the drill bit. As shown in Fig. 15, the lateral
motion direction is opposite to the rotational velocity. The red
arrows represent the instantaneous lateral velocity vectors, with
their orientations indicating the motion direction and their
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lengths indicating the relative speed. The yellow dots indicate the
instants when the drill bit experiences rigid-body collision with
the borehole wall. The velocity arrows immediately before and
after each yellow dot reveals an sudden change in direction, and
magnitude caused by the impact. At a rotational speed of 270 r/
min, the lateral motion demonstrates backward whirling. How-
ever, at rotary speeds of 50, 120, and 240 r/min, the lateral rigid-
body impacts or stick-slip vibration prevent the drill bit’s lateral
motion from sustaining a periodic backward whirling. Extensive
numerical simulations have not revealed any critical transition
cases for forward whirling. The conditions for forward or backward
whirling motion are determined by whether the regeneration
force of the drill bit is aligned with or opposite to the direction of
rotation (Johnson, 2008). However, when both axial and lateral
cutting occur, it is inherently difficult for the drill bit to generate a
positive regeneration force that aligns with the rotation direction.
Previous studies on the forward whirling of drill bits have
considered the coupling effects induced by the whirling of the drill
string and simplified the force model of the drill bit, resulting in a
positive regeneration force on the drill bit (Gulyayev and
Shevchuk, 2016). Nevertheless, in practice, the forward whirling
of the drill bit has not been observed (Brett et al., 1989; Li et al.,
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Fig. 15. Lateral motion trajectory at different rotational speeds. (a) 50 r/min. (b) 120 r/min. (¢) 240 r/min. (d) 270 r/min.
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Fig. 16. Lateral vibration intensity evaluation.

2021). Due to the limitations of the DBTD model, it is difficult to
investigate the impact of the upper drill string dynamics on the
whirling evolution of drill bits.

The above analysis focuses on the lateral vibration of the drill
bit from the force perspective but does not evaluate the lateral
vibration intensity at different rotational speeds. As the rotational
speed increases, the lateral contact frequency per torsional vi-
bration cycle increases, resulting in a corresponding increase in
the lateral vibration intensity of the drill bit in Fig. 16. Once the
rotational speed reaches a certain threshold, the lateral motion of
the drill bit begins to transition into a periodic backward whirl.

5. Conclusions

Based on the above studies, the following conclusions can be
drawn.

(1) The lateral alternating cutting action of the drill bit gener-
ates asymmetric lateral forces that intensifies stick-slip vi-
bration and improves the critical rotational speed required
for the system to escape stick-slip vibration. The amplitude
fluctuation induced by lateral cutting persists in the
torsional direction even after escaping from stick-slip
vibration.

(2) With increasing rotational speed, stick-slip vibration does
not directly transition to a non-stick-slip state as previously
thought, but rather transitions to intermittent stick-slip vi-
bration and eventually escapes from stick-slip vibration.

(3) At low rotational speeds, the lateral motion of the drill bit
follows a “collision-cutting-sticking-separation” pattern
characterized by coexisting periodic and random compo-
nents. As the rotational speed increases, the randomness is
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significantly reduced until it vanishes, and the lateral mo-
tion gradually evolves into a periodic “collision-cutting-
separation” motion. Lateral vibration intensity rises with
rotational speed, and beyond a critical threshold, the drill bit
transitions into backward whirling.

(4) The combined use of the stick-slip index (SSI) and stick-slip
fluctuation index (SSFI) provides a comprehensive evalua-
tion of stick-slip vibration severity and quantifies the in-
fluence of lateral cutting.
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Appendix A. Geometric limits on axial and lateral cutting
depth

In practical drilling with PDC bits, the achievable cutting depth
per revolution is constrained by the cutter geometry and by the
need to avoid excessively aggressive engagement that can lead to
instability, excessive torque and bit damage. Laboratory single-
cutter tests and cutter-rock interaction studies therefore typi-
cally employ millimetre-scale depths of cut that are small
compared with the cutter diameter (Yao et al.,, 2022; Zhou et al,,
2017). To reflect these considerations and to maintain numerical
stability in the present dynamic model, explicit geometric limits
are introduced on both the axial and lateral cutting depths. Fig. A.1
illustrates the cutting plane in a radial section of the bit and the
cone, nose, shoulder and gauge regions of the blade profile, as well
as the outward normal of the blade profile at each cutter pocket
(Chen et al., 2021b). Along the cone-nose-shoulder part of the
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profile, the centres of the face cutters lie on this profile, and the

outward normal in the cutting plane defines the local cutting
direction.

Radial plane

Bit axis

I
: Cutter &
|

/ cutter pocket

Gauge

Should L Cutting plane
oulder

Outward normal of blade
profile at a cutter pocket

Fig. A.1. Cutting plane and blade profile showing cone, nose, shoulder and gauge
regions, cutter pockets and the outward normal of the blade profile at each pocket
(Chen et al., 2021b).
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In the axial direction, the cutting depth per revolution is limited
by the maximum outward exposure of the primary face cutters
measured along this local cutting direction. This maximum
exposure is specified as a fixed proportion of the face-cutter
diameter, so that the corresponding axial depth of cut remains
substantially smaller than the cutter size and lies within the
millimetre-scale ranges commonly adopted in single-cutter PDC
rock-cutting experiments and cutter-rock interaction simulations
(Adzis et al., 2018; Liu et al, 2022). In the main model, this
maximum exposure defines the axial depth-of-cut limit used for
each face cutter.

In the lateral direction, along the gauge section of the blade
profile, active gauge cutters and gauge-protection elements
engage the borehole wall. For these elements, the relevant mea-
sure of engagement is their radial exposure with respect to the bit
axis. The lateral depth of cut along the gauge is therefore bounded
by the maximum radial exposure of the active gauge cutters and
gauge inserts. This gauge exposure is selected as a small fraction of
the gauge-cutter diameter, consistent with commercial PDC-bit
designs in which gauge-area features such as active gauge struc-
tures, penetration-limiting inserts and grit hot-pressed inserts are
intended to take only a very small depth of cut with each bit
rotation and to limit the penetration of cutters into the borehole
wall (Beuershausen, 2002; Dykstra et al., 2002). This maximum
gauge exposure defines the lateral depth-of-cut limit adopted for
the active gauge cutters in the model.

Appendix B. Parameters and variables

The parameters and model variables used in this study are
listed below. The relevant model calculation parameters are
referenced from previous research (Liu et al., 2013, 2023).

Parameters Symbol Units Default value
Equivalent mass m kg 4.2 % 10*
Equivalent moment of inertia J kg 184
Equivalent axial stiffness ka N/m 6.2 x 10°
Equivalent lateral stiffness Ky N/m 2.6 x 10°
Equivalent torsional stiffness ke (N-m)/rad 690
Equivalent axial damping Ca (N-s)/m 49 x 103
Equivalent lateral damping Cb (N-s)/m 3.2 x 10°
Equivalent torsional damping Ct (N-s-m)/rad 8.74
Radius of drill bit r mm 108
Height of drill bit b mm 100
Intrinsic specific energy of rock e MPa 30
Contact strength of rock c MPa 30
Cutter face inclination I4 - 0.6
Friction coefficient for rock-bit interaction u - 0.6
Maximum axial wearflat length of the drill bit lam mm 1.2
Maximum lateral wearflat length of the drill bit I mm 2
Maximum axial cutting depth dac mm 8
Maximum lateral cutting depth dic mm 2
Geometric parameters of drill bit y - 1
Number of cutter blades on drill bit N - 4
Wearflat coefficient K - 14
Rotating speed of rotary table or top drive wo r/min 0-300
Nominal rate of penetration Vo m/h 18
Regeneration-order parameter s - 12
Weigh on bit Wo kN 50
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