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Full-Waveform Inversion With Denoising Priors
Based on Graph Space Sinkhorn Distance

Zhoujie Tan , Gang Yao , Member, IEEE, Feng Zhang , and Di Wu

Abstract— Full-waveform inversion (FWI) is a critical
geophysical imaging technique, renowned for its ability to gener-
ate high-precision subsurface structural models. However, FWI
is a highly nonlinear and ill-posed inverse problem, necessitating
appropriate regularization to incorporate prior information.
Recently, the plug-and-play (PnP) method has shown promise
in addressing various inverse problems by leveraging pretrained
deep learning (DL)-based denoisers as priors, thus eliminating
the need for explicit regularization functions. Building on this
approach, we employ a pretrained DRUNet denoiser from the
field of computer vision to implement regularization constraints
for FWI via the PnP method. We propose a novel FWI framework
(FWISD-DRU) that integrates graph space Sinkhorn distance
(GS-SD) with the DRUNet denoiser to enhance FWI quality.
By utilizing a bias-free denoising network architecture and
additional noise-level map inputs, our approach improves the
adaptability of the pretrained network to various geological
images. Numerical tests on typical geological models validate
the universality and effectiveness of our method. The experi-
mental results demonstrate that our approach, incorporating the
DRUNet denoiser, produces more accurate and higher resolution
inversion results than total variation (TV) regularization and the
denoising convolutional neural network (DnCNN) and FFDNet
denoisers. This advantage is particularly pronounced under
challenging conditions such as poor initial models, noisy observed
data, and missing low-frequency components.

Index Terms— Deep denoiser prior, full-waveform inversion
(FWI), geophysics, nonlinear, plug-and-play (PnP), regulariza-
tion, Sinkhorn distance (SD).

I. INTRODUCTION

FULL-WAVEFORM inversion (FWI) [1], [2] is an
advanced geophysical imaging technique that utilizes the

complete waveform information in seismic data to achieve
more accurate reconstruction of geophysical parameters com-
pared to other methods [3], [4]. Typically, FWI starts with an
initial model, simulates the seismic wavefield by solving the
wave equation, and iteratively optimizes the subsurface model

Received 15 September 2024; revised 30 November 2024 and 1 January
2025; accepted 1 February 2025. Date of publication 4 February 2025;
date of current version 27 February 2025. This work was supported in
part by the National Natural Science Foundation of China under Grant
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by minimizing an objective function that quantifies the dif-
ference between simulated and observed waveforms. ℓ2-norm
is commonly used for data fitting due to its simplicity and
effectiveness. The gradient of FWI is usually computed using
the adjoint-state method [5], [6], guiding model parameter
updates along the gradient descent direction.

Over decades, FWI has significantly improved in accuracy
and computational efficiency, with innovations like reflection
FWI [7], [8] enhancing inversion results. However, FWI
remains a highly nonlinear and ill-posed problem, particularly
when using the ℓ2-norm, where cycle skipping is a major
challenge [9]. In addition, seismic data acquisition limitations,
such as environmental noise [10], limited data coverage [11],
and bandwidth [12] can also hinder FWI, leading to lower
resolution models and artifacts.

To address the cycle-skipping issue, multiscale inver-
sion [13], [14] has been proposed, starting from the lowest
available frequency and progressively incorporating higher
frequencies to mitigate cycle skipping. However, its effective-
ness relies on the availability of low-frequency data, often
unavailable due to acquisition limitations. Low-frequency
extrapolation [15] is a means to create lower frequency
signals artificially. Sun and Demanet [12] proposed a more
efficient low-frequency extrapolation method in the framework
of deep learning (DL). Alternatively, envelope inversion [16],
[17] approximates low-frequency information using amplitude
envelopes. Multiscale envelope inversion [18] further enhances
stability and accuracy.

Beyond multiscale strategies, alternative objective func-
tions [19] have shown promise in reducing cycle skipping
by shaping a more convex misfit landscape, which directly
impacts the accuracy and convergence of FWI. Among these
approaches, the integration of optimal transport theory [20],
[21] into seismic inversion has been pivotal. Engquist and
Froese [22] introduced optimal transport theory to seismic
inversion, using the convexity of the Wasserstein distance to
address cycle skipping [23], [24]. Métivier et al. [25], [26]
and Métivier and Brossier [27] proposed graph space-based
strategies using the linear sum assignment problem (LSAP)
[28] for mismatch computation, offering stronger convexity
than the Wasserstein distance while preserving signal geom-
etry. However, the high computational complexity of LSAP
challenges FWI. Cuturi [29] proposed the entropically regu-
larized Sinkhorn distance (SD), which transforms the original
linear programming problem into a smooth convex optimiza-
tion problem through entropy regularization. This allows for

1558-0644 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence
and similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.
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rapid convergence using the Sinkhorn–Knopp algorithm [30],
significantly reducing computational costs compared to LSAP.

In addition, regularization techniques [31], [32], [33]
play a critical role in counteracting the ill-posed nature of
FWI due to incomplete or noisy data. Traditional meth-
ods such as Tikhonov regularization [34] and total variation
(TV) regularization [35] suppress noise and artifacts by
constraining the solutions of FWI, but may be limited
in practical applications due to discrepancy between their
assumption and the reality and potential for over-smoothing.
Recently, plug-and-play (PnP) priors [36], [37] have gained
attention for their potential in regularized inverse prob-
lems. Unlike traditional methods, PnP incorporates pretrained
denoisers into iterative inversion algorithms as regularizers.
Venkatakrishnan et al. [38] introduced the concept of using
a denoiser as a PnP prior, and Chan et al. [39] embedded
block matching and 3-D filtering (BM3D) denoiser into the
alternating direction multiplier method (ADMM) algorithm,
demonstrating its effectiveness for super-resolution images.
The development of DL techniques has propelled denoising
methods based on convolutional neural networks (CNNs) [40].
The introduction of the proximal gradient method (PGM)
[41] provides an effective means for addressing convex opti-
mization problems with nondifferentiable objective functions,
enabling the application of intelligent denoisers as PnP reg-
ularizers. Liu et al. [42] utilized a spectral normalized (SN)
denoising CNN (DnCNN) as a denoiser in the PnP method for
compressed sensing image recovery, outperforming the batch
normalized (BN) DnCNN. Yang and Ma [43] employed a
pretrained DnCNN as the regularizer with a learned gradient,
significantly improving inversion performance in high-contrast
geological models compared to TV-regularized FWI. Although
DnCNN is widely regarded as a PnP denoising solution, it has
limitations when addressing signals with varying noise levels,
necessitating the training of separate models for each specific
noise level. To address this, researchers have explored fixed
denoisers for low noise levels [44] and transfer learning [45],
but these often involve extensive iterations and multimodel
testing. Notably, although the ADMM-based FWI framework
used by Sun et al. [46] has demonstrated effectiveness in
mitigating the tendency of FWI to fall into local minima,
it requires retraining on different seismic images using trans-
fer learning to fine-tune the parameters of the pretrained
DnCNN denoiser before use. This is an additional time-
consuming process. Zhang et al. [47] introduced fast and
flexible DnCNN (FFDNet), which is capable of handling
different noise levels with a single model, but its denoising
performance is comparable to DnCNN. To address the perfor-
mance issues of FFDNet, Zhang et al. [48] proposed a new
denoising network architecture called DRUNet by stacking
multiple residual blocks on the U-net architecture to enhance
the network’s learning capabilities, and introducing the half
quadratic splitting (HQS) variable splitting algorithm [49].
This architecture not only handles a wide range of noise
levels with a single pretrained model but also demonstrates
significant advantages in network modeling and denoising
performance.

Furthermore, FWI often uses local optimization meth-
ods due to the high computational cost of solving the
wave equation. However, local gradient methods like
limited-memory Broyden Fletcher Goldfarb Shanno (L-BFGS)
[50] may struggle with slow convergence or even divergence
in noisy data [51]. DL techniques have achieved state-of-the-
art performance across various fields [52], [53], [54], offering
new update strategies for FWI. Currently, techniques like
the adaptive moment estimation (Adam) gradient optimization
algorithm [55] and automatic differentiation [56] have been
widely adopted in FWI [57], [58], [59] to boost efficiency
and accuracy. To address the issue of rapid decay in the
effective step size when dealing with scale-invariant weights
in Adam, Heo et al. [60] proposed the adaptive momentum
projection estimation (AdamP) algorithm, which removes the
radial component from the update vector during each optimiza-
tion iteration, thereby slowing down the decay of the effective
step size. Compared to Adam, it can maintain a more stable
convergence rate and better performance.

In this study, we integrate an advanced denoising algorithm
from computer vision into FWI using the PnP method’s HQS
algorithm. Through iterative denoising, this approach effec-
tively incorporates the denoising prior to geological images,
which helps reduce noise and artifacts in the iterative inver-
sion process and prevents FWI from getting trapped in local
minima. We first outline the principles of conventional FWI
and the graph space SD (GS-SD). Subsequently, we provide a
detailed introduction to the DL-based FWI update strategy we
employ and the architecture of the DRUNet denoiser, as well
as our proposed HQS-based FWI method, FWISD-DRU,
which integrates GS-SD with DRUNet. Finally, we apply our
method to three geophysical models. The key contributions of
this article include: 1) introducing the PnP-HQS algorithm into
FWI, using the pretrained DRUNet denoiser for regulariza-
tion, while combining optimal transport theory and DL-based
variable update strategies, proposing a novel and efficient
FWI framework; 2) using a bias-free pretrained network with
a noise level map, eliminating the need for retraining on
geological images; 3) introducing a balance term and tradeoff
coefficients to preserve the inverted model structure and high-
resolution features; and 4) using AdamP to optimize Adam
algorithm allows for more flexible step size adjustments when
handling gradients, improving the stability and convergence
speed of FWI.

II. THEORY AND METHOD

In this section, we briefly review conventional FWI using
the ℓ2-norm and TV regularization, then introduce the data
fitting term of GS-SD and the DL-based variable update
strategy. Next, we detail the FWI method based on the HQS
algorithm, as well as the integrated DRUNet denoiser. Finally,
we elaborate on the workflow of the proposed method.

A. Overview of Conventional FWI

In a density-constant isotropic medium, which belongs to
the spatial domain �, the 2-D scalar acoustic wave equation

Authorized licensed use limited to: China University of Petroleum. Downloaded on March 03,2025 at 01:58:25 UTC from IEEE Xplore.  Restrictions apply. 
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is represented as

1
v(x)2

∂2u(xs, t)
∂t2 − ∇

2u(xs, t) = q(xs, t) (1)

where x = (x, z) denotes the spatial coordinates, t stands for
the time sampling point, ∇

2 indicates the Laplace operator, and
q is the source term located at the source position xs . u(xs, t)
represents the wavefield amplitude, which is the solution
of (1). Typically, (1) can be simplified as a vector-matrix
formation

A(v)u = q (2)

where A is formed by discretizing the operator of the acous-
tic wave equation, (1/v2)(∂2/∂t2) − ∇

2. v represents the
subsurface velocity model. The seismic data d is given by
d(xr , t; v) = Ru(xr , t), where R is the extraction operator at
the receiver position xr . For simplicity, we redefine d as

d = F(v) (3)

where F is the forward modeling operator.
Since FWI for seismic data is an ill-posed optimization

problem, a common approach to address this is by introducing
a regularization term into the objective function. The optimiza-
tion problem of FWI can then be formulated as

v̂ = arg min
v∈�

D
(
dpre(v), dobs)

+ µR(v) (4)

where D represents the data-fitting term, dpre corresponds
to the predicted seismic data obtained by forward modeling
with the current velocity model, dobs represents the observed
seismic data, R is the regularization term, and µ > 0 is the
penalty factor for the regularization term. When the ℓ2-norm
is used, the data-fitting term can be expressed as

D(v) =
1
2

Ns∑
s=1

Nr∑
r=1

∫ T

0

∥∥dpre
s (xr , t; v) − dobs

s (xr , t)
∥∥2

2dt (5)

where T represents the maximum recording time, Ns denotes
the total number of shot gathers, and Nr represents the
total number of receivers. Using the adjoint-state method [5],
we can effectively derive the gradient of D(v) with respect to
v

∇Dk(v) =
∂D(vk)

∂vk
= −

2
v3

k

Ns∑
s=1

∫ T

0

∂2u(xs, t)
∂t2 u∗(xs, t)dt

(6)

where u(xs, t) is the forward wavefield, u∗(xs, t) is the
adjoint-state wavefield computed by solving the adjoint-state
equation, and k represents the number of iterations. After
knowing the gradient, local optimization algorithms [50] can
be used to update the velocity model

vk+1 = vk − γk∇D(vk) (7)

where γk > 0 is the optimal step length for the kth iteration.
To enhance the stability of model parameters and prevent

overfitting, TV regularization is widely adopted in FWI for
constraint. The regularization term can be expressed as

R(v) =
1

mn

m,n∑
i, j

√
(vi+1, j − vi, j )2 + (vi, j+1 − vi, j )2 (8)

where m and n represent the number of discrete points in the
distance and depth directions, respectively.

B. Graph Space SD

The optimal transport theory aims to find the best mapping
between two probability distributions while minimizing the
cost [61]. For two positive functions f (x) and g(y) defined
on the spaces X and Y , satisfying the mass conservation
assumption ∫

�

f (x)dx =

∫
�

g(y)dy = 1. (9)

The Wasserstein distance between the probability distributions
f and g can be calculated by

W( f, g) = min
η(x,y)∈5 f,g

∫
X×Y

c(x, y)dη(x, y) (10)

where 5 f,g represents the set of all joint probability distribu-
tions between the f and g, and x and y are a sample from
f and g, respectively. c(x, y) is the distance metric function,
representing the cost of moving x to y, and η(x, y) represents
the allocation scheme of transferring mass from f to g while
minimizing the total cost. By imposing an entropy constraint
on the Wasserstein distance, we can obtain the SD, which can
be expressed as

S( f, g) = min
η(x,y)∈5 f,g

∫
X×Y

c(x, y)dη(x, y) +
1
λ

H(η) (11)

where λ > 0 is the regularization factor, and H(η) =

−
∫

X×Y η(x, y) log η(x, y)dxdy is the entropy of η.
To meet the positive mass requirements of optimal transport

theory for oscillating seismic signals, we employ a time
discretization method to transform the signals into a point
cloud in graph space [25]. The discrete graph of single
trace seismic data d can be defined as a set of N points,
denoted by {(tn, dn) ∈ R2, n = 1, . . . , N }. Second, due to the
nondifferentiability of the Dirac function, we use a Gaussian
distribution function that approximates the Dirac distribution
to transform the discrete data into graph space

G[d](x, t) =
1

2πδtδx N

N∑
n=1

exp

(
−

(t − tn)2

2δ2
t

)

× exp

(
−

(x − dn)
2

2δ2
x

)
(12)

where δt and δx are the scaling factors and N is the number
of discrete time samples. Therefore, the GS-SD objective
function can be rewritten as

D(v) =

Ns∑
s=1

Nr∑
r=1

Nt∑
t=1

S
(
G
[
dpre

s (xr , t; v)
])

,G
[
dobs

s (xr , t)
])

.

(13)

We then compute the gradient using the mini-batch
strategy [58].

In FWI, to ensure numerical stability of wavefield simu-
lation, the time step is normally small, required to satisfy
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Fig. 1. (a) 5-Hz Ricker wavelet. Representation of this Ricker in the graph
space: (b) with δt = 1 × 10−3, δx = 5 × 10−3, and 750 discrete points;
(c) with δt = 1 × 10−3, δx = 5 × 10−3, and 375 discrete points; and
(d) with δt = 5 × 10−4, δx = 2.5 × 10−3, and 750 discrete points.

Fig. 2. (a) Observed signal f and synthetic signal g. (b) Misfit between
the observed and synthetic signals under ℓ2 and GS-SD functions. A small
regularization factor leads the GS-SD close to ℓ2 function.

the Courant–Friedrichs–Lewy (CFL) condition [62]. There-
fore, to ease the computational load of GS-SD, signals
can be sparsely resampled. Using a 5-Hz Ricker wavelet,
as illustrated in Fig. 1(a), we demonstrate the graph transfor-
mation of the signal, emphasizing the impact of discretization
points and scaling factors (δt , δx ) on signal representation.
As shown in Fig. 1(b), optimizing values like (δt = 1 × 10−3,
δx = 5 × 10−3) with 750 discrete points enhances signal rep-
resentation in the graph space. Using a smaller number of dis-
crete points in Fig. 1(c) results in an overly sparse signal, while
using excessively large (δt , δx ) in Fig. 1(d) may lead to signal
blurring. In addition, Fig. 2 shows that GS-SD offers better
convexity in misfit computation than the ℓ2-norm distance,
improving with increased regularization parameter λ , which
reduces the risk of local minima during the inversion process.

C. FWI With DL-Based Update Strategy

The various gradient optimization algorithms [55], auto-
matic differentiation techniques [56], and mini-batch strate-
gies [58] of DL frameworks provide efficient computational
strategies for FWI. The seismic data d includes multidimen-
sions, i.e., the dimensions of shots, receivers, and time. From
the data-fitting term (13), the cost function for the sth shot
gathered can be expressed as

Ds(v) = S
(
G
[
dpre

s (v)
])

,G
[
dobs

s

])
. (14)

When employing the mini-batch strategy, the approximate
gradient of the mini-batch is represented as follows:

∇̄D(v) =
1
n

n∑
i=1

∇Dsi (v) (15)

where n represents the number of shots within a batch,
satisfying 1 ≤ n ≤ Ns, and si denotes a randomly chosen
index uniformly distributed over {1, 2, . . . , Ns}.

Then, we use the AdamP gradient optimization algorithm to
update the model parameters. In the classical Adam algorithm,
the calculation formula for the first moment estimation of the
gradient is

ŝk =
β1sk−1 + (1 − β1)∇̄Dk(

1 − βk
1

) (16)

r̂k =
β2rk−1 + (1 − β2)∇̄Dk ⊙ ∇̄Dk(

1 − βk
2

) (17)

where ŝk is the biased first-moment estimation of the gradient
for the kth iteration, r̂k is the biased second raw moment
estimate of the gradient for the kth iteration, ŝ0 = r̂0 = 0,
⊙ represents element-wise multiplication, and β1 and β2 are
hyperparameters controlling the exponential decay rates for
the averages of the gradient and the squared gradient terms,
respectively. Based on the Adam algorithm, the update step
direction m is

mk =
ŝk√

r̂k + ε
(18)

where ε is a constant, typically set to 1 × 10−8. Different
from Adam, the AdamP optimization algorithm needs to
apply a projection operation 0vk to mk to eliminate its radial
component in the weight space [60]

0vk (mk) = mk −
⟨mk, vk⟩

∥vk∥
2
2

vk (19)

then, the velocity model is updated with

vk+1 = vk − γk0vk (mk) (20)

where vk represents the current model parameters, γ is the
step size of the AdamP optimizer.

D. Plug-and-Play Priors

PnP priors efficiently address nonlinear inverse problems
by incorporating a pretrained denoiser into the optimization
process, thus introducing image priors into the system. In the
PnP framework, the ADMM [39] and HQS [49] algorithms are
commonly used variable splitting methods, with HQS favored
for its simplicity and fast convergence.

In Section II-B, we introduced the GS-SD, which serves
as an effective measure of data fitting. Utilizing this concept,
we can reconstruct the optimization problem of FWI in (4) as
follows:

ẑ = arg min
z

S
(
G[F(z)],G

[
y
])

+ µR(z) (21)

where z represents the unknown velocity model, y repre-
sents the observed seismic data, the data-fitting term D =
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S(G[F(z)],G[y]), µ is the regularization parameter, and R
is the regularization term, which is typically TV regulariza-
tion. As shown in Fig. 2, we have demonstrated that D is
smooth and convex. However, due to the nonsmoothness of
R, this composite optimization problem cannot be solved
using gradient-based methods. In this study, we employ the
PnP-HQS to address the nonsmoothness of R.

The PnP-HQS algorithm obtains a constrained optimization
problem by introducing an auxiliary variable v

ẑ = arg min
z

S
(
G[F(z)],G

[
y
])

+ µR(v), s.t. v = z. (22)

Then, we can formulate this constrained optimization problem
into its augmented Lagrangian function form

L(z, v) = S
(
G[F(z)],G

[
y
])

+ µR(v) +
τ

2
∥v − z∥2

2 (23)

where τ is the penalty factor. Such problem can be solved by
alternating iterations to solve the subproblems for z and v

zk = proxτD(vk−1)

= arg min
z

S
(
G[F(z)],G

[
y
])

+
τ

2
∥z − vk−1∥

2
2 (24)

vk = proxµR(zk) = arg min
v

1
2(σ )2 ∥v − zk∥

2
2 +R(v) (25)

where prox denotes the proximal operator, which typically
has a closed-form solution, and σ =

√
µ/τ . By alternating

solving (24) and (25), the original problem in (21) is solved.
The PnP-HQS algorithm decouples D and R into two

independent subproblems. Specifically, due to the high compu-
tational cost associated with calculating the proximal operator
proxτD for FWI, we can employ the PGM [41], [46] to find
the proximal point zk of vk−1 in the subproblem (24), which
only requires the use of automatic differentiation technology to
compute the gradient of vk−1. From a Bayesian perspective, the
subproblem of (25) corresponds to Gaussian denoising on zk

with a noise level of σ . Consequently, any Gaussian denoiser
can be embedded into the alternating iterations to solve (25).
Furthermore, to balance the impact of denoiser updates on
FWI, a new variable u is introduced, u0 = v0, and the gradient
∇D is optimized using AdamP optimizer. Thus, the algorithm
based on the HQS-FWI framework can be described as

zk = uk−1 − γk−10uk−1(m(∇D(uk−1))) (26)
vk = Denoiser(zk, σ ) (27)
uk = ωvk + (1 − ω)zk (28)

where ω is the tradeoff parameter, 0 ≤ ω ≤ 1.

E. Deep Denoiser Prior Model

In the implementation of the HQS-FWI framework,
we employ DRUNet denoiser [48], [63], which is pretrained
on a natural image set with noise levels in the range (0, 50)
and originates from the field of computer vision, to replace
the traditional explicit regularization term. DRUNet combines
the image transformation capabilities of UNet with the deep
network modeling capabilities of ResNet, thereby enhancing
the denoising performance of the network. In addition, the
design of DRUNet takes into account the input of noise level

Fig. 3. Architecture of (a) DnCNN, (b) FFDNet, and (c) DRUNet denoiser.
Unlike DnCNN, both FFDNet and DRUNet take additional noise level maps
as input, and output a clean image rather than noise.

maps, effectively recognizing and adapting to various noise
characteristics. The network architecture of DRUNet mainly
consists of four scales, where 2 × 2 strided convolution
(SConv) is used for downscaling and 2 × 2 transposed convo-
lution (TConv) for upscaling, with identity skip connections
between them to facilitate information exchange across scales.
From the first to the fourth scale, the number of channels
in each layer increases sequentially to 64, 128, 256, and
512. Each scale connects four successive residual blocks with
downscaling and upscaling. The first and last convolutional
layers, as well as the SConv and TConv layers, do not
use activation functions, each residual block contains only a
rectified linear unit (ReLU) activation function, and no bias
is used throughout the DRUNet, which helps enhance the
network’s generalization ability. Furthermore, we also use a
DnCNN [42], [43], [46] pretrained on natural images with
a noise level of 10, and FFDNet [47] with an input noise
map level of 15 to compare with the DRUNet, testing their
denoising performance on the real noise generated during the
iterative process of FWI. The three network architectures are
shown in Fig. 3.

F. Implementation of the Proposed Method

Based on the analysis in Sections II-D and II-E, we combine
the GS-SD with DRUNet denoiser to formulate the proposed
method FWISD-DRU, achieving efficient inversion through a
two-stage optimization process. As illustrated in Fig. 4, the
inversion starts from an initial velocity model v0 and generates
predicted data dpre using the wave equation, while the observed
data dobs consists of real seismic records. Throughout the
iteration process, both dpre and dobs are mini-batch processed,
leveraging automatic differentiation to compute the gradient
of the data-fitting term, and employing the AdamP algorithm
to update the velocity model. Subsequently, the optimized
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Algorithm 1 FWISD-DRU Algorithm
Input: Initial velocity model v0, forward modeling operator
F, observed record dobs , number of iterations K , number of
shots n, optimizer parameters β1, β2, regularization Parameter
λ , noise level σ , tradeoff parameter ω, deep denoiser prior
model.
Output: Final inverted velocity model v.

Initialization: u0 = v0.
1: for k = 1, 2, . . . , K do
2: randomly select n shot gathers from dobs ;
3: ∇̄D(uk) = 1

/
n
∑n

i=1 ∇
(

S(G[Fi (uk)],G
[
dobs

i

])
;

4: ŝk =
(
β1sk−1 + (1 − β1)∇̄Dk

)/(
1 − βk

1

)
;

5: r̂k =
(
β2rk−1 + (1 − β2)∇̄ Dk ⊙ ∇̄Dk

)/(
1 − βk

2

)
;

6: mk = ŝk

/(√
r̂k + ε

)
;

7: zk+1 = uk − γk0uk (mk);
8: vk+1 = Denoiser(zk+1, σ );
9: uk+1 = ωvk+1 + (1 − ω)zk+1;
10: end for
11: return v

model is fed into the DRUNet to extract more accurate
model features. Upon reaching a predefined threshold for the
objective function, the algorithm outputs the final inverted
result. The FWISD-DRU workflow operates entirely within a
DL framework, enhancing both the efficiency and accuracy of
inversion. Algorithm 1 shows more details of FWISD-DRU.

III. NUMERICAL EXPERIMENTS

In this section, we first use the Camembert velocity model
for inversion testing to demonstrate the regularization effect
of a DL-based denoiser in the inversion process. Then,
experiments are conducted on two famous synthetic models:
the Overthrust model, and the 2004 BP model to validate
the effectiveness of the FWISD-DRU method in inversion
tasks across different geological models. The experiments first
compare the FWI based on ℓ2-norm (FWIℓ2) with FWI using
GS-SD (FWISD) to demonstrate the advantages of optimal
transport theory. Subsequently, we compare the inversion
results of FWISD-DRU with FWI methods using traditional
TV regularization (FWISD-TV) and two denoisers, DnCNN
and FFDNet (FWISD-DnCNN and FWISD-FFD). Our FWI
framework is built on the PyTorch 2.0.1 environment using
an RTX 3090 GPU with 24 GB of memory. The open-source
Deepwave [64] toolbox is employed for wavefield simulation.

A. Inversion Parameters and Result Measurement

To accurately simulate the propagation of seismic waves,
we employ a finite difference method with second-order accu-
racy in time and eighth-order accuracy in space for forward
modeling. Perfectly matched layers (PMLs) [65] are applied as
absorbing boundary conditions on the left, right, and bottom
sides of the model. The PML thickness is set to 40 grid
points. A free-surface boundary is imposed at the top to
simulate wave propagation in a half-space medium. In all FWI
frameworks, the AdamP optimizer is utilized with parameters
β1 = 0.5, β2 = 0.7, ε = 10−8, and the weight decay is set to

0 for updating the model parameters. For TV regularization,
the optimal penalty coefficient µ is selected from the set
{1 × 10−5, 1 × 10−4, 5 × 10−4, 1 × 10−3}. The regularization
parameter for GS-SD is set to 0.05. When setting the noise
level of DRUNet denoiser, we will only discuss the impact
of the noise level σ , σ is chosen optimally from {1, 3, 5, 7,
10, 15}, and the tradeoff parameter ω balancing the data-fitting
term and the prior term is selected from {0.05, 0.07, 0.1,
0.4, 0.7, 1.0}. When calculating the gradient using automatic
differentiation techniques, the batch size n is set to 2. In FWI
ℓ2, data are normalized to the range [−1, 1] with a learning
rate (lr) of 50, whereas, in FWISD, data are not normalized
with a learning rate of 10. The sampling rate for the discrete
point cloud data of the graph transformation is set to 2,
and the (δt , δx ) for the Gaussian function is (1 × 10−3,
5 × 10−3). All FWI methods iterate 100 epochs with the
learning rate decaying to 0.75 of its original value every
20 epochs. Note that in each epoch, the number of iterations
is given by Ns/n, where one epoch will go through all
the shot gathers. Therefore, the total number of iterations
K = 100 × (Ns/n).

To evaluate the performance of the proposed FWI method,
we employ a suite of evaluation metrics to measure the
discrepancy between the inverted velocity model v and the
true velocity model v̂. These metrics include the relative error
(RE), signal-to-noise ratio (SNR), and structural similarity
index (SSIM)

RE
(
v̂, v
)

=

∥∥v − v̂
∥∥

2

∥v∥2
(29)

SNR
(
v̂, v
)

= 10 log10
∥v∥

2
2∥∥v̂ − v
∥∥2

2

(30)

SSIM
(
v̂, v
)

=
(2µvµv̂ + c1) +

(
2σvv̂ + c2

)(
µ2

v + µ2
v̂ + c1

)(
σ 2

v + σ 2
v̂ + c2

) (31)

where µv, µv̂, σv, and σv̂ represent the local mean and standard
deviation of the true velocity model and the inverted veloc-
ity model, and σvv̂ denotes their covariance. c1 and c2 are
constants introduced to avoid division by zero and to ensure
computational stability, commonly set to c1 = 1 × 10−4 and
c2 = 9 × 10−4. It is evident that the inversion quality is better
when the value of RE is lower, the value of SNR is higher,
and the value of SSIM is closer to 1.

B. Camembert Model Test

Camembert velocity model [see Fig. 5(a)] has a depth
of 2 km and a width of 2 km, with a grid spacing of
10 × 10 m. The background velocity is 3 km/s, containing
a circular high-velocity anomaly with a radius of 0.6 km
and a velocity of 3.6 km/s. A 10-Hz Ricker wavelet is used
as the source, with a temporal sampling interval of 1 ms.
There are 20 sources evenly distributed at a depth of 10 m
with a horizontal spacing of 100 m, and 200 receivers evenly
distributed at a depth of 2 km with a horizontal spacing
of 10 m.

Fig. 5(c)–(h) shows the Camembert model inversion results.
The FWIℓ2 method [see Fig. 5(c)] encounters difficulties with
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Fig. 4. (a) Workflow of the FWISD-DRU method based on data fitting and deep denoising priors. (b) GS-SD is used as a data-fitting term to measure the
misfit between predicted data and observed data. (c) Pretrained DRUNet denoiser is utilized as a regularization term to eliminate noise and artifacts generated
during the iterative inversion process.

Fig. 5. Results of the Camembert model test with different inversion methods.
(a) True model. (b) Initial model. The inverted model from (c) FWIℓ2,
(d) FWISD, (e) FWISD-TV, (f) FWISD-DnCNN, (g) FWISD-FFD, and
(h) proposed FWISD-DRU.

local minima when the initial model differs from the true
model significantly. FWISD [see Fig. 5(d)], using the GS-SD
as the misfit term, partially mitigates this issue, recovering
the anomaly’s overall structure but introducing artifacts and
noise at its top and bottom. FWISD-TV [see Fig. 5(e)] reduces
artifacts and improves velocity continuity within the anomaly
using TV regularization but has challenges with artifacts below
the anomaly. FWISD-DnCNN [see Fig. 5(f)] and FWISD-
FFD [see Fig. 5(g)], employing DL-based denoisers, better
suppress artifacts, but minor residual artifacts persist. FWISD-
DRU [see Fig. 5(h)], using the DRUNet denoiser, delivers a
high-resolution recovery of the anomaly, significantly reducing
background artifacts and enhancing boundary details. More-
over, Table I’s quantitative metrics (RE, SNR, and SSIM) also
demonstrate the superior performance of FWI-DRU.

C. Overthrust Model Test

The Overthrust model is a 3-D geological model featuring
a central reverse fault anticline, with external monocline and
flat zones. For inversion testing, we extract a 2-D slice [see
Fig. 6(a)] from the center of this 3-D model. The true velocity

Fig. 6. Results of the Overthrust model with different inversion methods.
(a) True model. (b) Initial model. The inverted model from (c) FWIℓ2,
(d) FWISD, (e) FWISD-TV, (f) FWISD-DnCNN, (g) FWISD-FFD, and
(h) proposed FWISD-DRU.

model measures 4.7 km deep and 20 km wide with 20 by 20 m
grid spacing, and velocity values range from 2.36 to 6 km/s.
The initial model [see Fig. 6(b)] features a linear velocity
profile. A 5-Hz Ricker wavelet is used as the source term,
with 40 sources and 500 receivers evenly spaced at a depth
of 20 m.

Fig. 6(c)–(h) displays the inversion results of various FWI
methods. The baseline FWIℓ2 [see Fig. 6(c)] struggles with
local minima, failing to recover key structural features. FWISD
[see Fig. 6(d)] reduces this issue, producing more accu-
rate velocity distributions and geological structures, though
imprecise updates in the flat right area and artifacts persist.
FWISD-TV [see Fig. 6(e)] incorporates TV regularization to
suppress noise and enhance flat layers and fault structures,
but excessive smoothing blurs geological boundaries. FWISD-
DnCNN [see Fig. 6(f)] and FWISD-FFD [see Fig. 6(g)],
using DL denoisers, deliver higher resolution results with
improved structural detail. FWISD-DnCNN reduces noise but
leaves artifacts in high-velocity contrast regions. FWISD-FFD
achieves similar performance but introduces artificial shallow
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TABLE I
EVALUATION OF INVERTED MODELS AND COMPUTATION TIME OF ONE EPOCH

Fig. 7. Vertical velocity profiles at a distance of 6, 12, and 18 km from the
inversion results of the Overthrust model.

layers. The proposed FWISD-DRU [see Fig. 6(h)], leveraging
the DRUNet denoiser, optimizes noise levels and weighting
coefficients to improve inversion quality. It recovers shallow
and deep velocity variations, suppresses artifacts, enhances
boundary resolution, and achieves high model fidelity. The
vertical velocity profile (see Fig. 7) and metrics in Table I con-
firm FWISD-DRU’s superiority. Compared to FWIℓ2, FWISD
reduces the model reconstruction error by approximately 29%,
while FWISD-DRU further improves reconstruction fidelity by
63% based on FWISD.

D. Modified 2004 BP Model Test

The 2004 BP model is based on a complex geological cross
section of the western Gulf of Mexico, characterized by two
high-velocity salt bodies with strong lateral variation, which
increases the nonlinearity of FWI, potentially trapping the
inversion in local minima. The modified 2004 BP model [see
Fig. 8(a)] has a size of 3.84 km in depth and 14.02 km in width
with a grid spacing of 20 × 20 m. Velocity values range from
1.49 to 4.79 km/s. A 5-Hz Ricker wavelet is employed as
the source wavelet, with 50 sources and 700 receivers evenly
distributed horizontally at a depth of 0.2 km, with intervals of
0.28 and 0.02 km, respectively. The initial model features a
linear velocity profile [see Fig. 8(b)].

Fig. 8(c)–(h) displays the inversion results of various FWI
methods. The FWIℓ2 method [see Fig. 8(c)] gets stuck in
local minima, failing to recover the salt dome structure.
FWISD [see Fig. 8(d)] alleviates cycle skipping by using the
GS-SD, improving salt dome recovery. However, there are
still errors in the velocity updates at the bottom of the salt
dome. FWISD-TV [see Fig. 8(e)] reduces noise and artifacts.

Fig. 8. Results of the modified 2004 BP model with different inver-
sion methods. (a) True model. (b) Initial model. The inverted model from
(c) FWIℓ2, (d) FWISD, (e) FWISD-TV, (f) FWISD-DnCNN, (g) FWISD-FFD,
and (h) proposed FWISD-DRU.

However, excessive smoothing limits its ability to recover
complex salt dome boundaries. FWISD-DnCNN [see Fig. 8(f)]
and FWISD-FFD [see Fig. 8(g)] achieve higher resolution
and preserve structural details, but both methods still have
incorrect low-velocity artifacts at the edges of the model.
In contrast, the FWISD-DRU method [see Fig. 8(h)] achieves
high-resolution recovery of the salt dome structure at different
depths, especially excelling in the complex velocity variations
of the salt cavity on the right side, indicating a superior balance
of noise suppression and detail recovery. The vertical velocity
profiles (see Fig. 9) and the metrics in Table I highlight the
advantages of FWISD-DRU. Compared to FWIℓ2, FWISD
decreases the model reconstruction error by approximately
18%, while FWISD-DRU further enhances reconstruction
accuracy by 70% over FWISD. These results demonstrate its
capability to overcome local minima and achieve high-quality
inversion in complex high-contrast models.

In addition, as illustrated in Fig. 10, the FWISD-DRU
method achieves faster and smoother convergence compared to
FWISD with the other three constraints and without constraints
across the three models: Camembert, Overthrust, and the
modified 2004 BP model. The convergence curve demonstrates
that the DRUNet denoiser effectively suppresses inversion
artifacts without degrading the inversion results.
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Fig. 9. Vertical velocity profiles at a distance of 3, 7, and 11 km from the
inversion results of the modified 2004 BP model.

Fig. 10. Misfit convergence curves of different algorithms on (a) Camembert,
(b) Overthrust, and (c) modified 2004 BP models.

IV. DISCUSSION

We propose an effective FWI method, termed FWISD-
DRU, whose superior performance over traditional methods
and other denoising approaches has been demonstrated in
previous numerical tests. This section explores the key factors
affecting the performance of FWISD-DRU, based on the
modified 2004 BP model test results.

A. Noisy Observed Records

When observed data contain noise, it increases data uncer-
tainty and affects the stability of the inversion algorithm.
We add AWGN to noise-free records to obtain noisy records
with an SNR of 10 dB (see Fig. 11) and test the noise
sensitivity of various FWI methods. As shown in Fig. 12,
FWIℓ2 is prone to local minima, generating noise and artifacts
with noisy data. While FWISD captures the overall model
structure, it is still significantly affected by noise, especially
when updating the right-side salt body. FWISD-TV, FWISD-
DnCNN, and FWISD-FFD also give degraded performance
with noise, creating artificial low-velocity zones. In contrast,
FWISD-DRU demonstrates greater accuracy and robustness,
with results similar to the noise-free case.

Fig. 13 further illustrates the changes in zk and vk across
different iterations of FWISD-DRU. As the iterations progress,
the SNR of vk gradually improves, the RE of zk and vk

decreases, and the range of the removed noise is also reduced.

B. Optimization Algorithms

In the FWI process, different optimization algorithms vary
in convergence speed, stability, and ability to find global
optimal solutions. We assess the performance of L-BFGS,
stochastic gradient descent (SGD), Adam, and AdamP within
the FWISD-DRU framework and analyze AdamP’s perfor-
mance at different learning rates. Fig. 14 shows the results:

Fig. 11. Comparison of observed data generated from the modified 2004 BP
model under the condition of a free surface at the top. The first row, in order,
presents: the original observed data (first column), observed data with additive
white Gaussian noise (second column), where the SNR of the noisy data is
10 dB, and observed data missing frequency components below 3 Hz (third
column). The second row shows the wiggle trace extracted from the red
rectangular areas.

Fig. 12. Inversion results of different inversion methods to the modi-
fied 2004 BP model with noisy observed data. (a) True model. (b) Initial
model. Inverted model from (c) FWIℓ2, (d) FWISD, (e) FWISD-TV, (f) FWIS-
D-DnCNN, (g) FWISD-FFD, and (h) proposed FWISD-DRU, respectively.

L-BFGS fails to recover the salt body structure, creat-
ing erroneous low-velocity zones. SGD struggles with the
high-velocity salt body on the right. Adam restores the overall
model but causes slight distortions in the left-side salt body,
resulting in smoother outcomes. AdamP provides more stable
and accurate results than Adam. The learning rate significantly
affects AdamP’s performance: too low causes insufficient
updates, while too high leads to errors in the subsalt area.
Through a comprehensive analysis of the model recovery
results and the RE curves (see Fig. 15), we find that the
AdamP algorithm with lr of 10 achieves the smallest inversion
error. Compared to Adam with the same lr, AdamP reduces
the model error by about 16%.

C. Noise Level of DRUNet

We systematically analyze the noise level map input to the
DRUNet, using σ values from 1 to 15. Fig. 16 shows that
the best FWI results occur at a noise level of 5. When σ
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Fig. 13. Intermediate steps of inversion and denoising in FWISD-DRU. (First
row) Estimated values of z obtained from the inversion of the data-fitting term.
(Second row) Estimated values of v obtained after the denoiser removes noise
from z. (Third row) Removed noise.

Fig. 14. Inversion results of the modified 2004 BP model using different
optimization algorithms. (a) L-BFGS, (b) SGD, (c) Adam with lr of 10,
(d) AdamP with lr of 4, (e) AdamP with lr of 10, and (f) AdamP with lr
of 20.

Fig. 15. RE values of different optimization algorithms, against the epoch
number. The purple, green, brown, blue, red, and orange curves represent
L-BFGS, SGD, Adam with lr of 10, and AdamP with lr of 4, 10, and 20,
respectively.

is below 5, inversion results improve with increasing noise
levels, likely because moderate noise enhances the denoiser’s
ability to adapt and accurately remove noise. However, when σ

exceeds 5, the recovered model loses detail, and the interface
becomes overly smooth, suggesting that high noise levels make
it difficult for the denoiser to distinguish between geological
structures and noise, reducing accuracy. At σ = 15, the
denoising process severely disrupts the structures, leading to
significant deviations from reality. The test confirms that a
moderate noise level improves FWI performance, while too
low or too high levels reduce image quality. Fig. 17 shows
the variation of RE and SNR with the number of iterations,

Fig. 16. Inverted models from different noise levels corresponding to the
modified 2004 BP model. (a) σ = 1, (b) σ = 3, (c) σ = 5, (d) σ = 7,
(e) σ = 10, and (f) σ = 15.

Fig. 17. RE (blue) and SNR (orange) of the recovered models using
FWISD-DRU with different noise levels.

further confirming that an appropriate noise level can improve
the performance of FWI, σ = 5 produces the lowest RE and
highest SNR.

D. Tradeoff Parameter

In the FWISD-DRU framework, the update of the model
uk depends on zk and vk , which are iteratively updated by
the data-fitting term and the denoiser, respectively. The com-
bination is significantly affected by the tradeoff parameter ω.
To assess its impact on FWISD-DRU performance, we tested
six values of ω: 0.05, 0.07, 0.1, 0.4, 0.7, and 1.0. Fig. 18
shows that at ω = 0.4, FWISD-DRU achieves optimal inver-
sion, accurately recovering underground structures without
low-speed errors or artifacts. At ω = 0.05, artifacts appear in
the subsalt area, which are reduced as ω increases. However,
the inversion overly smooths the model at ω = 0.7, losing
details; the denoiser misinterprets the model updates as noise
at ω = 1.0. Thus, an appropriate tradeoff parameter balances
the data-fitting term and the denoiser, leading to more accurate
results.

E. Missing Low-Frequency Data

The lack of low-frequency data often traps FWI in local
minima, affecting its convergence and accuracy severely.
We analyze the performance of different DL-based FWI meth-
ods with the observed data missing low frequencies. In Fig. 11,
a noise-free observed seismic record is processed using a
sixth-order high-pass Butterworth filter to remove frequencies
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Fig. 18. Inversion results of the modified 2004 BP model with different
tradeoff parameters. (a) ω = 0.05, (b) ω = 0.07, (c) ω = 0.1, (d) ω = 0.4,
(e) ω = 0.7, and (f) ω = 1.0.

Fig. 19. Inversion results of the modified 2004 BP model with missing
low-frequency observed data using different inversion methods. (a) FWIℓ2,
(b) FWISD, (c) FWISD-TV, (d) FWISD-DnCNN, (e) FWISD-FFD, and
(f) proposed FWISD-DRU.

below 3 Hz, and the inversion results are shown in Fig. 19.
FWIℓ2 fails to update the model, and FWISD only captures
the general model structure. FWISD-TV, FWISD-DnCNN, and
FWISD-FFD show significant low-velocity errors, whereas
FWISD-DRU effectively recovers stratigraphic boundaries and
salt structures, proving its robustness against low-frequency
deficiencies and high-frequency artifacts.

F. Comparison Between Multiscale Inversion and
Denoiser-Assisted Inversion

To mitigate the issue of FWI getting trapped in local
minima, common strategies also include multiscale inversion.
We applied ℓ2-norm multiscale inversion to sequential fre-
quency bands (0–2, 2–4, 4–8, and 8–16 Hz) with 25 epochs
of iteration for each and compared its results with ℓ2-norm
inversion using the DRUNet denoiser (without multiscale),
which processes full-bandwidth data directly (see Fig. 20).
While multiscale inversion mitigates local minima by progres-
sively incorporating higher frequencies, it struggles to recover
detailed stratigraphy and exhibits significant artifacts beneath
the salt bodies. In contrast, the DRUNet-based inversion
achieves higher resolution, more accurately reconstructs the
salt structure on the left, and suppresses the overall noise
and artifacts in the model. These findings show that the

Fig. 20. Inversion results of the modified 2004 BP model using different
inversion strategies. (a) FWIℓ2, (b) FWIℓ2 with DRUNet, (c)–(f) Multiscale
FWIℓ2 results at 0–2, 2–4, 4–8, and 8–16 Hz, respectively.

DRUNet denoiser effectively mitigates local minima risks
without frequency decomposition and enhances model reso-
lution in challenging inversions, offering a viable alternative
to multiscale methods.

G. Remaining Challenge and Future Work

First, Table I presents performance metrics and time
expenditure per iteration for various methods. Although
FWISD-DRU requires the longest processing time due to
the DRUNet’s complexity, its performance gains justify this
cost. Second, the GS-SD shows potential for velocity model
recovery but increases computational demands as data size
grows. Signal resampling can mitigate this, but high sampling
rates risk inaccurate signal estimation. Third, the effectiveness
of the denoiser hinges on the careful selection of the noise
level σ and tradeoff parameter ω, as improper settings of
σ and ω can lead to structure loss or excessive smoothing.
Finally, although DL frameworks enhance FWI efficiency,
their memory demands may limit application in large-scale
seismic exploration.

Researchers have explored various DL-based strategies to
address the convergence of FWI to local minima, includ-
ing constructing large-scale velocity model datasets [66] to
learn the mapping relationship between seismic records and
velocity models, unsupervised learning [53], low-frequency
extrapolation [12], and multiscale strategies [14]. Despite
these advancements in DL methodologies, there is a grow-
ing emphasis on developing FWI approaches that are
robust and grounded in physical principles, ensuring results
align with geological and physical wave propagation laws.
Physics-informed neural networks (PINNs) [67] and neural
operators [68], which embed physical laws within neural
networks, offer promising improvements in FWI’s efficiency
and accuracy. In addition, to further enhance the practicality
and efficiency of FWI-DRU, reducing the number of tunable
parameters is a key area of focus. Generative denoisers like
the Diffusion model [69] provide learned prior constraints,
eliminating the need for manual noise level tuning, which
is inevitable in traditional CNN-based denoisers. Finally,
extending FWISD-DRU to elastic FWI and 3-D geological
models is a crucial direction for future research.
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V. CONCLUSION

In this article, we propose an effective PnP FWI framework
called FWISD-DRU, which integrates a DL-based pretrained
DRUNet denoiser from the field of computer vision into
the FWI process as a regularization term. Compared with
traditional regularization methods, such as TV regularization,
FWISD-DRU significantly reduces the noise and artifacts that
arise during the iterative inversion process due to factors such
as inaccurate initial models, poor data quality, and data band-
width limitations. Our framework provides denoising prior
information for each iteration of FWI, effectively avoiding
the inversion from falling into local minima, thereby restor-
ing the high-fidelity and high-resolution features of different
geological models. Furthermore, by utilizing the SD in graph
space as a data fitting term, we effectively alleviate the cycle
skipping issues, which are prone to happen with the ℓ2-norm.
Combining the automatic differentiation technology of DL
and the AdamP gradient optimization algorithm, FWISD-DRU
achieves high computational efficiency and accuracy. Although
our proposed method is demonstrated on 2-D acoustic FWI,
its principles, and strategies can be extended to both elastic
and 3-D FWI easily, offering new avenues for accurate under-
ground imaging with seismic data.
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a b s t r a c t

P- and S-wave separation plays an important role in elastic reverse-time migration. It can reduce the
artifacts caused by crosstalk between different modes and improve image quality. In addition, P- and S-
wave separation can also be used to better understand and distinguish wave types in complex media. At
present, the methods for separating wave modes in anisotropic media mainly include spatial non-
stationary filtering, low-rank approximation, and vector Poisson equation. Most of these methods
require multiple Fourier transforms or the calculation of large matrices, which require high computa-
tional costs for problems with large scale. In this paper, an efficient method is proposed to separate the
wave mode for anisotropic media by using a scalar anisotropic Poisson operator in the spatial domain.
For 2D problems, the computational complexity required by this method is 1/2 of the methods based on
solving a vector Poisson equation. Therefore, compared with existing methods based on pseudo-
Helmholtz decomposition operators, this method can significantly reduce the computational cost. Nu-
merical examples also show that the P and S waves decomposed by this method not only have the
correct amplitude and phase relative to the input wavefield but also can reduce the computational
complexity significantly.
© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The P- and S-waves are coupled during their propagation in the
Earth. Thus, crosstalk artifacts will occur when imaging directly
with the mixed wavefields, affecting the imaging quality (Zhang
and Shi, 2019; Xie et al., 2021). Through wave-mode separation,
the PP, PS, SS and SP waves can be imaged separately, which can
reduce wave-mode crosstalk artifacts and improve imaging quality
(Sun et al., 2006; Yan and Sava, 2008; Zhou et al., 2019; Yang et al.,
2019; Li et al., 2021; Li and Qu, 2022; Zhang et al., 2022; Zuo et al.,
2022). The application of wave mode separation in full-waveform
inversion can reduce the nonlinearity and crosstalk problem be-
tween multi-parameters and improve the accuracy of inversion
(Ren and Liu, 2016; Qu et al., 2018; Luo et al., 2020; Hu et al., 2022).

So P- and S-wave separation is very important in imaging and full-
waveform inversion for elastic isotropic and anisotropic media.

The key to wavefield separation is the polarization directions of
the P and S waves. In isotropic media, the wave travels in the same
direction as the polarization of the P-wave and perpendicular to the
polarization of the S-wave, so the P and S waves can be separated by
applying divergence and curl directly to the input wavefield.
However, the resulting amplitude and phase of the P and S waves
are incorrect (Sun et al., 2004). Separating the input wavefield us-
ing Helmholtz decomposition (Morse and Feshbach, 1953; Aki and
Richards, 2002) can solve this problem effectively. However,
directly solving scalar and vector potentials requires calculating
triple integrals, resulting in high costs. To solve this problem, the
Helmholtz decomposition based methods for vector decomposing
wavefield in the space domain and the wavenumber domain are
proposed successively (Zhang and McMechan, 2010; Zhu, 2017).
Yang et al. (2018) and Zhao et al. (2018) propose to integrate the
source wavelet and achieve the wavefield decomposition by scaling
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the decomposition operator. This method avoids the calculation of
Poisson equation and improves the efficiency of wavefield
decomposition. Using the relationship between the divergence,
curl, gradient, and exterior derivative operations (Morse and
Feshbach, 1953), Zheng and Yao (2023) proposed a method for
decomposing wavefields in isotropic media based on a scalar Lap-
lacian operator. Different from the existing Helmholtz decomposi-
tion based method, this method only requires solving a scalar
Poisson equation, not a vector Poisson equation, resulting in much
higher computational efficiency.

In anisotropic media, the polarization directions of P and S waves
are neither parallel nor perpendicular to the wave propagation di-
rection. Therefore, it is necessary to obtain the polarization di-

rections of P and S waves through the Christoffel equation (Dellinger
and Etgen, 1990), and then project the vector of wave displacement
or particle velocity into the polarization directions of P and S waves
to achieve wave mode separation. Dellinger and Etgen (1990) and
Dellinger (1991) obtained the polarization directions of P and S
waves by solving the Christoffel equation in the wavenumber
domain and then returned to the spatial domain to obtain the
anisotropic wavefield separation operator. However, since this
method directly applies the separation operator to the wavefield, the
amplitude and the phase obtained are incorrect. Moreover, this
method is only accurate for homogeneous media. To solve these
problems, Zhang and McMechan (2010) proposed a vector decom-
position method of elastic wavefield in the wavenumber domain,
which can obtain the correct amplitude and phase. Yan and Sava
(2009) proposed a non-stationary filter to separate P- and S-wave
in anisotropic heterogeneous media. Their method needs to solve
the Christoffel equation of local media parameters to obtain the local
polarization direction for constructing the non-stationary filter,
which leads to high computational costs. To reduce computational
costs, many scholars have proposed other approaches, such as low-
rank approximation (Cheng and Fomel, 2014; Sripanich et al., 2017),
LU decomposition (Yang et al., 2019), ani-Helmholtz decomposition
in the wavenumber domain and the spatial domain (Zhang et al.,
2022, 2023). In addition, Zhou and Wang (2017) used the Poynting
vector to estimate the deviation angle between the vector of wave
displacement and the P-wave polarization direction and then
separated the P and S waves by rotating the wave vector to the P-
wave polarization direction. Lu et al. (2019) used the Poynting vector
to achieve wave-mode separation in the angle domain.

In this paper, we extend the method proposed by Zheng and Yao
(2023) to separate the anisotropic elastic wavefields by using the
pseudo-gradient operator (Zuo et al., 2022). For the resulting
method, we only need to solve an scalar anisotropic Poisson
equation. Compared with the methods that require solving vector
anisotropic Poisson equations, our method can greatly reduce the
computational cost. Precisely, in the case of 2D wavefields, our
method can save half of the computational cost. Like the methods
proposed by Du et al. (2017) and Zhong et al. (2021), we obtain the

S-wave by subtracting the vector P-wave directly from the input full
wavefield. There is no curl operation on a certain auxiliary wave-
field, which can further reduce the computation costs when
compared with existing pseudo-Helmholtz decomposition
methods.

2. Method

2.1. Review of the pseudo-Helmholtz decomposition operator for 2D
VTI media

The elastic wave equation in the 2D VTI media is as follows:

where x is spatial position coordinates, uxðx; tÞ and uzðx; tÞ denote
horizontal and vertical components of the displacement or particle
velocity wavefields, respectively. rðxÞ represents density, and
c11ðxÞ, c13ðxÞ, c33ðxÞ , c55ðxÞ are the elements of the elastic coeffi-
cient matrix.

Taking the Fourier transform of Eq. (1) by assuming the local
homogenous medium, the Christoffel equation is obtained:

ru2
�

Ux
Uz

�
¼
2
4 c11k2

x þ c55k2
z ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2
x þ c33k2

z

3
5�Ux

Uz

�
(2)

where u is the angular frequency, Ux and Uz are the corresponding
wavefields of ux and uz after the Fourier transform, respectively.
Moreover, kx and kz are the wavenumbers in the x and z directions,
respectively. Denoting

A ¼
2
4 c11k2

x þ c55k2
z ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2
x þ c33k2

z

3
5 and

~a ¼
�

Ux
Uz

� (3)

Then l ¼ ru2 ¼ rk2V2, where V is the phase velocity, l and ~a are
the eigenvalue and eigenvector of matrix A, respectively. The ma-
trix A has two eigenvalues, and the eigenvectors corresponding to
the large and small eigenvalues are the polarization directions of
the P and S waves, respectively. Moreover, the elastic coefficient
matrix elements in Eq. (3) can be represented by Thomsen pa-
rameters (Thomsen, 1986) as follows:

c11 ¼ rð1 þ 2εÞv2
p; c33 ¼ rv2

p; c55 ¼ rv2
s

c13 ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1 þ 2dÞv2

p � v2
s

ih
v2

p � v2
s

ir
� rv2

s

(4)

where ε and d are the Thomsen anisotropy parameters, vp and vs

denote the P and S velocities along the axis of symmetry, respec-
tively. Therefore, the eigenvalue of matrix A is

8>>><
>>>:

rðxÞ v2uxðx; tÞ
vt2 ¼ c11ðxÞ

v2uxðx; tÞ
vx2 þ c55ðxÞ

v2uxðx; tÞ
vz2 þ ðc13ðxÞ þ c55ðxÞÞ

v2uzðx; tÞ
vxvz

rðxÞ v2uzðx; tÞ
vt2 ¼ c55ðxÞ

v2uzðx; tÞ
vx2 þ c33ðxÞ

v2uzðx; tÞ
vz2 þ ðc13ðxÞ þ c55ðxÞÞ

v2uxðx; tÞ
vxvz

(1)
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Utilizing the zero-order Taylor expansion (Zuo et al., 2022), the
eigenvalues and eigenvectors of A can be approximately expressed
as

l1 ¼ rv2
p

h
ð1 þ 2εÞk2

x þ k2
z

i
; l2 ¼ rv2

s

h
k2

x þ k2
z

i

~a1 ¼

2
666664

kxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1 þ 2dÞv2

p � v2
s

ih
v2

p � v2
s

ir
ð1 þ 2εÞv2
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s

kz

3
777775

~a2 ¼

2
666664

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
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s

ih
v2
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s

ir
ð1 þ 2εÞv2

p � v2
s

kz

�kx

3
777775

(6)

By denoting (Zuo et al., 2022)

r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1 þ 2dÞv2

p � v2
s

ih
v2

p � v2
s

ir
ð1 þ 2εÞv2

p � v2
s

(7)

the corresponding formulas of Eq. (6) in the spatial domain are

a1ðxÞ ¼
"

vx

rðxÞvz

#

a2ðxÞ ¼
"

rðxÞvz

�vx

#

rðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1 þ 2dðxÞÞv2

pðxÞ � v2
s ðxÞ

ih
v2

pðxÞ � v2
s ðxÞ

ir
ð1 þ 2εðxÞÞv2

pðxÞ � v2
s ðxÞ

(8)

where, vx and vz are the first-order spatial derivatives in x and z
directions, respectively. Physically, a1ðxÞ and a2ðxÞ denote the po-
larization directions of the P- and S-wave, respectively. Since zero-
order Taylor expansion is applied to obtain the eigenvalues and
eigenvectors of A, the resulting eigenvalues in Eq. (6) and eigen-
vectors in Eq. (8) are accurate for elliptical anisotropy media, i.e.,
ε ¼ d. When the difference between ε and d is large, the accuracy of
zero-order Taylor expansion decreases.

According to Eq. (8), which gives approximated eigenvectors of
A, the following operator gives a pseudo-gradient operator in
anisotropic media:

V¼
�

vx
rðxÞvz

�
(9)

Since the P- and S-wave polarization directions are

perpendicular to each other, the decomposition formulas of P and S
waves can be obtained from the zero-order pseudo-Helmholtz
decomposition operator:

up ¼VðV $ wÞ; us¼ �V � ðV�wÞ (10)

The vector wavefield w satisfies the following anisotropic
Poisson equation:

v2wðxÞ
vx2 þ r2ðxÞ v2wðxÞ

vz2 ¼ uðxÞ (11)

Eqs. (9)e(11) are the anisotropic wavefield decomposition for-
mulas. When the anisotropy parameter is 0, Eq. (9) reduces to a
gradient operator. Therefore, the approximate gradient operator of
Eq. (9) is an improvement on the counterpart in Yang et al. (2019).
Eq. (11) indicates that w is obtained by solving a vector Poisson
equation, which contains multiple scalar Poisson equations. When
the scale of u increases, the computational cost of solving the vector
Poisson equation (Eq. (11)) will increase significantly.

2.2. A scalar anisotropic Poisson operator

By using relationships among the gradient, divergence, curl, and
exterior derivative operations, Zheng and Yao (2023) proposed the
method of using a scalar Poisson equation to decompose the
isotropic wavefield. In this section, we extend this method to
decompose anisotropic wavefields. By introducing an auxiliary
function, we present a scalar anisotropic Poisson equation based on
the pseudo-divergence, pseudo-gradient, and pseudo-curl
operators.

For anisotropic media, the input wavefield vector can be pro-
jected to the polarization directions of P and S waves according to
the Helmholtz decomposition theory. Here, the obtained spatial
domain approximate P-wave polarization direction is used to
replace the P-wave polarization direction. The pseudo-gradient
operator given by Eq. (9) is consistent with the polarization direc-
tion of the P-wave and orthogonal to the polarization direction of
the S-wave. Therefore, the following formula in the spatial domain
is obtained after projecting the vector wavefields u, up and us onto
the obtained polarization vectors a1ðxÞ, a2ðxÞ:

u ¼ up þ us

V$u ¼ V$up; V � u ¼ V � us

V � up¼ 0; V$us¼ 0 (12)

More details can be seen in Zhang et al. (2022). Here, u, up and
us are the input vector wavefield, vector P-wave, and vector S-wave,
respectively.

For the general VTI anisotropic media, the gradient and curl
operators are complex. Thus, we obtain them by applying zero-
order Taylor expansion to the exact eigenvalue of A. Applying the
pseudo-gradient operator to Theorem 1 of Zheng and Yao (2023)
and combining it with the properties of P and S waves in Eq. (12),

l1; 2 ¼ r

h
ð1 þ 2εÞv2

p þ v2
s

i
k2

x þ
h
v2

p þ v2
s

i
k2

z

2
±r

h
ð1 þ 2εÞv2

p � v2
s

i
k2

x þ
h
v2

p � v2
s

i
k2

z

2
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ
8ðd � εÞv2

p

�
v2

p � v2
s

�
k2

x k2
zh�

ð1 þ 2εÞv2
p � v2

s

�
k2

x þ
�

v2
p � v2

s

�
k2

z

i2

vuuuut
(5)
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the following equation can be obtained:

u � us ¼Vf (13)

Applying the pseudo-divergence operator to both sides of Eq.
(13) results in

V
2f ¼V $ ðVf Þ¼V $ u (14)

which can be rewritten as

v2f ðxÞ
vx2 þ r2ðxÞ v2f ðxÞ

vz2 ¼ V $ uðxÞ (15)

Therefore, the P- and S-wavefield decomposition equations for
VTI anisotropic media are

up ¼Vf ; us ¼ u � up (16)

From Eqs. (15) and (16), it can be seen that the computational
complexity of implementing wavefield decomposition is mainly
reflected in solving the scalar anisotropic Poisson Eq. (15). By
contrast, the separation presented by Yang et al. (2019) needs to
solve the vector anisotropic Poisson equation (e.g., Eq. (11)). For the
2D case, two anisotropic Poisson equations need to be solved.
The method proposed in this paper only requires solving one
Poisson equation. Theoretically, the computational cost of our
proposed method is almost 1/2 of that of Yang et al. (2019) for 2D
problems. An extension of this method for 3D cases can be found in
Appendix A.

2.3. Numerical implementation

According to Eqs. (14)e(16), the proposed wavefield decompo-
sition method includes four steps: (1) calculate V$ u; (2) solve the
scalar anisotropic Poisson equation; (3) compute Vf to produce the

P-wave; (4) compute the S-wave by subtracting the P-wave from
the full wavefield.

Usually, staggered finite-difference methods are used to solve
the VTI elastic wave equations, resulting in a half-grid shift of the
velocity and stress components. In the first step, we use the stag-
gered grid finite difference to compute V$u. The obtained scalar
field is located at the grid points of normal stresses. The calculation
in the second step operates on the grid points of normal stresses. In
the third and fourth steps, the P-wave is obtained by solving Vf
using finite difference, and then the S-wave is obtained by sub-
tracting the P-wave from the full wavefield. Therefore, the sepa-
rated P/S waves are still in the original grid position.

In the second step, the successive over-relaxation (SOR) iterative
method (Kincaid and Young, 1972) is used to solve the scalar
anisotropic Poisson equation (Eq. (15)). Here, the second-order

spatial derivative of the function is computed with the sixth-
order central finite difference.

By denoting

bðxÞ ¼ r2ðxÞ; wðxÞ ¼ V $ uðxÞ (17)

Eq. (15) can be expressed as

v2f ðxÞ
vx2 þ bðxÞ v2f ðxÞ

vz2 ¼ wðxÞ (18)

The SOR iteration format for Eq. (18) is as follows:

where f ðkÞi; j represents the value of f on the grid point (i, j) of the k-th

iteration, b is the relaxation factor of the SOR iterative method, and
cn is the finite-difference coefficient. The convergence condition of
this iterative method is 0 < b < 2. In the numerical experiments of
this paper, the relaxation factor b of the SOR iterative is obtained
through trial and error in the interval [0, 2], which is taken as 1.9. To
speed up the convergence, we adopt the SOR iteration with alter-
nating sweeping orderings (Zhao, 2005) to solve the scalar Poisson
equation. The four alternating sweeping orderings in the entire
domain are as follows:

ðiÞ i¼ 1:I; j¼ 1:J; ðiiÞ i ¼ I: 1; j¼ 1:J
ðiiiÞ i ¼ I: 1; j¼J: 1; ðivÞ i¼ 1:I; j¼J: 1 (20)

Eq. (20) indicates the update order of Eq. (19). One iteration uses

Fig. 1. Flowchart of P/S-wave decomposition.

f ðkþ1Þ
i; j ¼ b

wi; j �
1

Dx2

P3
n¼1

cn

�
f ðkÞiþn; j þ f ðkþ1Þ

i�n; j

�
� bi; j

Dz2

P3
n¼1

cn

�
f ðkÞi; jþn þ f ðkþ1Þ

i; j�n

�

c0

�
1

Dx2 þ bi; j

Dz2

�
þð1 � bÞf ðkÞi; j

(19)
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Fig. 2. The horizontal (a) and vertical (b) components of particle velocity for the elliptical anisotropic homogeneous model.

Fig. 3. The separated wavefields for the elliptical anisotropic homogeneous model. Horizontal (a) and vertical (b) components of P-wave. Horizontal (c) and vertical (d) components
of S-wave.
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the order of (i), and the next three iterations follows the order of (ii)
e (iv), and then repeat the order of (i) and so on. The solution
obtained in each iteration is used as the initial value of the next
iteration. Based on the description in this section, Fig. 1 is presented
to show the working flowchart.

3. Examples

In this section, four numerical examples are presented to
demonstrate the effectiveness of our proposed method for
decomposing the wavefields in anisotropic media.

Fig. 4. The wiggle display of the 350th trace (distance ¼ 3.5 km) for the experiment of the elliptical anisotropic homogeneous model. The black curves show the original wavefield
while the red curves show the separated P/S waves.

Fig. 5. The horizontal (a) and vertical (b) components of particle velocity for the non-elliptical anisotropic homogeneous model.
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3.1. Elliptical anisotropic homogeneous model

The first example is the elliptical anisotropic homogeneous
model. A 15 Hz Ricker wavelet is used as the vertical body-force
source excitation, and the source location is at the center of the
model. The parameters of the model are vp ¼ 3000 m/s,
vs ¼ 1500 m/s, r ¼ 1000 kg/m3, ε ¼ 0.2 and d ¼ 0.2. Moreover, the
model is discretized into a grid of 600 � 600 with a 10 m grid
interval.

The horizontal and vertical particle velocity wavefields are
shown in Fig. 2. Fig. 3 shows the horizontal and vertical compo-
nents of P and S waves obtained by using the decomposition
method proposed in this paper, i.e., Eqs. (14)e(16). As can be seen
from Fig. 3, P- and S-wavefield can be separated completely for an
elliptical anisotropic model. The wiggle comparison of the 350th
trace is shown in Fig. 4. It can be seen from Fig. 4 that the horizontal
and vertical components of P and S waves obtained by the proposed
method match well with the amplitude and phase of the input
velocity wavefields. This further demonstrates the effectiveness of

the proposed method.

3.2. Non-elliptical anisotropic homogeneous model

In this experiment, we test the performance of the proposed
zero-order method for a non-elliptical anisotropic homogeneous
media. The test parameters are the same as that of the previous
elliptical anisotropic model except for d ¼ 0.1. The horizontal and
vertical particle velocity wavefields are shown in Fig. 5. Fig. 6 shows
the horizontal and vertical components of P and S waves.

It can be seen from Fig. 6 that there is a small amount of S-wave
leaking into the separated P-wave, and there is also some P-wave
residual in the S-wave. Furthermore, according to the wiggle
display in Fig. 7, the residual is about 3% in terms of the amplitude
ratio. This is because the polarization directions of the P and S
waves shown in Eq. (8) are exact in elliptical anisotropic media
but are an approximation in non-elliptical anisotropic media, so
there will be some residuals when decomposing non-elliptical
anisotropic wavefield. The amplitude of the residual is

Fig. 6. The separated wavefields for the non-elliptical anisotropic homogeneous model. Horizontal (a) and vertical (b) components of P-wave. Horizontal (c) and vertical (d)
components of S-wave.

X.-Y. Fang, G. Yao, Q.-Q. Zheng et al. Petroleum Science 21 (2024) 1597e1610

1603



proportional to the difference between ε and d. Although the
leakage exists, previous studies (Yang et al., 2019; Zhang et al.,
2022; Zuo et al., 2022) suggest that the zero-order pseudo-Helm-
holtz decomposition method fulfills the quality requirement of
elastic migration.

Because accurate P/S wavefileds can be obtained by cutting
through a homogeneous model, we take homogeneous non-
elliptical media as an example to further analyze the accuracy of
this method. By keeping other parameters fixed, we separately
change the anisotropic parameter difference, i.e., ε� d and the ratio
of P-wave to S-wave velocities, i.e., vP=vs. We then calculate the root
mean square error (RMSE) of the P/S waves obtained by using the

method proposed in this paper relative to the accurate P/S waves.
The results are shown in Fig. 8.

When vp=vs ¼
ffiffiffi
3

p
; vp ¼ 3000m=s; vs ¼ 1732m=s; r ¼ 1000 kg=

m3; d ¼ 0:1 and the range of ε� d is [0, 0.3], the RMSE of P/S waves
obtained using the proposed approach are shown in Fig. 8(a). As
can be seen, when other parameters are fixed, the RMSE is directly
proportional to ε� d. Furthermore, the RMSE of the vertical
component is smaller than that of the horizontal component.

When vp ¼ 3000 m=s; r ¼ 1000 kg=m3; ε ¼ 0:2; d ¼ 0:1, the
RMSE relative to vp=vs is shown in Fig. 8(b). As can be seen,
when vp=vs is between 1.2 and 3, the RMSE is less than 1.2 %. The
horizontal component has a relatively larger error than the vertical

Fig. 7. The wiggle display of the 350th trace (distance ¼ 3.5 km) for the experiment of the non-elliptical anisotropic homogeneous model. The black curves show the original
wavefield while the red curves show the separated P/S waves.

Fig. 8. Root mean square errors (RMSE) of the P/S waves obtained by using the proposed method relative to the accurate P/S waves with different influential factors: (a) anisotropic
parameter difference, i.e., ε� d and (b) the ratio of P-wave to S-wave velocities, i.e., vp=vs.
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component. Besides, the variation in ε� d has a slightly greater
influence on the accuracy of wavefield separation than vp=vs.
However, Fig. 8 indicates that even in strongly anisotropic media,
e.g., ε� d¼ 0:3, the RMSE is about 2.3%. This suggests that the new
method has a high level of accuracy and can be applied to most
anisotropic media.

3.3. VTI layered model

In this example, we consider the VTI layered model, and the
model parameters are shown in Fig. 9. The source is located at
(5 km, 0.8 km) and is excited with a P-wave source of a 15-Hz Ricker
wavelet. The grid spacing is 10 m in both horizontal and vertical
directions.

The horizontal and vertical components of the particle velocity
wavefields are shown in Fig. 10. The separated P and S waves are
shown in Fig. 11. As can be seen, the leakage is weak. This implies
that the proposed method is suitable for the VTI layered model.Fig. 9. The non-elliptical VTI layered model.

Fig. 10. The horizontal (a) and vertical (b) components of particle velocity for the non-elliptical VTI layer model.

Fig. 11. The separated wavefields for the non-elliptical VTI layer model. Horizontal (a) and vertical (b) components of P-wave. Horizontal (c) and vertical (d) components of S-wave.
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Fig. 12. Hess model parameters.

Fig. 13. The horizontal (a) and vertical (b) components of particle velocity wavefields in the Hess model.

Fig. 14. The horizontal (a) and vertical (b) components of P-wave using the method of Yang et al. (2019).

X.-Y. Fang, G. Yao, Q.-Q. Zheng et al. Petroleum Science 21 (2024) 1597e1610

1606



3.4. Hess model

The Hess model is further used to show the effectiveness of the
proposed method in heterogeneous media. The model has a grid of
2205 � 915. The grid interval is 10 m. A 5-Hz Ricker wavelet is used
as the vertical body-force source excitation. The source is placed at
(12 km, 0.5 km). The input wavefield contains an absorbing

boundary area. The model parameters are shown in Fig. 12(a)e(e).
Fig. 13 shows the horizontal and vertical components of particle

velocity wavefields obtained through simulation. As a comparison,
we first use the method of Yang et al. (2019) to separate P/S-waves.
The results are shown in Fig. 14(a) and (b). As can be seen from
Fig. 14(a), there is a faint S-wave residual indicated by the black box
in the extracted P-wave. The S-wave residual almost cannot be seen

Fig. 15. The horizontal (a) and vertical (b) components of P-wave by using our method.

Fig. 16. The horizontal (a) and vertical (b) components of S-wave by using the method of Yang et al. (2019).

Fig. 17. The horizontal (a) and vertical (b) components of S-wave by using our method.
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in the extracted P-wave obtained by the method we proposed
(Fig. 15(a)).

Figs. 16 and 17 show the separation results for S-wave. As can be
seen, there are P-wave residuals in both S-waves, but Fig. 16(b) has
more remnants than Fig. 17(b), which are indicated by the black
arrows. The reason why a tiny amount of P-waves remains in S-
waves in Figs. 16 and 17 is that these two methods are based on
zero-order Taylor expansion to the exact eigenvalues, and therefore
the resulting polarization direction is accurate when ε ¼ d, and is
an approximation when εsd. But, in general, the pseudo-
Helmholtz decomposition based on zero-order Taylor expansion
achieves good wave separation for the Hess model, which is a
representative model of the real world. In addition, previous
studies have shown that the wavefield separation results obtained
by using zero-order Taylor expansion can meet the needs of elastic
migration imaging (Yang et al., 2019; Zhang et al., 2022; Zuo et al.,
2022). The reason why our method is slightly better than Yang et al.
(2019) is that, for 2D problems, Yang's method requires solving two
anisotropic Poisson equations when computing the auxiliary vector
wavefield, and requires a pseudo-divergence and a pseudo-
gradient to obtain the P-wave. In addition, Yang's method re-
quires two pseudo-curl operators to compute the S-wave. Errors
will occur when using pseudo-gradient, pseudo-divergence, and
pseudo-curl operators for approximating the corresponding exact
operators. However, our algorithm only uses one anisotropic Pois-
son equation to compute the scalar auxiliary function and uses a
pseudo-gradient operator to obtain the P-wave. Another reason is
that the pseudo-derivative operator proposed by Yang et al. (2019)
does not reduce into a derivative operator when the anisotropic
parameters are zero. This tends to cause more errors.

To further show the efficiency of the proposed method, we
compare the CPU time of the new method with that of Yang et al.
(2019) for the homogeneous elliptical anisotropy model, the
layered model, and the Hess model in the previous numerical ex-
amples. The running time is shown in Table 1. As can be seen, the
computational cost of the proposed method is about 1/2 of that of
Yang et al. (2019) for 2D problems.

4. Discussion

Zheng and Yao (2023) used the relationships between the
gradient, divergence, curl, and exterior derivative operators to
construct the isotropic scalar Poisson equation. In this paper, the
anisotropic scalar Poisson equation was derived by constructing the
pseudo-divergence, pseudo-gradient, and pseudo-curl operators
through the polarization directions of P and S waves. The scalar
anisotropic Poisson equation is an extension of the scalar isotropic
Poisson equation. When the anisotropic parameter is zero, the
pseudo-divergence, pseudo-gradient, and pseudo-curl operators
reduce to the divergence, gradient, and curl operators in the
isotropic media. In this case, the scalar anisotropic Laplace operator
reduces to the scalar isotropic Laplace operator.

The scalar isotropic Poisson equation can be solved in the
wavenumber domain, but the coefficients of the anisotropic

Poisson equation vary in space, so the equation cannot be solved in
the wavenumber domain directly by using FFT. In this paper, we
propose to solve the scalar anisotropic Poisson equation in the
spatial domain by using SOR iteration with alternating sweeping
orderings. Eq. (19) is used to compute the scalar auxiliary function f
without the need to construct a large coefficient matrix, which can
significantly reduce the computational cost, as well as imple-
mentation complexity, compared with the matrix-based methods,
e.g., LU decomposition. In our numerical experiment, the SOR
method takes 15 iterations for the homogeneous media. For a more
complex model, we can increase the iteration numbers for a more
accurate solution of the function f, for instance, 60 iterations are
used for the Hess model study.

5. Conclusion

In this paper, a new scalar anisotropic Poisson equation for
pseudo-Helmholtz decomposition is proposed using pseudo-
divergence, pseudo-gradient, and pseudo-curl operators. The vec-
tor P and S waves are decomposed by solving the scalar anisotropic
Poisson equation. Thus, compared with the existing approaches
based on solving the vector anisotropic Poisson equation, the pro-
posed method saves the computational cost by half for 2D prob-
lems, respectively. The resulting separated P and S waves keep the
correct amplitude and phase. The numerical experiments demon-
strate the effectiveness of the methods we proposed. Especially, the
Hess model shows that the pseudo-Helmholtz decomposition
based zero-order Taylor expansion can achieve an effective wave
separation, which can basically meet the needs of reverse-time
migration imaging. This proposed method can be extended to 3D
problems straightforwardly, which saves 2/3 of the cost.
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Appendix A

Wavefield decomposition for 3D anisotropic media using scalar
anisotropic Poisson operators.

The elastic wave equation in the 3D VTI media is as follows:

Table 1
The CPU times of the proposed method and that of Yang et al. (2019).

Model Time cost of Yang's method Time cost of the proposed method

Homogeneous model 6.22 s 3.13 s
Layered model 6.61 s 3.41 s
Hess model 43.05 s 21.82 s
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where ux;uy;uz are two horizontal and one vertical components of
the displacements in Cartesian coordinates, respectively. They are
functions of time and space. c11, c13, c33, c44 and c66 are the ele-
ments of the elastic coefficient matrix, and r represents density.
They are functions of space. Under the assumption of local homo-
geneity, the elastic coefficient matrix elements can be represented
by Thomsen parameters (Thomsen, 1986):

c11 ¼ rð1 þ 2εÞv2
p; c33 ¼ rv2

p

c44 ¼ c55 ¼ rv2
s ; c66 ¼ rð1 þ 2gÞv2

s

c13 ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1 þ 2dÞv2

p � v2
s

ih
v2

p � v2
s

ir
� rv2

s

(A.2)

where ε, d and g are the Thomsen anisotropy parameters, vp and vs

denote the P-wave and S-wave velocities along the axis of sym-
metry, respectively.

Like the 2D media, the polarization directions of the P and S
waves can be obtained by using the Christoffel equation. See Zuo
et al. (2022) for more details. For a 3D problem, we can define
the pseudo-gradient operator with the polarization direction of the
P-wave by

~V¼
2
4 vx

vy
rðxÞvz

3
5 (A.3)

where rðxÞ is defined in Eq. (8). Then, the P- and S-wavefield
decomposition equations for 3D anisotropic media are

up ¼ ~Vf ; us ¼ u � up (A.4)

Here the scalar auxiliary function f satisfies the following aniso-
tropic Poisson equation:

v2f ðxÞ
vx2 þ v2f ðxÞ

vy2 þ r2ðxÞ v2f ðxÞ
vz2 ¼ ~V $uðxÞ (A.5)

By denoting

bðxÞ ¼ r2ðxÞ; wðxÞ ¼ ~V $uðxÞ (A.6)

Eq. (A.5) then can be expressed as

v2f ðxÞ
vx2 þ v2f ðxÞ

vy2 þ bðxÞ v2f ðxÞ
vz2 ¼ wðxÞ (A.7)

Similarly, the 3D anisotropic Poisson equation (Eq. (A.7)) can
also be solved using SOR iterative with alternating sweeping or-
derings. When i¼ 1:I; l ¼ 1 : L; j¼ 1:J, SOR iteration format is as

follows, and iteration formats under other sequential iterations can
also be analogized:

f ðkþ1Þ
i;l; j ¼ b

c0

�
1

Dx2 þ 1
Dy2 þ bi;l;j

Dz2

�

0
BBBBBBBBBBBB@

wi;l; j �
1

Dx2

X3

n¼1

cn

�
f ðkÞiþn;l; j þ f ðkþ1Þ

i�n;l; j

�

� 1
Dy2

X3

n¼1

cn

�
f ðkÞi;lþn; j þ f ðkþ1Þ

i;l�n; j

�

�bi;l; j

Dz2

X3

n¼1

cn

�
f ðkÞi;l; jþn þ f ðkþ1Þ

i;l; j�n

�

1
CCCCCCCCCCCCA

þð1�bÞf ðkÞi;l; j

(A.8)

Based on Eqs. (A.1)e(A.8), the wavefield decomposition method
based on the proposed scalar anisotropic Poisson equation for 3D
VTI media is briefly discussed in this section. The existing 3D
anisotropic wavefield decomposition method proposed by Zuo
et al. (2022) requires solving the anisotropic Poisson equation
three times, whereas our method only requires solving it once. In
theory, our method can potentially reduce the computational
workload by 2/3 compared to the existing approaches.
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Least-squares reverse time migration of simultaneous sources
with deep-learning-based denoising

Bo Wu1, Gang Yao1, Xiao Ma2, Hanming Chen2, Di Wu2, and Jingjie Cao3

ABSTRACT

Least-squares reverse time migration (LSRTM) is currently
one of the most advanced migration imaging techniques in the
field of geophysics. It uses least-squares inversion to fit the ob-
served data, resulting in high-resolution imaging results with
more accurate amplitudes and better illumination compensation
than conventional reverse time migration (RTM). However, noise
in the observed data and the Born approximation forward oper-
ator can result in high-wavenumber artifacts in the final imaging
results. Moreover, iteratively solving LSRTM leads to one or two
orders of computational cost higher than conventional RTM,
making it challenging to apply extensively in industrial applica-
tions. Simultaneous source acquisition technology can reduce
the computational cost of LSRTM by reducing the number of
wavefield simulations. However, this technique also can cause

high-wavenumber crosstalk artifacts in the migration results. To
effectively remove the high-wavenumber artifacts caused by
these issues, simultaneous source and deep learning are combined
to speed up LSRTM as well as suppress high-wavenumber arti-
facts. A deep residual neural network (DR-Unet) is trained with
synthetic samples, which are generated by adding field noise to
synthesized noise-free migration images. Then, the trained DR-
Unet is applied on the gradient of LSRTM to remove high-wave-
number artifacts in each iteration. Compared to directly applying
DR-Unet denoising to LSRTM results, embedding DR-Unet
denoising into the inversion process can better preserve weak re-
flectors and improve denoising effects. Finally, the proposed
LSRTM method is tested on two synthetic data sets and a land
data set. The tests demonstrate that the proposed method can
effectively remove high-wavenumber artifacts, improve imaging
results, and accelerate convergence speed.

INTRODUCTION

Migration is an essential technique for imaging subsurface struc-
tures using surface-observed data. Reverse time migration (RTM)
(Baysal et al., 1983; McMechan, 1983; Whitmore, 1983) is one
of the most popular migration methods. It simulates the wavefield
propagation process in the subsurface by solving two-way wave
equations. Thus, RTM can effectively image complex structures, in-
cluding strata with steep dip angles (Xu et al., 2011; Shi et al., 2019;
Tan et al., 2023). However, in cases for which observed data are

incomplete or sparse, RTM imaging with an optimal migration veloc-
ity model may still exhibit migration artifacts (Zhang and Sun, 2009).
This issue primarily stems from the fact that RTM uses the adjoint
operator of the forward operator rather than the inverse operator.

To solve this issue, least-squares reverse time migration (LSRTM)
obtains the approximate inverse operator of the forward operator by
fitting predicted data and observed data in a least-squares sense (Dai
and Schuster, 2013; Liu, 2013; Yao and Wu, 2015; Zhang et al.,
2015; Yao and Jakubowicz, 2016; Yang et al., 2019). Thanks to
the application of least-squares inversion, LSRTM has the advantages
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of more accurate amplitude, higher resolution, less noise, and more
robust data adaptability than RTM. However, each iteration of
LSRTM based on the local optimization algorithm requires at least
three wavefield simulations, resulting in a large amount of computa-
tional cost. Consequently, it is challenging to apply LSRTM in the
industry extensively. The simultaneous source acquisition technology
can generate multiple shots at the same time, which can reduce the
acquisition cost and time significantly, as well as the computational
cost of LSRTM significantly (Beasley, 2008; Hampson et al., 2008).
However, interference between adjacent sources generates many
crosstalk artifacts, which are a type of high-wavenumber artifact
(Herrmann and Li, 2012; Li et al., 2012; Dai and Schuster, 2013;
Dai et al., 2013; Chen, 2015; Gan et al., 2016; Zhang et al., 2019;
Hu et al., 2022).

Furthermore, noise in the observed data and the Born approxima-
tion forward operators can result in high-wavenumber artifacts in the
final imaging results. Many studies have worked on removing these
high-wavenumber artifacts from LSRTM. One of the mainstream ap-
proaches at present is to add regularization constraints to the objective
function. Chen et al. (2015) and Xue et al. (2016) incorporated the
smoothing filter constrained into LSRTM for suppressing crosstalk
artifacts caused by simultaneous-source data or migration artifacts
caused by incomplete data. Wu et al. (2016) introduced the sparsity
constraint of the L1-norm into LSRTM to remove high-wavenumber
artifacts and extra sidelobes of reflectors. Li et al. (2017) applied
sparsity constraints to the inversion model using singular spectrum
analysis technology to remove crosstalk artifacts from LSRTM of
simultaneous sources (SLSRTM). Li et al. (2020) proposed LSRTM
based on L1-norm sparsity constraints in the wavelet domain. This
helps to preserve reflectivity when removing high-wavenumber arti-
facts through multiscale and multiangle analysis. Wu et al. (2022a)
proposed an LSRTM based on the sparsity constraint in the curvelet
domain, which protects the edge information of the image better than
the constraints in the wavelet domain. Yao et al. (2022) introduced the
Cauchy constraint to LSRTM to mitigate imaging artifacts in the mi-
gration results. Although these sparsity constraints can suppress most
high-wavenumber artifacts, it is still a challenge to remove those
high-wavenumber artifacts that are similar to the signals.

In recent years, owing to the continuous progress in deep learning,
there has been a growing utilization of deep-learning techniques in
geophysical inversion. To expedite the convergence rate of inversion,
researchers have used deep learning to train neural networks for
approximating the Hessian matrix and projecting gradients, thereby
significantly reducing the number of iterations (Louboutin et al.,
2022; Torres and Sacchi, 2022; Wu et al., 2023). In addition to this,
deep learning has been successful in seismic data denoising, thanks to
the effectiveness of convolutional neural networks in image process-
ing (Liu et al., 2022; Shao et al., 2022). Klochikhina et al. (2020) ad-
dressed the data scarcity problem using seismic field data as a
training set. Their experiments demonstrated the great power of deep
learning to remove migration artifacts. Wu et al. (2022b) assumed
migration noise could be simulated using Gaussian and Poisson noise
and then constructed data sets by combining synthetic noise with
seismic data, achieving good denoising results on seismic field data.
Compared with traditional sparsity constraint methods operated in
transformed domains, e.g., wavelet and curvelet domains (Xue
et al., 2016; Dutta, 2017; Li et al., 2020), deep-learning denoise meth-
ods can better remove high-wavenumber artifacts and preserve weak
reflectors. Furthermore, once the network is trained, the denoising

process costs negligible computation compared to the sparse-domain
denoising process.

In this paper, instead of reducing the number of iterations by
training a neural network as an approximation of the Hessian matrix
using deep learning, we reduce the computational burden by
SLSRTM while applying an Unet-based neural network (Ma et al.,
2024) to the gradients of SLSRTM to remove migration noise. The
Unet-based neural network uses deep residual (DR) learning to ef-
fectively remove migration artifacts and better preserve amplitudes
by learning from training samples. Thus, we call our method the deep
residual neural network (DR-Unet).

In the rest of the paper, we first review the principles of SLSRTM
and analyze the causes of high-wavenumber artifacts in SLSRTM
and LSRTM; second, we introduce the algorithm of SLSRTM with
DR-Unet denoising. Third, we present the network architecture of
DR-Unet and the preparation of the training data set. Afterward,
numerical examples are presented to demonstrate the efficiency of
this method. Before the conclusion, three related aspects of SLSRTM
are discussed.

METHODOLOGY

Least-squares reverse time migration of simultaneous
sources

With the Born approximation, the predicted record d with simul-
taneous sources can be expressed as

dðxr;ωÞ¼−ω2
Xn

i

X
x

Grðxrjx;ωÞmðxÞGsðxjxi;ωÞsðxi;ωÞ;

(1)

where ω denotes the angular frequency; n represents the number of
simultaneous sources; mðxÞ represents the reflectivity at point x;
sðxi;ωÞ is the seismic source at xi; Gsðxjxi;ωÞ is the Green’s func-
tion from the source point xi to the subsurface scattering point x;
and Grðxrjx;ωÞ is the Green’s function from the underground
scattering point x to the receiver point xr.

The traditional RTM uses the adjoint operator of equation 1,
which can be expressed as

mðxÞ¼−
X
ω

Xn

i

X
xr

ω
2½Grðxrjx;ωÞGsðxjxi;ωÞsðxi;ωÞ�†

dðxr;ωÞ; (2)

where † denotes the complex conjugate.
However, the adjoint operator used in RTM generates low-quality

migration results when the observed data are truncated, incomplete,
and noisy. To further improve the imaging quality, the simultane-
ous-source imaging process can be formulated in the least-squares
framework, which is simultaneous-source LSRTM (SLSRTM). The
objective function of SLSRTM can be expressed as

ϕS ¼ 1

2
kd − dobsk2; (3)

where dobs represents the simultaneous-source observed data. To
simplify the following derivation process, equation 3 also can be
expressed in matrix notation as
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ϕS ¼ 1

2
kLm−dobsk2; (4)

where L is the forward Born modeling operator of simultaneous
sources. Here, L and dobs can be further expressed as

L¼
Xn

i

Li¼−ω2
Xn

i

X
x

Grðxrjx;ωÞGsðxjxi;ωÞsðxi;ωÞ (5)

and

dobs ¼
Xn

i

di
obs: (6)

Traditional LSRTM uses single-source excitation. Its objective
function can be expressed as

ϕL ¼ 1

2

Xn

i

kLim−di
obsk2: (7)

By differentiating equations 4 and 7 with respect to the reflec-
tivity model m, the gradients of SLSRTM and LSRTM can be ex-
pressed, respectively, as

∂ϕS

∂m
¼

Xn

j

LT
j

�Xn

i

Lim−
Xn

i

di
obs

�
(8)

and

∂ϕL

∂m
¼

Xn

i

LT
i ðLim−di

obsÞ; (9)

where T denotes the conjugate transpose. When i ≠ j, strong cross-
talk artifacts appear in the gradient of SLSRTM, mainly due to the
crosscorrelation between different sources within the super shot.

To demonstrate crosstalk artifacts and other high-wavenumber
artifacts in the gradient, Figure 1 shows the gradient of the first iter-
ation of the Sigsbee2A model using SLSRTM and LSRTM. There
are 70 single-source shots for generating the LSRTM gradient,
whereas the SLSRTM gradient is generated with 70 super shots,
each of which contains three simultaneous sources. The details of
the observation system are described in the example section of the
Sigsbee2A model. By comparing Figure 1a and 1b, it is clear that
the gradient of SLSRTM has many crosstalk artifacts, which are
these steep stripes. In addition, the Born approximation is used to
construct the forward operator in SLSRTM and LSRTM, so it is
impossible to fit multiples and each event’s amplitudes in the ob-
served data. This will cause some high-wavenumber artifacts in the
gradient, as indicated by the black arrows in Figure 1b.

According to the analysis and the example in Figure 1, one
can conclude that the gradient of SLSRTM in equation 8 is neither
an ideal gradient nor an ideal model updating direction because of
these high-wavenumber artifacts. There are three reasons: first, cross-
talk noise generated by simultaneous sources; second, observation
data that cannot be fit completely by the Born approximation oper-
ator; and third, random or coherent noise in the data. Therefore, it is
necessary to transform the raw gradient into a clean gradient that
contains only the reflectors’ gradient but does not include other

high-wavenumber artifacts. To achieve this goal, we trained a DR-Unet
network to clean the raw gradient, which can be expressed as

~g ¼ DR Unet

�
∂ϕS

∂m

�
; (10)

where ~g represents the clean gradient, and DR Unet denotes the proc-
ess of DR-Unet denoising. Note that other denoising deep-learning
networks should be able to serve this purpose as well.

Minimizing ϕS is equivalent to solving

LTdobs ¼ LTLm; (11)

where LTL is a semipositive-definite matrix. Thus, the zero-eigen
values cause noise in the result. The noise lies in the null space be-
cause the predicted data do not change, at least not significantly, with
or without the noise. The process of DR-Unet denoising removes the
noise, which intends to change LTL into a positive-definite matrix.
Therefore, the step of equation 10 improves the imaging quality of
SLSRTM in a mathematical sense.

To avoid the influence of low-wavenumber artifacts on LSRTM, we
use inverse scattering imaging conditions to eliminate low-wavenum-
ber artifacts in the gradients of LSRTM (Whitmore and Crawley, 2012;
Fang et al., 2018). Finally, the preconditioned nonlinear conjugate
gradient method (Shewchuk, 1994) is used to update the reflectivity
model iteratively. The detailed algorithm is provided in Algorithm 1,

a)
0 6 12 18 24

Distance (km)

0

3

6

9

D
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)

0 6 12 18 24
Distance (km)

0

3

6

9

b)

Figure 1. The raw gradient of the first iteration of (a) SLSRTM and
(b) LSRTM for the Sigsbee2A model.

Algorithm 1: The preconditioned nonlinear conjugate gradient
method for SLSRTM.

Input: initial m, nmax

n ¼ 0, ~g ¼ DR Unet
�
∂ϕS
∂m

�
Compute the preconditioner: M

r ¼ −M−1 ~g, s ¼ r, δnew ¼ −~gTs

While n < nmax do

αopt ¼ argmin
α
ϕSðmþ αδmÞ, where

δm is a small perturbation along s.

m ¼ mþ αoptδm

~g ¼ DR Unet
�
∂ϕS
∂m

�
δold ¼ δnew, δmid ¼ −~gTr, r ¼ −M−1 ~g, δnew ¼ −~gTr

β ¼ maxððδnew − δmidÞ=δold; 0Þ, s ¼ rþ βs

n ¼ n þ 1

End
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for which the preconditioner M is the stack of the source wavefield
energy and the step length αopt is computed with a line search.

DR-Unet denoising

We use our recently proposed DR-Unet to remove the high-wave-
number artifacts in the raw gradient. The input of DR-Unet is a
noisy seismic image, and the output is a clean seismic image, which
are fixed as a size of 256 × 256. Thus, the raw gradient is divided
into patches of size 256 × 256. The denoised gradient is formed by
assembling the patches after denoising. The architecture of DR-
Unet is shown in Figure 2. ResNet-18 (He et al., 2016) is used
to construct each encoder. ResNets help the gradients of DR-Unet
during the training stage flow directly through the skip connections
backward from the subsequent layers to the initial layers. This

mechanism mitigates the problem of gradient vanishing when
the neural network performs the back-propagation operation.

ResNet-18 consists of several residual blocks. Figure 2b shows
the architecture of each residual block. Encoders 1–4 in our denois-
ing network consist of three residual blocks from ResNet-18. The
three encoders sequentially down-sample the input seismic image to
a size of (128,128), (64,64), (32,32), and (16,16). The output of
each encoder block is connected to the corresponding decoders
through a skip connection. In the decoder part, we use two convo-
lution layers (Figure 2c) to construct decoders 1–4. The kernel size
of all the convolution layers in every decoder is 3 × 3. We use the
rectified linear unit (ReLu) activation function to output the
denoised seismic image.

To generate sufficient training samples, we synthesize clean seismic
images first and then add migration noise from field data to the clean

images to form their labels. The clean seismic im-
ages are generated by constructing horizontal re-
flectivity profiles first and then simulating real
geologic structures by introducing folds, as well
as faults, and titling them (Wu et al., 2019). The
migration noise of field data is extracted by apply-
ing traditional denoising processes to stacked mi-
gration images of field data. In this process, the
extracted noise should not contain noticeable geo-
logic structural events. As shown in Figure 3, we
first divide the extracted noise data into subimages
of size 256 × 256, then multiply the subimages by
a coefficient α to control their amplitude, and fi-
nally sum these subimages with synthetic seismic
data. There are 10,000 pairs of samples used for
training the DR-Unet, of which 8000 pairs are
for training and 2000 pairs are for validation. Ac-
cording to our denoising tests, the optimal weight
α is 0.55. Introducing a well-balanced level of
noise into clean data helps the training data closely
resemble the noisy images generated during the
actual migration process. It is worth noting that
there is no noise in the synthetic seismic data,
so the network can thoroughly learn the noise fea-
tures. During the application, the input image is

divided into patches in the size of 256 × 256, and they are glued into
the original size after denoising; the normalization and denormaliza-
tion on the images are applied before and after DR-Unet denoising,
respectively. Readers are referred to Ma et al. (2024) for more details
on DR-Unet denoising.

EXAMPLES

Mamousi2 model

In the first example, we evaluate the effectiveness of the SLSRTM
with DR-Unet denoising using the Marmousi2 model. The simulta-
neous source seismic data set is generated by solving the two-way
acoustic wave equation with the stratigraphic velocity model (Fig-
ure 4a). The spatial sampling interval of the velocity model along
the horizontal and vertical directions is 6.25 m and 4 m, respectively.
The data set contains 48 super shots with three simultaneous sources
in each one. The source interval is 3 km in each super shot. Thus,
there are 144 single-source shots in total. Each super shot is recorded
by 737 receivers with an interval of 12.5 m. The shift between two

a)

b) c)
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Figure 2. (a) The architecture of DR-Unet consists of an encoder branch and a decoder
branch; (b) the architecture of the residual block in each encoder; and (c) the architecture
of each decoder includes two convolution layers and a ReLu activation function.

Seismic migration noise

Seismic migration noise (sub-images)

Training data (input)

Figure 3. The workflow for generating the training data set.
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super shots is 62.5 m. The source is a 30 Hz Ricker wavelet with a
sampling interval of 0.4 ms and a recording time of 3.2 s. One super
shot is shown in Figure 5. To improve imaging quality, the direct
waves of the observed records have been filtered out before migra-
tion. The migration velocity model is shown in Figure 4b, which is
obtained by smoothing the stratigraphic velocity model.

Figure 6a and 6b shows SRTM results without and with DR-Unet
denoising, respectively. It is evident that DR-Unet denoising effec-
tively eliminates high-wavenumber artifacts from the SRTM result.
However, there are still some artifacts indicated by the black arrows.
In contrast, Figure 6c illustrates the SLSRTM result using the
SRTM result (Figure 6a) as the initial reflectivity model. As shown,
SLSRTM gives a result with higher resolution and more accurate
amplitude than SRTM. However, high-wavenumber artifacts also
increase with the number of iterations. To address these issues,
DR-Unet denoising is applied to the gradient of SLSRTM to remove
the high-wavenumber artifacts. The result is shown in Figure 6d. As

shown, SLSRTM with DR-Unet denoising gives the best result in
terms of high resolution and low noise.

Figure 7 shows the gradients at the first and 10th iterations, as
well as their respective gradients after DR-Unet denoising. As
shown, as iterations progress, the effective information in the gra-
dients gradually decreases. However, crosstalk noise generated by
simultaneous sources does not decrease correspondingly, and the
DR-Unet network is effective in recognizing and removing this
noise. It is worth noting that the training samples for DR-Unet
do not contain any information on the Marmousi model or the cross-
talk noise. This implies that: first, the trained DR-Unet has a good
generalization capacity; second, the crosstalk noise exhibits similar
characteristics to those of typical migration noise.

In addition, we also examined the influence of the number and
spatial distribution of simultaneous sources on the inversion results.
The parameter settings for the eight cases tested are provided in
Table 1. The corresponding imaging results are shown in Figure 8.
Comparing Figure 8a and 8c, it can be observed that with a fixed
number of simultaneous sources, reducing the spatial interval
results in less crosstalk noise, as indicated by the white arrows.
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Figure 5. The first super shot gather from the Marmousi2 model.
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Figure 7. The gradient of SLSRTM for Marmousi2: (a) the gradient
at the first iteration; (b) the gradient at the first iteration after
DR-Unet denoising; and (c and d) are the counterparts of (a and b)
at the 10th iteration, respectively. All plots are clipped to the same
amplitude range.
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Figure 6. Migration images of Marmousi2: (a) SRTM; (b) SRTM
with DR-Unet denoising; (c) SLSRTM; and (d) SLSRTM with
DR-Unet denoising. The SLSRTMs have been iterated 10 times.
All plots are clipped to the same amplitude range.
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Figure 4. The Marmousi2 model: (a) the true velocity model; (b) the
smoothed version of (a). The Seismic Unix command, “smooth2”,
with the parameter of r1 = r2 = 20, is used for smoothing.
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However, imaging quality in complex regions is poorer, as indicated
by the black arrows. Contrasting Figure 8a and 8e, it can be seen
that increasing the number of simultaneous sources leads to more
crosstalk noise and poorer imaging results. In comparison with
the SLSRTM results in the left column of Figure 8, SLSRTM with
DR-Unet denoising shown in the right column suppresses the
migration noise significantly.

In addition, Figure 9 shows the misfit curves for all eight cases.
As indicated by Figure 9 and Table 1, SLSRTM with DR-Unet has a
better convergence rate than SLSRTM. A comparative analysis re-
veals that smaller source spacing results in better convergence, pri-
marily because smaller source spacing leads to less variation in the
records of different sources within the simultaneous sources. How-
ever, less variation also leads to a decrease in the effective informa-
tion for inversion. Therefore, when the source interval is smaller, the
imaging quality is poorer. Furthermore, as the number of sources
increases, the inversion converges to a higher value of misfit. How-
ever, by comparing the left and right columns in Figure 8, it can be
observed that regardless of variations in the number and spatial dis-
tribution of sources, SLSRTM with DR-Unet suppresses crosstalk
noise significantly. Note that crosstalk and other migration noise
stay in the null space, which means that the reduction in data misfit
is not as significant as the improvement in imaging quality.

Sigsbee2A model

In the second example, the Sigsbee2A model was used to further
verify the effectiveness of our proposed method. Due to the huge salt
body in Sigsbee2A, it is challenging to image the subsalt reflectors.
In addition, the strong velocity contrast between the salt body and the
sedimentary rocks also can cause significant interbed multiples in the
record. These interbed multiples cannot be simulated by the Born
forward-modeling operator; therefore, they are eventually converted
into high-wavenumber artifacts in the RTM/LSRTM images.

In the test, the observed data set is generated by solving the
two-way acoustic wave equation with the true velocity model
(Figure 10a). The spatial sampling interval along the horizontal
and vertical directions is 11.43 m and 7.62 m, respectively. We gen-
erate two data sets. One is the single-source data set, which contains
70 shots with a shot interval of 343 m. The other is the simultaneous-
source data set, which contains 70 super shots. Each super shot in-
cludes three simultaneous sources with an interval of 8 km. The shift
between two consecutive super shots is 114 m. Each simultaneous-
source shot and single-source shot are recorded by 1065 receivers
with an interval of 22.86 m. The source signature is a 12 Hz Ricker

wavelet with a sampling interval of 1 ms and a recording time of
12 s. Figure 11 shows a super shot gather and a single-source shot
gather. The direct waves have been filtered out before migration. The
migration velocity shown in Figure 10b is generated by smoothing
the stratigraphic velocity model outside the salt body.

Figure 12a and 12b shows the RTM and LSRTM results with the
single-source data set, respectively. As shown, LSRTM, after five
iterations, gives an image with more accurate amplitude, higher
resolution, and better illumination compensation than RTM. However,

Table 1. Convergence rate corresponding to different numbers and spatial distributions of simultaneous sources.

Method Number Source interval within simultaneous-source Convergence rate (%)

Case 1 SLSRTM 3 62.5 m 37

Case 2 SLSRTM with DR-Unet 3 62.5 m 32

Case 3 SLSRTM 3 3 km 42

Case 4 SLSRTM with DR-Unet 3 3 km 36

Case 5 SLSRTM 5 62.5 m 46

Case 6 SLSRTM with DR-Unet 5 62.5 m 34

Case 7 SLSRTM 5 3 km 56

Case 8 SLSRTM with DR-Unet 5 3 km 41
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Figure 8. Migration images of Marmousi2: (a–h) correspond to
cases 1–8 in Table 1, respectively. All plots are clipped to the same
amplitude range. The white arrows indicate a larger simultaneous
source interval, which leads to fewer crosstalk artifacts for SLSRTM.
However, the imaging quality in complex regions is still poor, as
indicated by the black arrows in the left column. SLSRTM with
DR-Unet denoising shown in the right column suppresses all the
noise significantly.
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because the predicted data with the Born modeling operator cannot fit
the observed data entirely, the final image contains some high-wave-
number artifacts, which are indicated by the black arrows in
Figure 12b.

Figure 12c and 12d shows the SRTM and SLSRTM results with
the simultaneous-source data set, respectively. Due to simultaneous
sources, a large amount of crosstalk noise appears in the SRTM
result. The crosstalk noise is amplified during the iterative inversion
process of SLSRTM. Thus, it is paramount to suppress the crosstalk
noise in SLSRTM.

Figure 12e and 12f depicts the results of SRTM and SLSRTM
with DR-Unet denoising, respectively. As shown in Figure 12e,

the boundary of the lower part of the salt body indicated by the
white arrow is not imaged properly by SRTM with DR-Unet denois-
ing. The amplitude is much weaker than that of the SRTM result in
Figure 12c. This implies that directly applying DR-Unet to denoise
the SRTM results could remove steep reflectors. In addition, some
crosstalk artifacts are not removed, as indicated by the black arrow.
In contrast, combining SLSRTM with DR-Unet denoising can sup-
press high-wavenumber artifacts iteratively and achieve higher-reso-
lution imaging results (Figure 12f). Figure 13 shows an enlarged view
of the black box in Figure 12.

Land data from northwestern China

In the third example, we validated the effectiveness of our method
using a land field data set from northwest China. A total of 456
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Figure 9. Convergence curves of migration on Marmousi2: (a) Rep-
resents the convergence curve for a simultaneous source count of
three, whereas (b) represents the convergence curve for a simulta-
neous source count of five.
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Figure 11. Observed record of Sigsbee2A: (a) a three-simultane-
ous-source super shot gather; and (b) a single-source shot gather.
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Figure 10. The Sigsbee2A model: (a) the stratigraphic velocity
model; and (b) the smoothed version of (a) outside the salt body.
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Figure 12. Migration images of Sigsbee2A: (a) RTM image;
(b) LSRTM image; (c) SRTM image; (d) SLSRTM image; (e) SRTM
image with DR-Unet denoising; and (f) SLSRTM image with DR-
Unet denoising. All the LSRTM and SLSRTM contain five iterations.
All plots are clipped to the same amplitude range.
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receivers are uniformly distributed on the surface with an interval of
50 m. A 12 super shot data set is used for the test. The source interval
in a super shot is 4.85 km. The first super shot is shown in Figure 14.
The source shift for two consecutive shots is 475 m. For comparison,
the test includes other two data sets: 12 single-source shots and 36
single-source shots, which have a shot interval of 1.2 km and 400 m,
respectively. Thus, the 12 super shot data set shares the same number
of sources as the 36 single-source shot data set. The migration veloc-
ity model shown in Figure 15 was obtained through reflection full
waveform inversion (Yao and Wu, 2017; Yao et al., 2019).

Figure 16a and 16b depicts the results of RTM for the 12
single-source shots and the 36 single-source shots, respectively. A
comparison reveals that insufficient spatial sampling occurs when
there are too few sources, making it challenging to effectively stack
seismic events, as indicated by the black arrows in Figure 16a.
Figure 16c presents the results of LSRTM with the 12 single-source
shots, whereas Figure 16d shows the results of SLSRTM with the
12 simultaneous-source shots. A comparison reveals that using the
12 simultaneous-source shots compensates for the issue of insuffi-
cient spatial sampling effectively but introduces a significant amount
of crosstalk noise. Figure 16e shows the results of LSRTM with the
36 single-source shots, whereas Figure 16f depicts the results of
SLSRTM with DR-Unet denoising for the 12 simultaneous-source
shots. Comparing Figure 16d and 16f highlights that the presented
SLSRTM with DR-Unet removes crosstalk noise effectively. More-
over, it achieves even better imaging results with just 12 simultane-
ous-source shots than LSRTM with 36 single-source shots. This
means that the SLSRTM method takes one-third of the computation
time.

DISCUSSION

Comparison of DR-Unet denoising and traditional
denoising methods

Deep learning can effectively remove certain types of noise by
using appropriate training data sets and deep neural networks.
Compared with traditional methods, taking the sparsity constraint
in the curvelet domain (Candès and Donoho, 2004; Wu et al.,
2022a) as an example, deep-learning methods have the following ad-
vantages: (1) once the network training is complete, the denoising
process has a trivial computational cost, whereas traditional methods
still need a significant amount of computation to perform the domain
transform and associated computation. (2) Although the sparsity con-
straint in the curvelet domain protects the edge information better
than the sparsity constraint in the wavelet domain, the denoising
migration results are still blurred at the edges. In contrast, our tests
show that deep-learning methods can avoid the blurring issue, as
indicated by the white arrows in Figure 17. (3) Compared with
traditional methods, deep-learning methods remove specific noise
better than traditional methods, for instance, the steep stripe artifacts.
Figure 17a shows the results of SLSRTM with sparsity constraints
in the curvelet domain, whereas Figure 17b depicts the results of
SLSRTM with DR-Unet denoising. As shown, SLSRTM with
DR-Unet denoising suppresses the high-wavenumber artifacts more
effectively than LSRTM with sparsity constraints in the curvelet do-
main, as indicated by the black arrows. Readers are referred to Ma
et al. (2024) for a more detailed comparison of DR-Unet denoising
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Figure 13. Enlarged view of the migration images. (a–f) corre-
sponds to the black box areas in (a–f) of Figure 12, respectively.
All plots are clipped to the same amplitude range.
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and curvelet-domain denoising. More results on LSRTM with the
curvelet-domain denoising are presented in Wu et al. (2022a).

Applying DR-Unet denoising on the model versus on
the gradient

There are two ways to integrate DR-Unet denoising into
SLSRTM. One is to apply it to the reflectivity model, m, in each
iteration. The other is to perform it on the gradient, ∂ϕS=∂m, in each
iteration. We tested these ways. Figures 18 and 19 show examples
of Marmousi2 and Land data. Based on our analysis and the exam-
ples, one can conclude that applying DR-Unet denoising to the gra-
dient gives better results in this case. Applying DR-Unet denoising
to the reflectivity model leaves more high-wavenumber artifacts in
the image, as indicated by the black arrows.

SLSRTM for in-house blended towed streamer data

Previously, we demonstrated that SLSRTM with DR-Unet is
highly effective in suppressing high-wavenumber artifacts for

simultaneous source data, in which multiple sources are fired in
each super shot. Thereby, the receiver setting is identical for each
single source. There is another scenario: seismic data are acquired
with a moving receiver array and a single source in each shot,
e.g., the towed streamer acquisition, and then blended in-house
before migration (Figure 20). Because the receiver array is moving,
the receiver geometry varies from shot to shot. Consequently, the
geometry of the predicted data in SLSRTM does not match the
geometry of the in-house blended multisource data, which will lead
to significantly more arc-shaped artifacts than the simultaneous
source data in the SLSRTM image, e.g., Figure 21a versus
Figure 6c. Even so, SLSRTM with DR-Unet still achieves a much
cleaner image, shown in Figure 21b. However, its quality
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Figure 17. Migration images: (a) SLSRTM image with sparsity
constraints in the curvelet domain; and (b) SLSRTM image with
DR-Unet denoising.
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Figure 18. Migration images: (a) SLSRTM image with DR-Unet
denoising on the reflectivity model; and (b) SLSRTM with
DR-Unet denoising on the gradient.
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Figure 19. Migration images: (a) SLSRTM with DR-Unet denois-
ing on the reflectivity model; and (b) SLSRTM with DR-Unet
denoising on the gradient.
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Figure 16. Migration images of the land data: (a) RTM image with
12 single-source shots; (b) RTM image with 36 single-source shots;
(c) LSRTM image with 12 single-source shots; (d) SLSRTM image
with 12 simultaneous-source shots; (e) LSRTM image with 36 single-
source shots; and (f) SLSRTM image with DR-Unet denoising for 12
simultaneous-source shots. All the LSRTM and SLSRTM contain
five iterations. All plots are clipped to the same amplitude range.
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(Figure 21b) is lower than the image with simultaneous sources
(Figure 6d). In addition, the imaging quality is degraded as we in-
crease the blending shot interval. A possible solution is to incorpo-
rate a method like the global correlation norm (Choi and Alkhalifah,
2012) into SLSRTM.

CONCLUSION

The high computational demand for LSRTM is an essential ob-
stacle to its wide industrial application. Reducing the number of
wavefield simulations through simultaneous source acquisition can
reduce the computational cost of LSRTM significantly, but it also
introduces numerous crosstalk artifacts. In addition, LSRTM itself
is an ill-posed problem, and the simulated data with the Born approxi-
mation are difficult to fit the observed data fully. The two factors lead
to high-wavenumber artifacts in the final inversion results. To reduce
the computational burden of LSRTM and suppress artifacts, we com-
bine the simultaneous source technique and deep-learning denoising
to achieve high-quality migration imaging. A DR-Unet network is
trained with synthesized samples. The DR-Unet denoising is applied
to remove the high-wavenumber artifacts in the gradient of LSRTM.
Synthetic and field data examples demonstrate the good effectiveness
of the proposed LSRTM method. Expanding SLSRTM with DR-
Unet denoising into 3D models is feasible in theory, although hin-
dered by the significant computational cost.
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DR-Unet denoising. The SLSRTMs have been iterated 10 times.
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Pseudo-Helmholtz decomposition for an elastic VTI wavefield based
on wavefront phase direction

Gang Yao1, Xinyu Fang1, Qingqing Zheng2, Di Wu3, and Fenglin Niu4

ABSTRACT

P and S waves are coupled when propagating in anisotropic
elastic media. The separation of P and S waves helps to study
the characteristics of different types of seismic waves as well as
mitigating crosstalk artifacts in elastic reverse time migration
and elastic full-waveform inversion. At present, the methods of
seismic wave mode separation in anisotropic media are mainly
built on divergence- and curl-like operations, pseudo-Helmholtz
decomposition, and low-rank approximation. We develop a new
pseudo-Helmholtz decomposition operator based on eigenform
analysis and the wavefront phase direction to decompose vertically
transversely isotropic elastic wavefields. The corresponding

P-/S-wave decoupling formulas are also derived in detail. Com-
pared with the divergence- and curl-like methods, the new method
does not change the phase of P and S waves. Compared with
existing pseudo-Helmholtz decomposition methods based on ei-
genform analysis, our method achieves more accurate wavefield
separation than the zero-order pseudo-Helmholtz decomposition
operator. Our method requires solving one vector Poisson equation
only, resulting in much less computational cost than the existing
first-order pseudo-Helmholtz decomposition methods. In addition,
the accuracy of our method is analyzed by providing homogeneous
media with different parameter settings. Finally, the numerical ex-
amples demonstrate that the new pseudo-Helmholtz decomposi-
tion method is effective, efficient, and robust against random noise.

INTRODUCTION

P and S waves are coupled in the process of elastic wave propa-
gation. Wave mode separation can distinguish different types of waves
in complex media, which is conducive to studying the propagation
characteristics of different types of waves. Moreover, wave mode sep-
aration is a key step in suppressing crosstalk artifacts in elastic reverse
time migration (ERTM) (e.g., Sun et al., 2006; Yan and Sava, 2008;
Du et al., 2012; Wang and McMechan, 2015) and elastic full-wave-
form inversion (e.g., Ren and Liu, 2016; Wang and Cheng, 2017).

In isotropic media, the polarization directions of P and S waves
are parallel and perpendicular to the direction of wave propagation,
respectively. Therefore, the input wavefield can be decomposed using

the divergence and curl operators directly to obtain a scalar P wave
and a vector S wave (Dellinger and Etgen, 1990). However, the am-
plitude and phase of the separated P and S waves are incorrect. To
solve this problem, Zhang and McMechan (2010) propose a vector
wavefield decomposition method in the wavenumber domain based
on Helmholtz decomposition theory, which gives the correct ampli-
tude and phase. They also extend the Helmholtz decomposition theory
to vertically transversely isotropic (VTI) media. In contrast, Zhu
(2017) also proposes a vector wavefield decomposition method in
the spatial domain based on Helmholtz decomposition theory. This
method solves a vector Poisson equation with a fast sine transform.
The method of Zhu (2017) shares the same fundamental principle as
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the method of Zhang and McMechan (2010), but they are in two dif-
ferent domains. To improve efficiency, Zhao et al. (2018) and Yang
et al. (2018) avoid solving the vector Poisson equation by applying a
double integral on the source wavelet and a further scaling operation
with phase velocities. Inspired by the Zhu (2017) method, Zheng and
Yao (2023) propose a wavefield separation method based on the scalar
Poisson equation by using the relations among the operations of the
gradient, divergence, curl, and external derivative. This method only
needs to solve one Poisson equation, which significantly reduces the
computational cost compared with the Zhu (2017) method.

In the real world, most of the earth’s rocks are anisotropic elastic
media. In anisotropic media, P and S waves are neither parallel nor
perpendicular to the direction of wave propagation (Tsvankin, 2012).
Dellinger and Etgen (1990) present a wavefield separation technique
for anisotropic media. They solve the Christoffel equation in the wave-
number domain to obtain the eigenvectors, which indicate the polari-
zation direction of P and S waves for all required wavenumbers. Then,
an inverse Fourier transform is applied to form the separation operator
in the space domain. However, they only develop this method for
homogeneous media. Yan and Sava (2009) propose non-stationary
spatial filtering for anisotropic wavefield separation in heterogeneous
media. The separation accuracy depends on the length of the local
pseudo-derivative operator. The longer the operator is, the higher
the accuracy. They present the operator as long as 65. Methods of
Dellinger and Etgen (1990) and Yan and Sava (2009) are analog
to the divergence and curl operators for the isotropic case. Thus,
the phase and amplitude are incorrect.

To obtain the correct amplitude and phase of P and S wavefields,
Zhang and McMechan (2010) propose a VTI vector wavefield
decomposition method based on the Helmholtz theory and the
Christoffel equation in the wavenumber domain. The method
was carried out block by block for heterogeneous media. Each
block is treated as homogeneous. Cheng and Fomel (2014) use
the low-rank approximation to improve the efficiency of separating
anisotropic wavefields in the mixed domain, i.e., spatial and wave-
number domains, but it still requires multiple Fourier transforms.

Yang et al. (2019) propose zero- and first-order pseudo-Helmholtz
decomposition operators to decompose anisotropic wavefields in the
spatial domain based on eigenform analysis, wherein the auxiliary
wavefield is obtained by solving the Poisson equation using lower-upper
(LU) decomposition. This auxiliary wavefield can also be approximated
by applying the first-order Taylor expansion to the reciprocal of the
square of the modulus of the pseudo-gradient operator in the mixed
domain (Zhang et al., 2022), where one forward fast Fourier transform
(FFT) and two inverse FFTs are used for each component at each time
step of the 2D case. Zuo et al. (2022) derive the zero-order pseudo-
Helmholtz decomposition operator in the 3D case based on eigenform
analysis. The zero-order pseudo-Helmholtz decomposition operator can
perfectly decompose the P and S waves for an elliptic anisotropic media.
However, for non-elliptic anisotropic media, there are noticeable wave-
field residuals, especially when jε − δj is large. Methods based on ei-
genform analysis solve the Christoffel equation analytically to obtain a
mathematical formula for the eigenvectors. In contrast, the separation
methods in the previous paragraphs solve the Christoffel equation
for the eigenvectors numerically. Therefore, when the model parameter
changes, the computation is repeated. One advantage of these numerical
methods is that they work for weak and strong anisotropy.

In this paper, we propose a new pseudo-Helmholtz decomposi-
tion operator based on the wavefront’s phase direction. There are

three advantages of the proposed wavefield decomposition method:
first, an approximated anisotropic Poisson equation is derived in the
space domain by making use of the phase direction. The accuracy
of the proposed anisotropic Poisson equation is higher than that
of the first-order pseudo-Helmholtz decomposition based on the
assumption of k2x ¼ k2z (Yang et al., 2019). Second, there are no
mixed high-order derivatives in the proposed decomposition oper-
ator; therefore, it has less computational cost than the existing
first-order pseudo-Helmholtz decomposition operators. Third, we
consider using the successive over-relaxation (SOR) method with
alternating sweeping orderings to solve the anisotropic Poisson
equation. This method is matrix-free and uses an iterative solution,
which can save computation and memory costs compared with LU
decomposition (Davis and Duff, 1997).

The rest of this paper is structured as follows. First, we conduct a
review of the Christoffel equation and pseudo-Helmholtz decompo-
sition, predicated upon an analysis of eigenforms. Subsequently, we
introduce a fresh first-order pseudo-Helmholtz decomposition ap-
proach that leverages the eigenform analysis and the wavefront’s
phase direction. To validate the effectiveness of the new method, three
numerical examples are presented. We end with some conclusions.

METHODOLOGY

Eigenvalues and vectors of the Christoffel equation

The 2D elastic VTI wave equation is (Aki and Richards, 2002;
Tsvankin, 2012)

(
ρðxÞ∂2uxðx;tÞ

∂t2 ¼c11ðxÞ∂
2uxðx;tÞ
∂x2 þc55ðxÞ∂

2uxðx;tÞ
∂z2 þðc13ðxÞþc55ðxÞÞ∂

2uzðx;tÞ
∂x∂z

ρðxÞ∂2uzðx;tÞ
∂t2 ¼c55ðxÞ∂

2uzðx;tÞ
∂x2 þc33ðxÞ∂

2uzðx;tÞ
∂z2 þðc13ðxÞþc55ðxÞÞ∂

2uxðx;tÞ
∂x∂z

;

(1)

where uxðx; tÞ and uzðx; tÞ denote the horizontal and vertical dis-
placements, respectively; x represents the Cartesian coordinate;
ρðxÞ is the density; and c11ðxÞ, c13ðxÞ, c33ðxÞ, and c55ðxÞ denote
the elements of the stiffness matrix for elastic VTI media. They
can be expressed by the Thomsen (1986) parameters as follows:

c11 ¼ ρð1þ 2εÞV2
P; c33 ¼ ρV2

P; c55 ¼ ρV2
S;

c13 ¼ ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ 2δÞV2

P − V2
S�½V2

P − V2
S�

q
− ρV2

S; (2)

where VP and VS are the P- and S-wave velocities along the sym-
metrical axes, respectively.

Based on a local homogeneous assumption, Fourier transforms of
equation 1 give the following Christoffel equation:�

c11k2x þ c55k2z − ρω
2 ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2x þ c33k2z − ρω
2

��
Ux

Uz

�
¼ 0:

(3)

If denoting

A ¼
�

c11k2x þ c55k2z ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2x þ c33k2z

�
; (4)

then λ ¼ ρω
2 ¼ ρk2v2 is the eigenvalue of A, where k denotes the

wavenumber and v represents the phase velocity. The eigenvalues
of A are
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λ1;2 ¼ ρ

½ð1þ 2εÞV2
P þ V2

S�k2x þ ½V2
P þ V2

S�k2z
2

� ρ

½ð1þ 2εÞV2
P − V2

S�k2x þ ½V2
P − V2

S�k2z
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ðδ − εÞV2

PðV2
P − V2

SÞk2xk2z
½ðð1þ 2εÞV2

P − V2
SÞk2x þ ðV2

P − V2
SÞk2z �2

s
; (5)

and the associated eigenvectors are

8>>>>><
>>>>>:

V1 ¼
"

kx
ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
k2xkz

λ1−ρðV2
S
k2xþV2

P
k2z Þ

#

V2 ¼
"

−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
k2xkz

λ2−ρðð1þ2εÞV2
P
k2xþV2

S
k2z Þ

−kx

# : (6)

The eigenvectors V1 and V2 indicate the polarization directions
of the P and S waves, respectively (Dellinger and Etgen, 1990). As
V1 and V2 are perpendicular to each other in anisotropic media, the
P and S waves can be separated by projecting the vector wavefield,
e.g., displacement and particle velocity, to the eigenvector di-
rections.

Pseudo-Helmholtz decomposition

The anisotropic elastic wavefield U in the wavenumber domain
can be expressed as

U ¼ UP
0 þ US

0 ; (7)

where U ¼ ðUx; UzÞ is the wavefield in the wavenumber domain
obtained by applying the Fourier transform to u ¼ ðux; uzÞ. The
terms UP

0 and US
0 are the vector P and S wavefields, respectively.

Because the pseudo-Helmholtz decomposition gives an approxima-
tion of P and S wavefields, UP and US denote the approximate P and
S wavefields produced by the pseudo-Helmholtz decomposition in
the rest of the paper.

By applying the first-order Taylor expansion on equation 5 (details
are shown in Appendix A), the eigenvector V1 becomes D1, which is

D1 ¼
�

kx

rkz

�
; (8)

with

r ¼ r2

r1 þ r4k2z
r1k2xþr3k2z

;

r1 ¼ ð1þ 2εÞV2
P − V2

S;

r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ 2δÞV2

P − V2
S�½V2

P − V2
S�

q
;

r3 ¼ V2
P − V2

S;

r4 ¼ 2ðδ − εÞV2
PðV2

P − V2
SÞ: (9)

By projecting the anisotropic elastic wavefield U onto the direc-
tion D1, we obtain

�
D1 · U ¼ D1 · UP

D1 × UP ¼ 0
(10)

and �
D1 × U ¼ D1 × US

D1 · US ¼ 0
: (11)

According to equations 10 and 11, the pure P wave and pure S wave
can be separated using the formula (the details are shown in
Appendix B): 8<

:
UP ¼ D1

�
D1 · U

jD1j2
�

US ¼ −D1 ×
�
D1 × U

jD1j2
� : (12)

Then, adding i ¼ ffiffiffiffiffiffi
−1

p
to equation 12 gives8<

:
UP ¼ iD1ðiD1 · W1Þ

US ¼ −iD1 × ðiD1 × W1Þ
W1 ¼ − U

jD1j2
: (13)

Equation 13 is transformed into the spatial domain as follows:�
uP ¼ ∇̄ð∇̄ · w1Þ

uS ¼ −∇̄ × ð∇̄ × w1Þ ; (14)

where the operator ∇̄ is

∇̄ ¼
�
∂x

rðxÞ∂z

�
; (15)

with

rðxÞ ¼ r2ðxÞ
r1ðxÞ þ r4ðxÞ∂2z

r1ðxÞ∂2xþr3ðxÞ∂2z
;

r1ðxÞ ¼ ð1þ 2εðxÞÞV2
PðxÞ − V2

SðxÞ;
r2ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ 2δðxÞÞV2

PðxÞ − V2
SðxÞ�½V2

PðxÞ − V2
SðxÞ�

q
;

r3ðxÞ ¼ V2
PðxÞ − V2

SðxÞ;
r4ðxÞ ¼ 2ðδðxÞ − εðxÞÞV2

PðxÞðV2
PðxÞ − V2

SðxÞÞ; (16)

where ∂x and ∂z represent the first-order spatial derivatives along the
x- and z-directions, respectively, and w1 is the auxiliary wavefield
that satisfies

½∂2x þ r2ðxÞ∂2z �w1ðxÞ ¼ uðxÞ: (17)

Equations 14–17 constitute the first-order pseudo-Helmholtz
decomposition formulas. By assuming δ ¼ ε, then r4 ¼ 0, the first-
order pseudo-Helmholtz decomposition is reduced to the zero-order
pseudo-Helmholtz decomposition. A similar 3D zero-order pseudo-
Helmholtz decomposition method has been proposed by Zuo et al.
(2022). By assuming δ ¼ ε ¼ 0, the first-order pseudo-Helmholtz
decomposition is further reduced to the Helmholtz decomposition
in isotropic media.

VTI Helmholtz decomposition T153

D
ow

nl
oa

de
d 

05
/0

9/
24

 to
 2

02
.2

04
.2

05
.9

0.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

S
E

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

23
-0

57
4.

1



First-order pseudo-Helmholtz decomposition with
wavefront’s phase direction

The operator, r1ðxÞ þ ððr4ðxÞ∂2zÞ=ðr1ðxÞ∂2x þ r3ðxÞ∂2zÞÞ, acts in
the denominator in equation 17, which leads to implementation diffi-
culty and extra high costs. Yang et al. (2019) solve the Poisson equa-
tion 17 approximately by assuming kx ¼ kz. To more accurately solve
the Poisson equation 17, we present a new pseudo-Helmholtz decom-
position operator based on the phase direction of the wavefront.

In the wavenumber domain, the wavenumber vector k ¼ ðkx; kzÞ
indicates the phase direction of the corresponding plane wave. The
unit vector of the phase direction n can be computed by

n ¼ ðnx; nzÞ ¼
k
jkj : (18)

Then, the operator D1 turns into

D ¼
�

kx

r 0kz

�
; (19)

with

r 0 ¼ r2

r1 þ r4n2
z

r1n2
xþr3n2

z

: (20)

Replacing the operator D1 in equations 10–13 with D, then
transforming them to the spatial domain, gives�

uP ¼ ∇ 0ð∇ 0 · wÞ
uS ¼ −∇ 0 × ð∇ 0 × wÞ ; (21)

where the new pseudo-Helmholtz decomposition operator ∇ 0 is

∇ 0 ¼
�
∂x

r 0ðxÞ∂z

�
; (22)

r 0ðxÞ ¼ r2ðxÞ
r1ðxÞ þ r4ðxÞn2

z

r1ðxÞn2
xþr3ðxÞn2

z

; (23)

and w satisfies the following anisotropic Poisson equation:

∂2wðx; zÞ
∂x2

þ ðr 0ðxÞÞ2 ∂
2wðx; zÞ
∂z2

¼ uðx; zÞ: (24)

Appendix C gives the corresponding derivation and formulas for 3D
anisotropic elastic media.

In the spatial domain, the phase direction vector n can be replaced
by using the local phase direction:

n ¼ ðnx; nzÞ ¼
∇u
j∇uj : (25)

This approach to computing the phase direction can also be seen
in Xu and Zhou (2014) for tilted transversely isotropic acoustic
wavefield modeling. A more accurate way to compute the local
phase direction is the optical flow (Horn and Schunck, 1981;

Barron and Thacker, 2005; Xie et al., 2022). Where multiple events
cross over each other, the computed wavefront phase direction is an
average direction, which is inaccurate for each individual event.
However, the wavefront phase direction in this paper is mainly used
for the higher-order term in the denominator of equation 23. There-
fore, even if the higher-order term contains some errors, it has an
insignificant impact on the result at the location of the wave cross-
ing. Moreover, the wavefield decomposition is mainly applied in the
ERTM, which uses smooth velocity models, and thus, the wave
crossings are reduced greatly.

Equations 21–25 form a new first-order pseudo-Helmholtz wave-
field decomposition method. Its main cost is to solve the anisotropic
Poisson equation 24. This anisotropic Poisson equation can be solved
effectively by using SOR iteration with alternating sweeping order-
ings (Kincaid and Young, 1972; Zhao, 2005). Here, the second-order
derivative is calculated using the sixth-order central finite difference.

Denoting �
aðxÞ ¼ 1

bðxÞ ¼ ðr 0ðxÞÞ2 ; (26)

the SOR iteration formula for equation 24 is as follows:

wðkþ1Þ
i;j ¼β

ui;j−
ai;j

Δx2
P

3
n¼1cnðwðkÞ

iþn;jþwðkþ1Þ
i−n;j Þ− bi;j

Δz2
P

3
n¼1cnðwðkÞ

i;jþnþwðkþ1Þ
i;j−n Þ

c0

�
ai;j

Δx2þ
bi;j

Δz2

	

þð1−βÞwðkÞ
i;j ; (27)

where ui;j is the input wavefield, wðkÞ
i;j represents the value of the kth

iteration at position (i,j), cn represents the finite-difference coeffi-
cients, and β is the relaxation factor. The SOR convergence criterion
is β ∈ ð0; 2Þ. Here, β is generally evaluated by trial and error ac-
cording to numerical effectiveness. In this paper, experimental ex-
amples use β ¼ 1.9. To accelerate the convergence, SOR iteration
with alternating sweeping orderings sweeps the entire region in the
following four orders:

ðiÞ i ¼ 1∶I; j ¼ 1∶J; ðiiÞ i ¼ I∶1; j ¼ 1∶J;

ðiiiÞ i ¼ I∶1; j ¼ J∶1; ðivÞ i ¼ 1∶I; j ¼ J∶1: (28)

SOR starts with the sweeping ordering of (i) in the first iteration
and then changes to subsequent sweeping orderings in the next three
iterations. After every four iterations, SOR restarts the sweeping
orderings. The solution obtained from the previous sweeping order-
ing is taken as the initial value of the next sweeping ordering. The
anisotropic Poisson equation 24 is then solved. There is no need to
build a large sparse matrix, which can save the computation costs
effectively. More details related to SOR iteration and alternating
sweeping orderings can be found in Kincaid and Young (1972)
and Zhao (2005).

EXAMPLES

In this section, three numerical experiments are presented to
show the effectiveness of the proposed first-order pseudo-Helm-
holtz decomposition for VTI wavefield separation. The anisotropic
Poisson equation 24 is solved by using SOR iteration with alternat-
ing sweeping orderings.
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VTI layered model

In the first example, the density of the layered model is
ρ ¼ 1000 kg=m3, and other parameters are shown in Figure 1. The
model is discretized using a 1000 × 300 grid with a grid spacing of
10 m. A P-wave source is excited at (distance = 5 km, depth = 0.5 km)
using a 15 Hz Ricker wavelet.

The particle velocity wavefields are shown in Figure 2. Figures 3
and 4 depict the P/S waves obtained using the zero-order pseudo-
Helmholtz decomposition method presented by Yang et al. (2019)
and the first-order pseudo-Helmholtz decomposition method based
on the wavefront phase proposed in this paper, respectively. From
Figure 3, it can be observed that the P waves obtained using the
zero-order pseudo-Helmholtz decomposition method contain residual
S waves, and similarly, the S waves also contain residual P waves
(as indicated by the black arrows). In contrast, Figure 4 shows that
the proposed first-order method has almost no residual wavefield
at the same location. Therefore, the proposed method is effective
for nonelliptical anisotropic layered models.

Hess model

In the second example, the Hess model is applied to show the
effectiveness of the new pseudo-Helmholtz decomposition method.
The model parameters of the Hess model are shown in Figure 5. The

= 2500 m/s, = 1443 m/s, = 0.1, = 0.05

VP = 0.2, = 0.1= 3000 m/s, = 1732 m/s, 

= 3500 m/s, = 2020 m/s, = 0.3, = 0.2
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Figure 1. The VTI layered model with its parameters.
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Figure 2. (a) The horizontal and (b) vertical components of the par-
ticle velocity wavefields in the VTI layered model at a propagation
time of 0.85 s.
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Figure 3. The horizontal and vertical components of the P/S waves
in the VTI layered model separated by using the zero-order pseudo-
Helmholtz decomposition operator. (a and b) The horizontal and
vertical components of the P waves, respectively. (c and d) The
counterparts of (a and b) for the S waves, respectively. The black
arrows indicate the wave leakages.
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Figure 5. (a–d) The parameters of the Hess model.
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Figure 4. The horizontal and vertical components of the P/Swaves
in the VTI layered model separated by using the new first-order
pseudo-Helmholtz decomposition operator. (a and b) The horizontal
and vertical components of the P waves, respectively. (c and d) The
counterparts of (a and b) for the S waves, respectively. The black
arrows correspond to those in Figure 3.
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S-wave velocity is the P-wave velocity divided by
ffiffiffi
3

p
. A P-wave

source with a 5 Hz Ricker wavelet is positioned in the center of
the surface. The horizontal and vertical components of the VTI
wavefield are shown in Figure 6.

Figures 7 and 8 show the horizontal and vertical components of the
separated P/S waves obtained using the zero-order pseudo-Helmholtz
decomposition method and the new first-order pseudo-Helmholtz de-
composition method, respectively. As shown in Figures 7a, 7b, 8a,
and 8b, both methods separate the P wave effectively. However, the
wiggle display in Figure 9 indicates that the new first-order pseudo-
Helmholtz decomposition produces more accurate amplitudes than
the zero-order pseudo-Helmholtz decomposition.

The decomposed S-wave results are shown in Figures 7c, 7d, 8c,
and 8d. As can be seen, the zero-order pseudo-Helmholtz decom-
position method produces discernible P-wave residuals in the S
wave, as indicated by the arrows. In contrast, the energy leakage is
reduced significantly in Figure 8c and 8d, thanks to the new first-
order pseudo-Helmholtz decomposition method.

Marmousi model

In addition to the Hess model, another general model, Marmousi,
is provided here to demonstrate the effectiveness of the method de-
scribed in this paper. The size and parameters of the Marmousi model
are shown in Figure 10. In this model, the S-wave velocity is set as
VS ¼ VP=

ffiffiffi
3

p
. The grid size of the discrete model is 10 m, and the

time interval is 1 ms. A 15 Hz Ricker wavelet is used to excite a
P-wave source at the middle of the surface. The previous examples
have proven that the new method is better than the zero-order pseudo-
Helmholtz decomposition method, which shares the same limitation
as observed in the Marmousi model. To avoid repetition, this example
only displays the decomposition results of the new method.

Figure 11a and 11b shows the particle velocity wavefields of the
horizontal and vertical components, respectively. Figure 11c–11f
shows the P/S waves of the horizontal and vertical components
obtained by using the new method. This method can decompose
the P/S waves well. Figure 11g and 11h shows the wavefield resid-
uals by subtracting the decomposed P and S waves from the original
wavefields. The error is about two orders of magnitude smaller than
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Figure 7. (a) The horizontal and (b) vertical components of the sep-
arated P wavefield. (c) The horizontal and (d) vertical components
of the separated S wavefield obtained using the zero-order pseudo-
Helmholtz decomposition method. The black arrows point to the
leaked P-wave energy.
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Figure 6. (a) The horizontal and (b) vertical components of the VTI
wavefields from the Hess model at a propagation time of 3.6 s.
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Figure 8. (a) The horizontal and (b) vertical components of the sep-
arated P wavefield. (c) The horizontal and (d) vertical components
of the separated S wavefield obtained using the new pseudo-Helm-
holtz decomposition method. The black arrows correspond to those
in Figure 7. We see very little leaking P waves at the location in-
dicated by the arrows.
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Figure 9. Wiggle display of the (a) horizontal and (b) vertical com-
ponents of the P waves at a depth of 8.6 km using the zero-order and
new pseudo-Helmholtz decomposition methods, respectively. (c
and d) Enlarged views of the dashed boxes in (a and b), respectively.
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the original wavefield. Therefore, the new method not only decom-
poses the anisotropic wavefield effectively but also reconstructs it
with high accuracy.

In summary, three examples demonstrate that the new first-order
pseudo-Helmholtz decomposition method can achieve a clean
P-/S-wave decomposition for elastic VTI wavefields and is also
suitable for complex VTI models.

DISCUSSION

Precision analysis of wavefield decomposition

The three previous examples have demonstrated that the new
first-order pseudo-Helmholtz decomposition method is effective
and efficient. Here, we carry out a quantitative precision analysis by
varying the anisotropic parameter difference, i.e., ε − δ, and the
VP=VS ratio for a set of homogeneous models. The method of
Zhang and McMechan (2010), which is accurate for homogeneous
models, is used to compute the reference results.

The homogeneous models are discretized into a 600 × 600 grid
with a spacing of 10 m. A vertical force source of a 15 Hz Riker
wavelet is excited in the center of the model. The wavefield snapshot
at 0.6 s was used to analyze the wavefield decomposition accuracy.

Figure 12a shows how the relative errors of P/S waves change with
ε − δ. The model parameters are VP=VS ¼ ffiffiffi

3
p

, VP ¼ 3000 m=s,
VS ¼ 1732 m=s, ρ ¼ 1000 kg=m3, δ ¼ 0.1, ε ∈ ½0.1; 0.4�, and
ε − δ ∈ ½0; 0.3�. The accuracy of this method decreases as the value
of ε − δ increases. The error is less than 0.5%, when ε − δ ¼ 0.05,
which is a commonly encountered weakly anisotropic medium in
practice. Even for a very strong anisotropic medium, ε − δ ¼ 0.3,
the error is less than 6%.

Figure 12b shows how the relative errors of P/S waves change with
the ratio of VP=VS. The model parameters are VP ¼ 3000 m=s,
ρ ¼ 1000 kg=m3, ε ¼ 0.3, δ ¼ 0.1, VS ∈ ½1500; 2500�, and
VP=VS ∈ ½1.2; 2�. As shown in Figure 12b, the accuracy decreases
first and then increases as the ratio of VP=VS increases. Note that the
test models, i.e., ε ¼ 0.3, δ ¼ 0.1, are strongly anisotropic. The er-
rors are much smaller for the commonly encountered weakly aniso-
tropic media. Furthermore, the anisotropy parameter difference,
i.e., ε − δ, has a greater effect on the decomposition accuracy than
the VP=VS ratio.

Strongly anisotropic media

The proposed first-order pseudo-Helmholtz decomposition method
is derived by taking the first-order Taylor expansion on the eigenvalue
of the Christoffel equation around ε − δ. The high-order terms are
discarded, resulting in errors when ε ≠ δ. The larger the ε − δ, the
greater the error. Previous examples and quantitative analyses dem-
onstrate that the new method is quite accurate for a commonly en-
countered weakly anisotropic medium, e.g., ε − δ ¼ 0.05, and
sufficiently accurate for a moderately strong anisotropic medium,

Horizontal

0 2 4 6 8

0

1

2

3

D
ep

th
 (

km
)

Vertical

0 2 4 6 8

0

1

2

3 –1

–0.5

0

0.5

1

A
m

pl
itu

de

10–14

c) P horizontal

0 2 4 6 8

0

1

2

3

D
ep

th
 (

km
)

e) S horizontal

0 2 4 6 8

0

1

2

3

D
ep

th
 (

km
)

g)
Horizontal component residual 

0 2 4 6 8
Distance (km)

0

1

2

3

D
ep

th
 (

km
)

d)

a) b)

P vertical

0 2 4 6 8

0

1

2

3 –1

–0.5

0

0.5

1

A
m

pl
itu

de

10–14

f)

0 2 4 6 8

S vertical
0

1

2

3 –1

–0.5

0

0.5

1

A
m

pl
itu

de

10–14

h)

Distance (km)

Vertical component residual

0 2 4 6 8

0

1

2

3 –2

–1

0

1

2

A
m

pl
itu

de

10–16

Figure 11. The P-/S-wave separation for the Marmousi model.
(a) The horizontal and (b) vertical components of the particle velocity
wavefields at a propagation time of 1.1 s. (c and d) The horizontal and
vertical components of the P waves, respectively. (e and f) The coun-
terparts of (c and d) for the S waves, respectively. (g and h) The hori-
zontal and vertical components of the wavefield residuals obtained by
subtracting the input wavefield from the separated P and S waves,
respectively. The residual wavefields are two orders of magnitude
smaller than the original wavefields.
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e.g., the first-layered model, which has ε ¼ 0.3 and δ ¼ 0.2. To fur-
ther understand the limits of the new method, we modified the aniso-
tropic parameters of the layered model of the first example into
ε ¼ 0.25, 0.3, and 0.4 and δ ¼ 0.05, 0.1, and 0.15, which is strongly
anisotropic, i.e., jε − δj ≥ 0.2 (Thomsen, 1986). Figure 13 shows the
decomposed results. As expected, there are some leaks in the P and S
waves, but they are insignificant. The residuals plotted in Figure 13g
and 13h are two orders of magnitude smaller than the original wave-
fields. Figure 14 shows one trace of the separated P/S waves and
original wavefields at a distance of 7 km. As can be seen, although
there are some amplitude differences and leakages in certain locations,
overall, this method has good adaptability to strongly anisotropic
media. Thus, this example further demonstrates that the new method
is robust and should be sufficient for imaging and inversion.

Effects of noise in P-/S-wave decomposition

To illustrate the effectiveness of the new first-order pseudo-Helm-
holtz decomposition in resisting noise, Gaussian noise is added to the
input wavefields of the Marmousi example. The noise-contaminated
wavefields have a signal-to-noise ratio of 1.6 for the horizontal com-
ponent and 1 for the vertical component, as shown in Figure 15a and
15b. The separated P and S waves are shown in Figure 15c–15f.
Compared with the noise-free results in Figure 11, we conclude that
the new method is quite effective in resisting noise.

Computational efficiency analysis

The main computational cost of the proposed method lies in solv-
ing the Poisson equation 24. There are two Poisson equations for 2D
wavefields and three Poisson equations for 3D wavefields. The com-
putational complexity of SOR in equation 27 is α · nt · nx · nz. Here,
nx and nz are the dimensions of the wavefield and nt is the number of
iterations. Based on our tests, 20 iterations are sufficient for the sim-
ple models, such as the homogeneous models and layered models,
and 60 iterations are sufficient for the complex models, e.g., the Mar-
mousi model. The scalar α depends on the finite-difference order, and
it is 28 for the six-order finite difference. The proposed method has a
computational cost similar to that of the zero-order pseudo-Helm-
holtz decomposition method by Yang et al. (2019). However, their
first-order method solves six Poisson equations for the 2D wave-
fields. The low-rank method proposed by Cheng and Fomel
(2014) includes a one-time forward Fourier transform and r times
inverse Fourier transforms, resulting in a computational complexity
of c · ðr þ 1Þ · nx · nz · logðnx · nzÞ. Here, the value of c depends
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Figure 14. Wiggle display of the (a) horizontal and (b) vertical
components of the P and S waves at a distance of 7 km, respectively.
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Figure 15. The P-/S-wave separation for the Gaussian noise-con-
taminated wavefields from the Marmousi model. (a) The horizontal
and (b) vertical components of the particle velocity wavefields at a
propagation time of 1.1 s. (c and d) The horizontal and vertical com-
ponents of the P waves, respectively. (e and f) The counterparts of
(c and d) for the S waves, respectively.
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Figure 13. (a) The horizontal and (b) vertical components of particle
velocity wavefields in the strongly anisotropic layered model at a
propagation time of 1 s. (c and d) The horizontal and vertical compo-
nents of the P waves, respectively. (e and f) The counterparts of (c and
d) for the S waves, respectively. The black arrows indicate the notice-
able P-wave leakage. (g and h) The horizontal and vertical components
of the wavefield residuals obtained by subtracting the input wavefield
from the separated P and S waves, respectively. The residual wave-
fields are two orders of magnitude smaller than the original wavefields.
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on the specific implementation and hardware; typically, this is eight
(Golub and Van Loan, 2013) and r denotes the reduced rank. Cheng
and Fomel (2014) choose r ¼ 6 for the Hess VTI model. The low-
rank method also involves the cost of matrix decomposition, which is
one to two orders of magnitude higher than Fourier transforms (refer
to Tables 1 and 2 in Cheng and Fomel, 2014). To mitigate this cost,
they propose precomputing the matrices. Therefore, the proposed
pseudo-Helmholtz method achieves a similar level of computational
efficiency as the low-rank method when the matrix decomposition is
not taken into account.

CONCLUSION

In this paper, we propose a new pseudo-Helmholtz decomposition
method based on the wavefront’s phase direction for elastic VTI
wavefields. It overcomes the difficulty of implementing the first-order
pseudo-Helmholtz decomposition and its associated anisotropic Pois-
son equation. SOR iteration with alternating sweeping orderings is
used to solve the Poisson equation iteratively. It is more efficient than
the LU decomposition methods. Compared with the first-order Helm-
holtz decomposition method, the new pseudo-Helmholtz decompo-
sition method requires much less computational cost, and more
importantly, it is easier to implement the new method in the space
domain. Compared with the zero-order pseudo-Helmholtz decompo-
sition method, the new pseudo-Helmholtz decomposition method can
obtain more accurate P-/S-wave decomposition at a similar computa-
tional cost. Although the first-order Taylor approximation is applied
in the new pseudo-Helmholtz decomposition method, accuracy
analysis and numerical experiments demonstrate that the accuracy
is sufficient for normal elastic VTI models.
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APPENDIX A

DERIVATION OF THE EIGENVALUES AND
VECTORS OF THE CHRISTOFFEL EQUATION

Based on the Christoffel equation 3, we denote

A ¼
�

c11k2x þ c55k2z ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2x þ c33k2z

�
(A-1)

and

V ¼
�

V1

V2

�
: (A-2)

Then, λ ¼ ρω
2 ¼ ρk2v2 (v is the phase velocity) and V are the

eigenvalue and eigenvector of the matrix A, respectively. According
to the eigen analysis theory, we form the following determinant:

jA − λEj ¼




 c11k2x þ c55k2z − λ ðc13 þ c55Þkxkz

ðc13 þ c55Þkxkz c55k2x þ c33k2z − λ





 ¼ 0:

(A-3)

From equation A-3, we obtain a quadratic equation for the variable λ:

aλ2 þ bλþ c ¼ 0; (A-4)

where8<
:

a¼ 1

b ¼−½ðc11k2x þ c55k2zÞþ ðc55k2x þ c33k2zÞ�
c¼ ðc11k2x þ c55k2zÞ · ðc55k2x þ c33k2zÞ− ðc13þ c55Þ2k2xk2z

:

(A-5)

Then, λ in equation A-4 can be solved by

λ1;2 ¼
−b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 4ac

p

2a

¼ ðc11 þ c55Þk2x þ ðc33 þ c55Þk2z
2

� ½ðc11 − c55Þk2x þ ðc33 − c55Þk2z �
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4½ðc11 − c55Þ · ðc55 − c33Þ þ ðc13 þ c55Þ2�k2xk2z

½ðc11 − c55Þk2x þ ðc33 − c55Þk2z �2

s
:

(A-6)

Note c11, c13, c33, and c55 can be replaced with the Thomsen param-
eters given in equation 2. Therefore,

λ1;2 ¼ ρ

½ð1þ2εÞV2
PþV2

S�k2x þ½V2
PþV2

S�k2z
2

�ρ

½ð1þ2εÞV2
P−V2

S�k2x þ½V2
P−V2

S�k2z
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ðδ− εÞV2

PðV2
P−V2

SÞk2xk2z
½ðð1þ2εÞV2

P−V2
SÞk2x þðV2

P−V2
SÞk2z �2

s
: (A-7)

Let V1 ¼
�

x1
x2

�
. Then, we obtain� ðc11k2x þ c55k2zÞx1 þ ðc13 þ c55Þkxkzx2 ¼ λx1

ðc13 þ c55Þkxkzx1 þ ðc55k2x þ c33k2zÞx2 ¼ λx2
: (A-8)

Assuming x1 ¼ kx, the second equation in equation A-8 gives

x2 ¼
ðc13 þ c55Þk2xkz

λ1 − ðc55k2x þ c33k2zÞ
: (A-9)
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Therefore, the eigenvector associated with λ1 can be written as

V1 ¼
�

kx
ðc13þc55Þk2xkz

λ1−ðc55k2xþc33k2z Þ

�
¼

"
kx
ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
k2xkz

λ1−ρðV2
S
k2xþV2

P
k2z Þ

#
:

(A-10)

Similarly, assuming x2 ¼ −kx, the first equation in equation A-8
gives

x1 ¼
−ðc13 þ c55Þk2xkz

λ2 − ðc11k2x þ c55k2zÞ
: (A-11)

Therefore, the eigenvector corresponding to λ2 can be written as

V2 ¼
� −ðc13þc55Þk2xkz

λ2−ðc11k2xþc55k2z Þ
−kx

�
¼

"
−ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
k2xkz

λ2−ρðð1þ2εÞV2
P
k2xþV2

S
k2zÞ

−kx

#
:

(A-12)

For the nonelliptic anisotropy problem (ε ≠ δ), when ε − δ → 0,
the eigenvalues can be obtained by the first-order Taylor expansion
of the radical term of equation A-7:

(
λ1 ¼ ρV2

P½ð1þ 2εÞk2x þ k2z � þ ρ
2ðδ−εÞV2

P
ðV2

P
−V2

S
Þk2xk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

λ2 ¼ ρV2
S½k2x þ k2z � − ρ

2ðδ−εÞV2
P
ðV2

P
−V2

S
Þk2xk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

:

(A-13)

Then, the eigenvectors of A can be obtained by substituting
equation A-13 into equation A-10 and equation A-12:8>>>>>>>><

>>>>>>>>:

V1 ¼

2
64

kx ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
½ð1þ2εÞV2

P
−V2

S
�þ 2ðδ−εÞV2

P
ðV2

P
−V2

S
Þk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

kz

3
75

V2 ¼

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
½ð1þ2εÞV2

P
−V2

S
�þ 2ðδ−εÞV2

P
ðV2

P
−V2

S
Þk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

kz

−kx

3
75

: (A-14)

Physically, λ1 and λ2 represent the phase velocities of the P and S
waves, respectively. In addition, V1 and V2 denote the polarization
directions of the P and S waves, respectively. Based on equa-
tion A-14, the eigenvectors of the matrix A can also be expressed
as follows:

8>>>>>>>>><
>>>>>>>>>:

V1 ¼

2
64

kx ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
½ð1þ2εÞV2

P
−V2

S
�þ 2ðδ−εÞV2

P
ðV2

P
−V2

S
Þk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

kz

3
75 ¼

�
kx

rkz

�

V2 ¼

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ2δÞV2

P
−V2

S
�½V2

P
−V2

S
�

p
½ð1þ2εÞV2

P
−V2

S
�þ 2ðδ−εÞV2

P
ðV2

P
−V2

S
Þk2z

½ð1þ2εÞV2
P
−V2

S
�k2xþðV2

P
−V2

S
Þk2z

kz

−kx

3
75 ¼

�
rkz

−kx

� ;

(A-15)

where

r ¼ r2

r1 þ r4k2z
r1k2xþr3k2z

; (A-16)

where r1, r2, r3, and r4 are the functions given in equation 9.
Because the elliptic anisotropy problem (ε ¼ δ) is a special case

of the non-elliptic anisotropy problem, its eigenvalues and eigen-
vectors of A can be obtained in equations A-13 and A-15:�

λ1 ¼ ρV2
P½ð1þ 2εÞk2x þ k2z �

λ2 ¼ ρV2
S½k2x þ k2z � (A-17)

and

8<
:

V1 ¼
�

kx
r2
r1

kz

�

V2 ¼
� r2

r1
kz

−kx

� : (A-18)

APPENDIX B

DERIVATION OF THE FIRST-ORDER
PSEUDO-HELMHOLTZ DECOMPOSITION

According to Helmholtz’s theorem, the vector anisotropic elastic
wavefield u can be resolved into the sum of a curl-free vector field
and a divergence-free vector field:

u ¼ uP0 þ uS0 ; (B-1)

where uP0 and uS0 are the P and S wavefields, respectively. Applying
the Fourier transform to u ¼ ðux; uzÞ gives U ¼ ðUx; UzÞ in the
wavenumber domain. The terms UP

0 and US
0 are the vector P and

S wavefields in the wavenumber domain, respectively, satisfying�
V1 · U ¼ V1 · UP

0
V1 × UP

0 ¼ 0
(B-2)

and �
V1 × U ¼ V1 × US

0
V1 · US

0 ¼ 0
: (B-3)

By applying the first-order Taylor expansion in equation 5, the
eigenvector V1 becomes D1. Then, equations B-2 and B-3 become�

D1 · U ¼ D1 · UP

D1 × UP ¼ 0
(B-4)

and �
D1 × U ¼ D1 × US

D1 · US ¼ 0
: (B-5)

Here,
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8>>><
>>>:

D1 ¼
�

kx

rkz

�
r ¼ r2

r1þ
r4k2z

r1k2xþr3k2z

: (B-6)

Based on equation B-4, we can obtain

�
kxUx þ rkzUz ¼ kxU

p
x þ rkzU

p
z

rkzU
p
x − kxU

p
z ¼ 0

: (B-7)

Hence

�
Up

x ¼ ðk2xUx þ rkxkzUzÞ=ðk2x þ r2k2zÞ
Up

z ¼ ðrkxkzUx þ r2k2zUzÞ=ðk2x þ r2k2zÞ : (B-8)

Moreover, from equation B-5, we obtain

�
rkzUx − kxUz ¼ rkzUs

x − kxUs
z

kxUs
x þ rkzUs

z ¼ 0
: (B-9)

Thus, we have

�
Us

x ¼ ðr2k2zUx − rkxkzUzÞ=ðk2x þ r2k2zÞ
Us

z ¼ ðk2xUz − rkxkzUxÞ=ðk2x þ r2k2zÞ : (B-10)

Formula B-1 can also be written as

�
Ux ¼ Up

x þ Us
x

Uz ¼ Up
z þ Us

z
: (B-11)

Combining this formula with equations B-8, B-10, and B-11, we
have

�
Ux ¼ ðk2xUx þ r2k2zUxÞ=ðk2x þ r2k2zÞ
Uz ¼ ðk2xUz þ r2k2zUzÞ=ðk2x þ r2k2zÞ : (B-12)

Formulas B-8, B-10, and B-12 can also be expressed as follows:

8>><
>>:

UP ¼ D1

�
D1 · U

jD1j2
�

US ¼ −D1 ×
�
D1 × U

jD1j2
�

½k2x þ r2k2z � U
jD1j2 ¼ U

: (B-13)

After adding i ¼ ffiffiffiffiffiffi
−1

p
to equation B-13, we obtain

8>>><
>>>:

UP ¼ iD1ðiD1 · WÞ
US ¼ −iD1 × ðiD1 × WÞ
W ¼ − U

jD1j2
−½k2x þ r2k2z �W ¼ U

: (B-14)

APPENDIX C

NEW FIRST-ORDER PSEUDO-HELMHOLTZ
DECOMPOSITION FOR 3D WAVEFIELDS

For 3D VTI media, the matrix A in equation A-1 turns into

A¼

2
64c11k2xþc66k2yþc44k2z ðc11−c66Þkxky ðc13þc44Þkxkz

ðc11−c66Þkxky c66k2xþc11k2yþc44k2z ðc13þc44Þkykz

ðc13þc44Þkxkz ðc13þc44Þkykz c44k2xþc44k2yþc33k2z

3
75:

(C-1)

Then, the eigenvalues of matrix A can be obtained as follows:

λ1;3 ¼ ρ

½ð1þ 2εÞV2
P þ V2

S�ðk2x þ k2yÞ þ ½V2
P þ V2

S�k2z
2

� ρ

½ð1þ 2εÞV2
P − V2

S�ðk2x þ k2yÞ þ ½V2
P − V2

S�k2z
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ðδ − εÞV2

PðV2
P − V2

SÞðk2x þ k2yÞk2z
½ðð1þ 2εÞV2

P − V2
SÞðk2x þ k2yÞ þ ðV2

P − V2
SÞk2z �2

s
;

λ2 ¼ ρV2
S½ð1þ 2γÞðk2x þ k2yÞ þ k2z �: (C-2)

For the non-elliptic anisotropy problem (ε ≠ δ), the eigenvalues
can be obtained by the first-order Taylor expansion of the square-
root term of equation C-2:

8>><
>>:
λ1¼ρV2

P½ð1þ2εÞðk2xþk2yÞþk2z �þρ
2ðδ−εÞV2

P
ðV2

P
−V2

S
Þðk2xþk2yÞk2z

ðð1þ2εÞV2
P
−V2

S
Þðk2xþk2yÞþðV2

P
−V2

S
Þk2z

λ2¼ρV2
S½ð1þ2γÞðk2xþk2yÞþk2z �

λ3¼ρV2
S½k2xþk2yþk2z �−ρ

2ðδ−εÞV2
P
ðV2

P
−V2

S
Þðk2xþk2yÞk2z

ðð1þ2εÞV2
P
−V2

S
Þðk2xþk2yÞþðV2

P
−V2

S
Þk2z

;

(C-3)

where λ1; λ2, and λ3 represent the phase velocities of the P, SH, and
SV waves, respectively.

The Christoffel equation for 3D VTI media is

8><
>:
½c11k2xþc66k2yþc44k2z �x1þ½ðc11−c66Þkxky�x2þ½ðc13þc44Þkxkz�x3¼λx1
½ðc11−c66Þkxky�x1þ½c66k2xþc11k2yþc44k2z �x2þ½ðc13þc44Þkykz�x3¼λx2
½ðc13þc44Þkxkz�x1þ½ðc13þc44Þkykz�x2þ½c44k2xþc44k2yþc33k2z �x3¼λx3

:

(C-4)

Similar to the 2D case, the eigenvectors for 3D problems can also be
obtained by the Christoffel equation C-4 using the first-order Taylor
expansion method. Let the eigenvectors correspond to λ1, λ2, and λ3

be V1, V2, and V3, respectively. Then,8>>>>>>>>>>>><
>>>>>>>>>>>>:

V1 ¼
2
4 kx

ky

rkz

3
5

V2 ¼
"−ky

kx

0

#

V3 ¼
" −rkxkz

−rkykz

k2x þ k2y

#
; (C-5)
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with

r ¼ r2

r1 þ r4k2z
r1ðk2xþk2yÞþr3k2z

: (C-6)

Physically,V1;V2, and V3 are the polarization directions of the P, SH,
and SV waves, respectively. Thus, we define the operatorD1 as follows:

D1 ¼
2
4 kx

ky

rkz

3
5: (C-7)

In the wavenumber domain, the wavenumber vector
k ¼ ðkx; ky; kzÞ indicates the phase direction of the corresponding
plane wave. Let the unit vector of the phase direction be n. Then,
it can be expressed by

n ¼ ðnx; ny; nzÞ ¼
k
jkj : (C-8)

Then, the operator D1 turns to

D ¼
2
4 kx

ky

r 0kz

3
5; (C-9)

where

r 0 ¼ r2

r1 þ r4n2
z

r1ðn2
xþn2

yÞþr3n2
z

: (C-10)

Similar to replacing the operator D1 in equations 10–13 with D, and
then transforming them to the spatial domain, we have�

uP ¼ ∇ 0ð∇ 0 · wÞ
uS ¼ −∇ 0 × ð∇ 0 × wÞ ; (C-11)

where the new pseudo-Helmholtz decomposition operator ∇ 0 is

∇ 0 ¼
2
4 ∂x

∂y

r 0ðxÞ∂z

3
5; (C-12)

where

r 0ðxÞ ¼ r2ðxÞ
r1ðxÞ þ r4ðxÞn2

z

r1ðxÞðn2
xþn2

yÞþr3ðxÞn2
z

; (C-13)

and w satisfies the following anisotropic Poisson equation:�
∂
∂x2

þ ∂
∂y2

þ ðr 0ðxÞÞ2 ∂
∂z2

	
w ¼ u: (C-14)
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Least-squares reverse time migration with a multiplicative Cauchy
constraint

Gang Yao1, Bo Wu1, Nuno V. da Silva2, Henry A. Debens3, Di Wu4, and Jingjie Cao5

ABSTRACT

One of reverse time migration’s main limitations is that an un-

scaled adjoint operator is prone to produce images with low res-

olution, inaccurate amplitudes, and even artifacts. Least-squares

reverse time migration (LSRTM) has been introduced to mitigate

this inadequacy via the use of an approximation to an inverse

operator. LSRTM suffers from its own limitations, most impor-

tantly from poor condition, which often manifests itself as image

artifacts. One approach to ameliorate this issue is to constrain the

optimization problem by introducing a penalty term to the cost

function. Penalizing estimated parameters for sparsity is one such

constraint that has been shown to be effective. A drawback

of this technique is that it introduces a trade-off between data fit-

ting and image sparsity. Furthermore, if using the Cauchy

constraint, an additional trade-off is introduced due to the require-

ment to estimate a hyperparameter. We introduce an alternative

approach that mitigates these trade-offs by combining a multipli-

cative cost function with an effective means for determining the

Cauchy hyperparameter. We also introduce a new formulation of

the multiplicative cost function that avoids over-penalization by

the constraint via the introduction of a relaxation term. Finally, we

seek to improve the computational efficiency by introducing a

new approach for computing the step length. As such, our method

introduces three novel aspects to constrained LSRTM: (1) a re-

laxed multiplicative cost function, (2) semiautomatic estimation

of the Cauchy hyperparameter, and (3) efficient computation of

the step length. We discuss the theory and implementation, fol-

lowed by application to three synthetic data sets and a real ultra-

sonic data set. Given the presence of large salt bodies, elasticity,

and noise, along with the directivity of piezoelectric ultrasonic

transducers, these data sets provide a challenging test of the ap-

proach outlined. Results demonstrate that our method is robust in

handling the challenges imposed by these scenarios.

INTRODUCTION

Reverse time migration (RTM) (e.g., Baysal et al., 1983; Lailly,

1983; McMechan, 1983; Whitmore, 1983) has been used widely in

geophysical exploration for imaging complex geologic structures

(e.g., Zhang et al., 2011; Elita Li et al., 2018; Zhao et al.,

2021). The technique has been extended for other nondestructive

imaging purposes, for instance, assessing material properties,

interior defects, and heterogeneities related to objects and structures

(e.g., Asadollahi and Khazanovich, 2019; Liu et al., 2019) as well as

imaging through biological tissues (e.g., Roy et al., 2016). The data

recorded for imaging can be of varying nature, including but not

limited to seismic, ultrasonic, and electromagnetic (e.g., Zhou et al.,

2005) waves.

RTM linearizes the wave equation used with respect to the model

parameters, e.g., acoustic reflectivity, and applies the adjoint oper-

ator of the linearized wave equation to produce migration images.

Equation 14 of Xu et al. (2011) demonstrates that the Hessian —

the second derivative of the data-misfit norm with respect to the

model parameters — is an identity matrix, with the proviso that
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the acquisition geometry fully covers the surface of the model and

that the high-frequency asymptotic approximation is satisfied. In

this scenario, the adjoint operator is a good approximation for

the inverse of the linearized wave equation. Seismic imaging via

migration can be carried out without explicit inversion through

the minimization of an objective function. However, in practice,

seismic acquisition is unable to achieve the idealized conditions de-

scribed previously. As a result, the Hessian matrix contains nonzero

off-diagonal elements (Trad, 2020), and conventional adjoint migra-

tion methods can only deliver approximate solutions to the imaging

problem. The image quality is subsequently compromised in terms

of amplitude fidelity, noise attenuation, and resolution — particu-

larly if the shotpoints are sparse or large gaps in coverage exist.

Formulating migration as a least-squares problem is a means to

improve image quality. Migration under the least-squares fitting

framework is referred to as least-squares migration (LSM) and has

been introduced and discussed by, e.g., Nemeth et al. (1999), Kühl

and Sacchi (2003), and Kaplan et al. (2010). Least-squares RTM

(LSRTM) (e.g., Dai et al., 2012; Yao and Wu, 2015; Zhang et al.,

2015; Liu and Peter, 2018; Yang and Zhang, 2018; Yang et al.,

2018, 2019a, 2019b; Zhang et al., 2019; Liu and Zhang, 2020) is

a recent development in LSM technology that can be formulated

in either the data or image domain. Recently published work dem-

onstrates that LSRTM can achieve higher resolution and more bal-

anced amplitudes while producing fewer artifacts than conventional

RTM based on adjoint operators. The data-fitting principle and

workflow behind LSRTM are remarkably similar to those of full-

waveform inversion (FWI) (Tarantola, 1984), which is a modern ap-

proach to seismic velocity model building. Zhang et al. (2014) and

Tang and McMechan (2017) bridge the gap between RTM/LSRTM

and FWI by modifying RTM for the recovery of models of velocity

and impedance. Conversely, Kalinicheva et al. (2020) and Zhang et al.

(2020) obtain high-quality migration images through the use of FWI.

Similar to other geophysical inverse problems, LSRTM is ill-con-

ditioned. This is principally because of low- and high-frequency com-

ponents of the data having reduced amplitudes, receiver arrays being

of limited offset, and limited source coverage. These factors cause the

Hessian matrix to contain small eigenvalues (Trad, 2020). The pres-

ence of small eigenvalues generally manifests as a series of small side-

lobes surrounding the true reflectors in the migration image, as

described in Figure 1 of Yao and Jakubowicz (2016). In addition,

the small eigenvalues can lead to the creation of artificial events in

the migration image. These artifacts may not be suppressed but in-

stead amplified with increasing numbers of LSRTM iterations (Trad,

2020). These problems can be mitigated by incorporating sparsity

constraints, which assume that the reflectivity consists of a sequence

of sparse spikes (Sacchi et al., 1994; Velis, 2007).

Several examples of the use of sparsity-promoting constraints dur-

ing LSRTM follow. Lin and Huang (2015) apply total variation (TV)

of the migration image as a constraint to suppress the creation of ar-

tifacts. They also promote the sparsity of the gradient of the image in

an effort to boost the piecewise smoothness of the migration image.

To solve this constrained system, they choose to apply the split-Breg-

man method (Goldstein and Osher, 2009). Because the aim of migra-

tion is to recover a model representing the reflectivity of the earth,

which is typically sparse but not piecewise smooth, a TV constraint

is, to some degree, not an ideal choice for constrained LSRTM. Wu

et al. (2016) apply the L1-norm of the migration image as a constraint

to promote the sparsity of the reflectivity model. They solve their

L1-norm-constrained problem using the spectral projected gradient

for L1-norm (SPGL1) optimization method (van den Berg and Fried-

lander, 2008). Although effective, the examples published indicate

slow convergence.

An alternative to an L1-norm constraint is the Cauchy constraint,

an approach comparablewith L0-norm penalization and that works to

promote the sparsity of the inverted model. A desirable feature of the

Cauchy constraint is that it is differentiable at the origin. As such,

when used to constrain a least-squares problem, gradient methods

can be adopted for simple and efficient optimization. As a result,

the Cauchy constraint has been successfully applied in seismic data

denoising (Yuan et al., 2018) and inversion (Sacchi, 1997; Wang and

Wang, 2016). Cauchy-constrained problems are usually formulated

as an additive cost function that contains a regularization, or trade-off,

parameter. In such a case, an optimal regularization parameter must

be determined. Unfortunately, this parameter often needs to be ob-

tained through trial and error. Fortunately, this issue can be circum-

vented through the use of a multiplicative cost function (van den Berg

et al., 1999, 2003; da Silva and Yao, 2018), which eliminates the need

to estimate a regularization parameter.

We propose a Cauchy-constrained approach to data-domain

LSRTM using a modified multiplicative cost function, which in-

volves three novel aspects: first, a relaxation term in the multiplicative

functional for avoiding over-penalization of the recovered model;

second, a spatially varying hyperparameter in the Cauchy term for

complex reflectivity models that contain strong and weak reflectors;

and third, an intelligent nonquadratic line-search method for Cauchy-

constrained LSRTM, which avoids repeated solution of the wave

equation when computing the step length. Examples using three syn-

thetic data sets and a real ultrasonic data set demonstrate the effec-

tiveness and efficiency of our proposed approach to LSRTM.

METHOD

Least-squares RTM

LSRTM is typically carried out by minimizing the L2-norm

functional:

FðmÞ ¼ 1

2
kusðxrÞ − d0ðxrÞk22; (1)

where usðxrÞ denotes the simulated scattering wavefield at receiver

location xr (produced by solving equation A-4 for the stacked re-

flectivity model m), usðxrÞ is some function of the reflectivity

model, and d0ðxrÞ represents the observed data. As stated in equa-

tion A-7, the gradient of the functional can be expressed in integral

form as

∂FðmÞ
∂mðxÞ ¼ −

ZZZ
iωðGsðxjxs;ωÞsðxs;ωÞÞ�G�

rðxjxr;ωÞ

ðusðxr; xs;ωÞ − d0ðxr; xs;ωÞÞdωdxrdxs; (2)

where � denotes the complex conjugation. Equation 2 shows that

the gradient of the objective function in equation 1 is produced by

taking the zero-lag crosscorrelation between the source wavefield

and the back-propagated residual wavefield (Yao and Wu, 2015).

It is worth noting that the forward-modeling formula in equation 2

is based on the Kirchhoff approximation (Yao et al., 2018b; Lu and

Liu, 2020). One advantage of the Kirchhoff approximation is that it
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D
o
w

n
lo

a
d
e

d
 0

5
/2

3
/2

2
 t
o
 1

1
1
.1

9
3
.1

2
8
.6

9
. 
R

e
d
is

tr
ib

u
ti
o
n
 s

u
b
je

c
t 

to
 S

E
G

 l
ic

e
n
s
e
 o

r 
c
o
p
y
ri
g
h
t;

 s
e
e
 T

e
rm

s
 o

f 
U

s
e

 a
t 

h
tt

p
:/

/l
ib

ra
ry

.s
e

g
.o

rg
/p

a
g

e
/p

o
lic

ie
s
/t

e
rm

s
D

O
I:

1
0
.1

1
9
0
/g

e
o
2
0
2
1
-0

1
8
3
.1



produces zero-phase migration images, a property desirable in seis-

mic interpretation.

As discussed in the previous studies (e.g., Dai et al., 2012; Zhang

et al., 2015; Yao and Jakubowicz, 2016), LSRTM can improve the

resolution of the recovered reflectivity model. The resolution

achievable is, nonetheless, limited by the bandwidth of the observed

data d0. The existence of small eigenvalues in the Hessian matrix

(Trad, 2020) has two undesirable effects on images estimated using

LSRTM: (1) generation of a series of sidelobes around true reflec-

tors (also known as “ringing” within the geophysical community)

and (2) generation of several other artifacts that arise from boosting

noise contained in the observed data.

LSRTM with a multiplicative Cauchy constraint

To further improve the resolution of LSRTM and suppress any

sidelobes and artifacts in the reflectivity model, one can apply spar-

sity-promoting regularization during LSRTM. In this paper, we ex-

plore the Cauchy constraint for this purpose. The constrained

functional is defined as

JðmÞ ¼ FðmÞ þ βRðmÞ; (3)

where β denotes the regularization parameter and is a positive sca-

lar, and RðmÞ represents the Cauchy constraint, defined by Wang

(2016) as

RðmÞ ¼ 1

2

XN
k¼1

ln

�
1þ m2

k

λ
2
k

�
; (4)

where λk is a hyperparameter that controls the sparseness of the

model m, where k represents the index of the model element,

and N denotes the total number of model elements. In general,

the hyperparameter λk is determined by experimental means. We

propose to determine λk by examining the gradient of RðmÞ, where
m is the reflectivity model recovered after a handful of iterations,

e.g., five iterations, of unconstrained LSRTM. The rationale behind

the strategy presented here is that the optimal λk should generate

low gradient values at true interfaces but high gradient values at

artifacts and sidelobes. Because the maximum gradient of the

Cauchy term lnð1þm2∕λ2Þ occurs whenm equals λ, it follows that

the value λ should roughly match the magnitude of the sidelobes

and artifacts but be less than the magnitude of the reflectors. As

a result, the constraint penalizes sidelobes and artifacts while boost-

ing the resolution of the reflectivity model. Because the magnitude

of reflectors varies in space, we propose to use a spatially varying λk
rather than a constant value. Using a constant value is the conven-

tional approach. A general guide to determining the spatially vary-

ing hyperparameter is that its value should approximate the

magnitude of the noise but be less than the magnitude of most re-

flectors, with the value increased for weak reflectors. This strategy

will be explored further in the “Examples” and “Discussion”

sections.

It is widely recognized that the determination of the regularization

parameter β is a nontrivial task (Bakushinskii, 1984; van den Berg

et al., 1999). There are two broad categories of strategy for determin-

ing the regularization parameter: a priori strategies and a posteriori

strategies (Xiao et al., 2003). In general, a posteriori strategies, such

as the generalized cross validation principle and the L-curve princi-

ple, are more practical than a priori strategies but can sometimes fail

(Yagola et al., 2002). As a result, the determination of β can involve a

considerable number of experimental tests. To circumvent this draw-

back, van den Berg et al. (1999, 2003) propose a multiplicative cost

function:

JnðmÞ ¼ FðmÞCnðmÞ; (5)

where the constraint term is defined as

CnðmÞ ¼ RðmÞ
RðmnÞ

; (6)

where mn denotes the estimated m at the current iteration n and

RðmnÞ is used as a normalizing constant during each iteration of

the inversion process.

The multiplicative cost function in equation 5 is equivalent to the

additive cost function:

JnðmÞ ¼ 1

2
ðFðmÞ þ βRðmÞÞ; (7)

where β ¼ FðmÞ∕RðmnÞ, as demonstrated by van den Berg et al.

(1999, 2003). Compared to equation 3, the regularization parameter

β in equation 7 is determined automatically. During early iterations

of the inversion process, the regularization parameter β will be large

because the data-misfit term FðmÞ will itself be large. As FðmÞ de-
creases with successive iterations, the regularization term βRðmÞ
will decrease also. This gradual “cooling” of the regularization

parameter β is a desirable property (van den Berg et al., 1999). Fur-

thermore, the regularization parameter β, which is determined

implicitly in equation 7, can compensate (to some degree) for non-

optimal selection of the hyperparameter λ. Consequently, λ only

needs to be close to its optimum value.

As described in our analysis of the forward problem for LSRTM

(Appendix A), the forward-modeling operator for LSRTM, equa-

tion A-4, is different from the full wave equation, equation A-1,

because only first-order scattering is considered during LSRTM.

Consequently,

kusðminvÞ − d0k22 > 0; (8)

where usðminvÞ represents the data predicted by the reflectivity

model minv inverted by minimizing FðmÞ. The discrepancies be-

tween usðminvÞ and d0 become larger with increasing model com-

plexity and increasing noise in d0. Consequently, the data-misfit

term will tend to remain large after FðmÞ has been minimized

for a complex model. This large residual will force the regulariza-

tion term βRðmÞ to over-penalize the reflectivity model m, thereby

introducing undesired biases into the estimate. Therefore, we pro-

pose adding a relaxation term ε to the multiplicative functional,

given by

JnðmÞ ¼ ðFðmÞ − εÞCnðmÞ: (9)

The relaxation term ε should be smaller than FðminvÞ but posi-
tive, thereby imposing sufficient sparsity onto the model while

avoiding FðmÞ − ε becoming negative.
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The gradient of the multiplicative functional in equation 9 is

∂Jn
∂m

¼ CnðmÞ ∂FðmÞ
∂m

þ FðmÞ − ε

RnðmÞ
∂RðmÞ
∂m

¼ ∂FðmÞ
∂m

þ FðmÞ − ε

RnðmÞ
∂RðmÞ
∂m

: (10)

In the relaxed multiplicative functional (equation 9), the data-

misfit term FðmÞ is quadratic because the forward-modeling equa-

tion (equation A-4) is linear. However, the Cauchy term RðmÞ is

nonquadratic. As a result, equation 9 is nonquadratic. We use a pre-

conditioned nonlinear conjugate-gradient (PNCG) method based on

the Polak-Ribière formula to minimize the relaxed functional (equa-

tion 9). Our implementation of PNCG is adapted from page 53 of

Shewchuk (1994). To improve convergence, we use the energy con-

tained within the stacked source wavefields u0 as a preconditioner

M, which is a diagonal positive-definite matrix, the major-diagonal

elements of which are defined as

Mkk ¼
XNshot

i¼1

X
t

u20ðxkjxsi; tÞ: (11)

The preconditionerM approximates the Hessian matrix by acting

as an illumination-compensation operator (Kaelin and Guitton,

2006). As such, the introduction of M can improve convergence

of the optimization problem. This form of preconditioner happens

to have been widely applied in FWI (e.g., Pratt, 1999; Virieux and

Operto, 2009; Warner et al., 2013).

Step-length calculation

At each iteration, we must perform a line search to find a mini-

mizer αopt, the optimal step length, for

αopt ¼ arg min
α

Jnðmþ αδmÞ; (12)

where δm denotes a small perturbation to the current modelm along

the conjugate update direction.

Because the Cauchy-constrained multiplicative functional is

nonquadratic, common line-search methods (without intelligent treat-

ment) can involve multiple rounds of forward modeling and backpro-

pagation.Whenminimizing equation 1, each iteration usually requires

two forward-modeling solves and a single back-propagation solve.

Comparatively, the computational cost of Cauchy-constrained

LSRTM is increased by several times due to the requirement to re-

peatedly solve a linearized wave equation (equation A-4). This feature

precludes Cauchy-constrained LSRTM from becoming practical for

most applications. To tackle this problem, we propose an alternative

approach: first, we find a step length αd that minimizes the data misfit

FðmÞ, and second, we formulate a parabola as a function of α that fits

the data misfit almost exactly along the direction indicated by the per-

turbation δm. This parabola is expressed as

ϕðαÞ ¼ aðα − αdÞ2 þ c; (13)

where a ¼ ðϕð1Þ − ϕð0ÞÞ∕ð1 − 2αdÞ, c ¼ ϕð0Þ − aα2d, ϕð1Þ is the

data misfit with the step length α ¼ 1, and ϕð0Þ is the data misfit

with the step length α ¼ 0. When determining the initial step length

αd, one choice is the method described in Appendix A of Yao et al.

(2019). This method requires only a single forward-modeling solve to

determine αd.

Equation 12 now becomes

αopt ¼ argmin
α

ðϕðαÞ − εÞCnðmþ αδmÞ; (14)

which can be solved efficiently using any line-search method, and

we use a bisection method (Nocedal and Wright, 2006). In our tests,

it takes less than 10 iterations to find a minimizer with a relative

error of less than 10−7. Compared with the minimization problem

of equation 12, minimization of the problem in equation 14 does not

introduce any additional wave equation solves; consequently, the

computational cost of Cauchy-constrained LSTRM becomes much

more tractable. As such, a single iteration when minimizing the

functional in equation 9 requires only two forward-modeling solves

and one back-propagation solve, therefore costing almost the same

as unconstrained LSRTM, i.e., when minimizing the functional in

equation 1. If our proposed line-search method is not used and the

line search should require 10 iterations, solving the Cauchy-con-

strained multiplicative functional of equation 5 will involve approx-

imately seven times more computational burden than solving the

unconstrained functional of equation 1. The proposed line-search

strategy has the potential to be extended to other geophysical prob-

lems that involve the computation of gradients and step lengths via

repeated solution of partial differential equations, such as FWI.

EXAMPLES

We migrate three synthetic data sets along with a real ultrasonic

data set to demonstrate the effectiveness of the proposed Cauchy-

constrained LSRTM.

A three-layer model

The velocity field for a synthetic three-layer model is shown in

Figure 1a. From this, we generated a data set containing three shot

records. The data set was generated by solving equation A-1 with a

constant density of 1000 kg/m3. The source wavelet used was a

30 Hz Ricker wavelet. The three sources were located at horizontal

distances of 200, 500, and 800 m, and at a depth of 5 m. The

receiver array was positioned at the same depth as the sources

but spread across the entire model. An example shot record is shown

in Figure 2a.
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Figure 1. The velocity profile of the three-layer model. (a) The true
velocity profile for generating the observed data. (b) The smoothed
velocity profile for migration.
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We have carried out migration using all three shot records. The

RTM image is shown in Figure 3a. Several shortcomings in the im-

aging are noticeable: first, one can observe the presence of strong

arc-shaped artifacts above each reflector, and second, the ampli-

tudes of the reflectors are not uniform laterally nor between them-

selves. These are two common features of RTM images, especially

when the shotpoints are sparse or there are gaps in the acquisition

coverage. Formulating seismic migration as an inverse problem is a

well-known remedy for mitigating these issues. With this in mind,

we choose to carry out unconstrained LSRTM (equation 1) starting

from the RTM image. The reflectivity model obtained after 100 iter-

ations is shown in Figure 3b. Compared with the RTM image,

Figure 3a, the LSRTM image contains two uniform reflectors

and fewer artifacts. Moreover, as expected (Yao and Jakubowicz,

2016), LSRTM also has improved the resolution of the migration

image. However, a side effect is that the inversion process has gen-

erated weak sidelobes/oscillations around the true reflectors. In ad-

dition, due to the limited aperture of the receiver array, some weak

arc-shaped artifacts remain in the image.

To further improve the resolution and suppress the residual arti-

facts, we have next carried out Cauchy-constrained LSRTM using a

multiplicative cost function. The hyperparameter λ has been deter-

mined by following the approach presented in the previous section.

From examination of the gradient of the Cauchy term based on the

unconstrained LSRTM image obtained after five iterations, this ap-

proach returns a value of λ ¼ 1 × 10−6. Figure 4 shows the gradient

of the Cauchy term for λ ¼ 1 × 10−6. We can see that the magnitude

of the gradient is large in the regions that contain artifacts but

small at the reflectors. In this example, as the data residual (the blue

curve in Figure 5) is small after unconstrained LSRTM, we set the

relaxation term ε to zero during subsequent Cauchy-constrained

LSRTM. Figure 5 also indicates that Cauchy-constrained and un-

constrained LSRTM produce a similar data fit.

The reflectivity model produced by Cauchy-constrained LSRTM

is shown in Figure 3c. Compared with the unconstrained LSRTM

image (Figure 3b), the Cauchy constraint effectively suppresses any

artifacts. In comparison, the additive functional (equation 3) re-

quires that β is determined by trial and error. After conducting sev-

eral tests, we have found that β ¼ 2 × 10−4 gives a reflectivity

model (Figure 3d) similar to the one shown in Figure 3c. These tests

demonstrate that the Cauchy-constrained approach to LSRTM in-

troduced here is effective in suppressing noise and dramatically

simplifies the application of a sparsity-promoting constraint by

eliminating the need for intensive user interaction when selecting

an appropriate trade-off between data and constraint misfits.

It is worth noting that the reflectors contained within the migra-

tion images of Figure 3 have zero phase. This is an important

property for seismic interpretation and occurs because the for-

ward-modeling formula (equation A-5) is based on the Kirchhoff

approximation (Yao et al., 2018b; Lu and Liu, 2020). By way of

comparison, the forward-modeling formula based on the Born

approximation produces antisymmetric images of reflectors (Yao

et al., 2018b; Lu and Liu, 2020). In addition, the recovered reflec-

tivity with both formulas has a magnitude different than the actual

reflectivity but it can be calibrated, for example, using well-log data.

The images depicted in Figure 3c and 3d can be compared with

the image in Figure 3e, which was originally presented in Figure 2d

of Wu et al. (2016). The latter has been obtained by using the

L1-norm of the model as a sparsity-promoting constraint and recast-

ing migration as a basis pursuit denoise (BPDN) problem, which

was then solved using SPGL1 (van den Berg and Friedlander,

2008). Both constraints are shown to improve resolution and to
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Figure 3. The migration results by using (a) RTM, (b) uncon-
strained LSRTM, and Cauchy-constrained LSRTMwith (c) a multi-
plicative cost function and with (d) an additive cost function, which
has a fixed regularization parameter of 2 × 10−4. (e) The BPDN
result presented in Figure 2d of Wu et al. (2016). Note that the mag-
nitude of the recovered reflectivity does not represent the actual re-
flectivity, but it can be calibrated, for example, using well-log data.
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Figure 2. One shot profile from the three-layer model. The source
wavelet is a 30 Hz Ricker wavelet. The source is located at a distance
of 500 m and a depth of 5 m. (a) The observed data. (b) The predicted
data from the RTM result, which is shown in Figure 3a. (c) The pre-
dicted data from the unconstrained LSRTM result, which is shown in
Figure 3b. (d) The predicted data from the Cauchy-constrained
LSRTM result, which is shown in Figure 3c. The direct arrivals have
been muted. All of the plots are displayed on the same scale.
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suppress artifacts. However, the Cauchy constraint yields an image

that is smoother laterally, which occurs because the Cauchy con-

straint is continuous (equation 4). Comparison between Figure

4b of Wu et al. (2016) and Figure 5 indicates that the convergence

of Cauchy-constrained LSRTM using conjugate-gradient methods

is better than that of SPGL1. See Wu et al. (2021) for a more de-

tailed comparison between the performance of the Cauchy and L1

constraints, where it is demonstrated that the Cauchy-constrained

LSRTM converges faster than L1-norm-constrained LSRTM.

The SEG/EAGE overthrust model

In this example, a 2D slice was extracted from the 3D SEG/

EAGE overthrust model, shown in Figure 6a. The migration veloc-

ity model was obtained by smoothing the selected slice, as depicted

in Figure 6b. A reflectivity model was generated as a reference,

shown in Figure 7a. Note that the model term in equations A-4

and A-5 does not represent the absolute reflectivity. Thus, the refer-

ence reflectivity model (Figure 7a) was scaled, as represented in

Figure 7b.

In this experiment, we generated an observed data set containing

183 shot records. The source wavelet was a 15 Hz Ricker wavelet.

The source location of the first shot record was at a horizonal dis-

tance of 0.9 km. The shotpoint interval was 100 m. All sources were

located at a depth of 50 m. A split-spread receiver geometry was

used with a maximum offset of 5.25 km. An absorbing boundary

(Yao et al., 2018a) was applied at each boundary of the model. A

single shot record is displayed in Figure 8a. The direct arrivals have

been removed because they do not contain any information about

the subsurface. The black curve indicates the position of the top

mute used.

The RTM image is shown in Figure 9a. Because it is a stack of

183 shot records, the RTM image is relatively clean when compared

to the RTM image produced from the three-layer model (Figure 3a).

However, Figure 9a still exhibits two noticeable issues: first, the

amplitudes are not balanced between reflectors at different depths,

even after illumination compensation using the stacked source

wavefield energy, and second, the resolution of the image is rela-

tively low.

To temper these two issues, unconstrained LSRTM has been car-

ried out next. The resulting image after 50 iterations is shown in

Figure 9b. Comparing this with the corresponding RTM image,

we observe, as expected, improvement in the image resolution as

well as in the balance of the amplitudes of the image. However,

compared with the reference image, Figure 7b, the LSRTM image

contains some high-wavenumber migration noise and oscillations

around the reflectors, principally because of poor conditioning.

We subsequently applied Cauchy-constrained LSRTM in an ef-

fort to reduce these artifacts. It was observed that a typical reflector

beneath the top interface is roughly an order of magnitude stronger

than those at or close to the top interface, e.g., 2 × 10−6 versus

2.5 × 10−7. Therefore, we chose to use a spatially varying hyper-

parameter λ, increasing the hyperparameter by eight times for the

top interface. Doing so served to reduce the magnitude of the gra-

dient of the Cauchy term for small values (Figure 10). The spatially

varying hyperparameter is shown in Figure 11a, whereas the gra-

dient of the Cauchy term for the reflectivity model recovered after

five iterations of unconstrained LSRTM is shown in Figure 11b.

As can be seen, the magnitude of the gradient was weak around

the true reflectors but strong around artifacts, as well as relatively

weak around the top interface — this prevents the inversion from

erroneously suppressing any weak reflectors.

Numerical tests indicated that the reflectors close

to the top interface would be removed com-

pletely if we instead chose a constant hyperpara-

meter of 5 × 10−8.

It is observed that the residual data misfit

for unconstrained LSRTM (the blue curve in

Figure 12) is relatively large. The residual de-

creases to approximately 42% of its initial value

when starting from the RTM image. This is be-

cause LSRTM uses a linearized wave equation

(equation A-4), whereas the observed data are

generated via the full nonlinear wave equation

(equation A-1); the data generated by these two
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Figure 4. The gradient of the Cauchy term for the reflectivity model
at the fifth iteration of unconstrained LSRTM.
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Figure 6. The velocity profile of one slice of the 3D overthrust model. (a) The true
velocity profile for generating the observed data. (b) The migration velocity profile,
which is a smoothed version of (a) by using Seismic Unix command “smooth2.”

0 20 40 60 80 100
0

5

10

15

Figure 5. The data-misfit functional against the iteration numbers.
The blue curve indicates the functional value of unconstrained
LSRTM, whereas the red curve is for Cauchy-constrained LSRTM.

S156 Yao et al.

D
o
w

n
lo

a
d
e

d
 0

5
/2

3
/2

2
 t
o
 1

1
1
.1

9
3
.1

2
8
.6

9
. 
R

e
d
is

tr
ib

u
ti
o
n
 s

u
b
je

c
t 

to
 S

E
G

 l
ic

e
n
s
e
 o

r 
c
o
p
y
ri
g
h
t;

 s
e
e
 T

e
rm

s
 o

f 
U

s
e

 a
t 

h
tt

p
:/

/l
ib

ra
ry

.s
e

g
.o

rg
/p

a
g

e
/p

o
lic

ie
s
/t

e
rm

s
D

O
I:

1
0
.1

1
9
0
/g

e
o
2
0
2
1
-0

1
8
3
.1



equations contain numerous discrepancies, especially at large offsets

when using complex models such as the overthrust model. In this

case, if we do not relax the Cauchy constraint in the multiplicative

cost function, the inversion will over-penalize the reflectivity model.

The relaxation term ε should be smaller than the residual data misfit

after unconstrained LSRTM has achieved convergence. For this ex-

ample, this is approximately 5.94 × 105. Our tests show that, for this

example, it is reasonable to set ε to 70% of the residual data misfit. As

shown in Figure 9c, the Cauchy-constrained inversion suppresses the

high-wavenumber artifacts and sidelobes, as well as further improv-

ing the image resolution. The enlarged sections in Figure 13 and wig-

gle display in Figure 14 provide more detailed comparisons. More

quantitative methods, e.g., structure similarity index measure (Zhou

et al., 2004), also could be used to provide an assessment of image

quality.

Figure 15 shows the Cauchy-constrained LSRTM image ob-

tained when using different percentages of the residual data misfit

for the relaxation term ε. As can be seen, weaker relaxation allows

for artifacts and sidelobes to be suppressed more effectively, how-

ever, it also tends to remove weak reflectors. Consequently, weaker

relaxation leaves relatively large residual data misfits, as shown in

Figure 12. Thus, care must be taken to choose a relaxation value

based on our expectation for the migration. A general guide is that

ε should be smaller than the residual data misfit after unconstrained

LSRTM has achieved convergence. In terms of the additive Cauchy

constraint β (equation 3), there may be a long trial and error process

involved in finding a suitable value for producing an adequate

reflectivity model. In this case, it is found that β ¼ 1.4 returns a

reflectivity model similar to the one shown in Figure 9c. As shown

in Figure 12, the additive and multiplicative functionals allow for

convergence toward a desirable solution.

The SMAART Sigsbee2A model

In this next example, we apply the proposed Cauchy-constrained

approach to LSRTM to data generated from the SMAART Sigs-

bee2A model. The large salt body within the model (Figure 16a)

poses a significant challenge to migration algorithms, including
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Figure 8. One shot profile. The source wavelet is a 15 Hz Ricker
wavelet. The source is located at a distance of 12.9 km and a depth
of 50 m. (a) The observed data from the true velocity model, which
is shown in Figure 6a. (b) The predicted data from the RTM image,
which is shown in Figure 9a. (d) The predicted data from the uncon-
strained LSRTM image, which is shown in Figure 9b. (c) The
residual of (b), which is the difference between (a) and (b).
(e) The residual of (d). The dashed black curves indicate the mute
position. The data above the curves are not involved in the inversion
process. All of the plots are displayed on the same scale.
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Figure 9. The profiles of migration images. (a) The RTM image.
(b) The unconstrained LSRTM image. (c) The LSRTM image with
a multiplicative Cauchy constraint, the relaxation term ε of which is
set to 70% of the functional residual of the unconstrained LSRTM
after 50 iterations. (d) The LSRTM image with an additive Cauchy
constraint, the fixed regularization parameter of which is set to
β ¼ 1.4. All of the inversion includes 50 iterations.
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Figure 7. A version of the reflectivity profile of the velocity model,
which is shown in Figure 6a. (a) The reflectivity profile calculated
by using r½z� ¼ ðv½zþ 1� − v½z�Þ∕ðv½zþ 1� þ v½z�Þ, where r de-
notes the reflectivity, v represents the velocity, and z is the index
of the element in the direction of depth. (b) A scaled version of
(a), which has magnitude comparable with the reflectivity images
of LSRTM.
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RTM. One of the main reasons for this is that the salt body impedes

the propagation of seismic waves, resulting in weak illumination of

the subsalt region. The observed data set is generated by solving the

full two-way wave equation (equation A-1) with a constant density

model. We choose a towed-streamer geometry, using a single

streamer containing 347 receivers spaced by an interval of 75 ft.

The minimum offset is 37.5 ft. The data set contains 500 shot re-

cords with a shot interval of 150 ft. The time dependency of the

source term is given by a Ricker wavelet with a peak frequency

of 12 Hz. An absorbing boundary is applied such that the data

set does not include surface-related multiple

arrivals or ghost arrivals but does contain in-

terbed multiple arrivals. Figure 16b shows a sin-

gle shot record from the observed data set.

Figure 17b shows the RTM image recovered.

Comparing this with the reference reflectivity

model, Figure 17a, the RTM image is shown to

contain clear reflectors through the sedimentary

sequence on the left side and is able to delineate

the salt body as well as most of the postsalt events.

We use the deprimary imaging condition proposed

by Fei et al. (2015), which allows for images with

good signal-to-noise ratios to be obtained. As can

be seen, the reflectors in the subsalt region are

weak. In contrast, the surface of the salt body is

overly strong. The subsalt reflectors become dis-

continuous at a horizontal distance of 16 km, as

indicated by the blue box in Figure 17b.

Unconstrained LSRTM is subsequently applied

to improve the image quality. Figure 17c shows

the result obtained after 20 iterations. As expected,

LSRTM produces events with more balanced am-

plitudes by weakening the amplitude of the salt

body and boosting amplitudes within the subsalt

region. However, unconstrained LSRTM also gen-

erates spurious sidelobes around reflectors and in-

troduces arc-shaped artifacts, as indicated by the

black arrows in Figure 17c.

Following this, the multiplicative Cauchy con-

straint is applied to investigate whether these ar-

tifacts could be suppressed and the resolution

boosted. By following the strategy presented
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Figure 10. (a) The Cauchy term and (b) its gradient for λ ¼ 5 × 10−8 and λ ¼ 4 × 10−7.
The green and red crosses represent the case of m ¼ 2.5 × 10−7 and m ¼ 2 × 10−6,
respectively.
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Figure 11. (a) The profile of the hyperparameter λ for the Cauchy-constrained LSRTM.
(b) The gradient of the Cauchy term with λ shown in (a) for the reflectivity model at the
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previously, a spatially varying hyperparameter is determined, as

shown in Figure 18. We use the stacked source wavefield energy

(equation 11) to construct an initial trend for the hyperparameter

and then weaken this in the subsalt region so as to avoid

over-penalization of weak events. The relaxation term is again

set to 70% of the residual data misfit after unconstrained LSRTM.

The inversion result is shown in Figure 17d, in which it can be seen

that the Cauchy constraint suppresses the artifacts effectively. How-

ever, this result is still imperfect: several reflectors below the salt

body remain poorly imaged, as indicated by the black arrows in

Figure 17d. The main reason for this is that the L2-norm-based in-

version is being dominated by strong events produced from the salt-

sediment boundary and is unable to enhance sufficiently the weaker

events in the data.

The Huber norm of the data misfit can be used to mitigate this

problem. Here, we choose to use a pseudo-Huber norm (Hartley and

Zisserman, 2003, p. 619), which is a smooth approximation to the

Huber norm that is subsequently more suitable for differentiation.

The pseudo-Huber norm reads

FHðmÞ ¼ δ
2
X
i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ððui − di0Þ∕δÞ2

q
− 1

�
; (15)

where the superscript i is the index of the element of the data and δ

is the threshold for the Huber norm, which is set to half of the maxi-

mum residual during each iteration.

The image obtained using unconstrained Huber-norm-based

LSRTM is shown in Figure 17e. Compared with the image obtained

using unconstrained L2-norm-based LSRTM (Figure 17c), the
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Figure 14. Wiggle display of one trace from the reference reflec-
tivity model and migration images. The trace is located at a distance
of 5.75 km. The five traces from left to right are from the reference
reflectivity model (Figure 7b), the RTM image, the unconstrained
LSRTM image, the multiplicative Cauchy-constrained LSRTM im-
age, and the additive Cauchy-constrained LSRTM image. The mi-
gration images are shown in Figure 9.
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with the relaxation term ε set in (a)–(f), respectively, to 100%, 80%,
60%, 40%, 20%, and 0% of the data misfit functional value of the
unconstrained LSRTM after 50 iterations.
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Huber-norm-based LSRTM image shows improved continuity of

reflectors, especially in the subsalt domain. However, one drawback

is that artifacts and noise have become more pronounced, as indi-

cated by the black arrows in Figure 17e. In fact, noise boosting is a

potential drawback of LSM approaches in general (Trad, 2020).

With this in mind, we apply the multiplicative Cauchy constraint

to LSRTM based on the Huber norm to suppress any artifacts

and/or noise. The same strategy as for L2-norm-based LSRTM

is used when choosing the relaxation and hyper-

parameter terms. Figure 17f shows the migration

image obtained from this approach. As can be

seen, the artifacts and noise (the black arrows

in Figure 17e) are attenuated greatly. This is prin-

cipally because the data are insensitive to these

artifacts, which means that their removal does

not noticeably change the predicted data. In con-

trast, the artifacts indicated by the blue arrows

in Figure 17e are only removed partially. There

are two reasons for this: first, these artifacts are

likely related to interbed multiples, which are

present in the observed data. Artifacts of this

nature become attenuated by the multiplicative

constraint but are then regenerated during sub-

sequent iterations. Second, the magnitude of

these artifacts is close to that of the true reflec-

tors. This requires the hyperparameter for these

regions to be elevated, elsewise the Cauchy con-

straint will suppress the artifacts and the true re-

flectors. As a result of this trade-off, any artifacts

emanating from interbed multiples will still gen-

erate some data residuals while the constraint

also will impinge on the true reflectors, resulting

in some degree of imperfection in the imaged re-

flectors. One potential solution is to remove the

interbed multiples from the data prior to imaging;

however, this is outside the scope of this paper.

In general, Huber-norm-based and L2-norm-

based LSRTM (when using a multiplicative spar-

sity promoting constraint) significantly improve

the quality of the migration image, especially

when compared with conventional RTM. Further

evidence for this is contained within the wiggle

display of Figure 19. The data misfit for each of

the inversion examples discussed here is reduced

to a similar level, as indicated by the data-misfit curves in Figure 20.

This suggests that the chosen parameters did not over-penalize

the model.

A physical model

Finally, we provide an example of the proposed Cauchy-con-

strained LSRTM inverting a real ultrasonic data set acquired using

a physical laboratory-based model. This data set contains a 2D tran-

sect of 41 shot records acquired using a shotpoint interval of 8 mm

and a trace interval of 2 mm. The minimum offset for each shotpoint

is 20 mm. A one-sided receiver array is used, and the first 20 shot

records contain 96 traces per shotpoint. Each subsequent shot record

then contains four traces fewer than the last. The source location for

the first shot record is at a horizontal distance of 5 mm. Piezoelectric

ultrasonic transducers are used for sources as well as receivers. A

P-wave mode is used for source generation and data recording.

As such, P-wave energy dominates the observed data and any S-wave

energy recorded arises from mode conversions. Figure 21a shows a

single shot record from the data set. As can be seen, the record con-
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Figure 17. The profiles of the reference reflectivity model and migration images.
(a) The reference reflectivity model, which is scaled to a comparable magnitude of
LSRTM images. (b) The RTM image. (c) The L2-norm-based LSRTM image without
constraint. (d) The L2-norm-based LSRTM image with a multiplicative Cauchy con-
straint. (e) Huber-norm-based LSRTM image without constraint. (f) Huber-norm-based
LSRTM image with a multiplicative Cauchy constraint.
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tains two direct arrivals, multiple arrivals, S-wave energy, boundary

reflections, and other dipping noise — all of which serve to hamper

the migration process. To lessen the effects of these undesirable

energies, a preprocessing sequence is applied to the data. This

sequence relies predominantly on f-k filtering to remove unwanted

events. Furthermore, each record is scaled by a factor of t0.5, where

t represents the two-way traveltime to compensate for the discrep-

ancy between 2D and 3D wave propagation. Figure 21b shows

the example shot record of Figure 21a after preprocessing.

Because the primary events are sparse, we generate a source

wavelet by stacking a single reference event in the data, applying

a half-derivative operator to correct the phase for 2D propagation.

The estimated source wavelet is shown in Figure 22a. Figure 22b

shows the wavelet’s power spectrum, which exhibits a peak fre-

quency of approximately 220 kHz.

We then took three steps in building the migration velocity model.

First, we built a simple 1.5D model using traveltime tomography.

Second, we built a more comprehensive 2D model by combining

a migration image generated using the 1.5D velocity model with

the traveltime misfit between the synthetic and the observed data.

The final velocity model is shown in Figure 23. As can be seen,

the model included a syncline-like structure and a fault-like structure.

Finally, before migrating the data, we smoothed the velocity model

using a Gaussian filter with a standard deviation of 13.

During the migration step, we first migrate the preprocessed data

set using conventional RTM, the image from which is shown in
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Figure 19. Wiggle display of two traces from the reference reflec-
tivity model and the migration images shown in Figure 17. The
traces are located at the distance of (a) 3.43 km and
(b) 12.57 km. The six traces from left to right are from the reference
reflectivity model, the RTM image, the unconstrained L2-norm-
based LSRTM image, the multiplicative Cauchy-constrained L2-
norm-based LSRTM image, the unconstrained Huber-norm-based
LSRTM image, and the multiplicative Cauchy-constrained
Huber-norm-based LSRTM image.
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Figure 21. The 20th shot of the ultrasonic data set: (a) the raw data
and (b) the preprocessed data. The preprocess removes the direct
arrivals, other coherence noise, including S-wave energy, and the
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Figure 22. (a) The wavelet for inversion extracted by stacking one
reference event from records. (b) The frequency spectrum of the
extracted wavelet.
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Figure 24a. Then, we migrate the preprocessed data set using uncon-

strained LSRTM. The image after 30 iterations is shown in Figure 24b.

When comparing Figure 24a and 24b, it is evident that LSRTM pro-

duces an image with higher resolution than conventional RTM. This

also is demonstrated by the wiggle display in Figure 24e. Due to poor

conditioning of the unconstrained LSRTM system, however, the in-

version process generates noticeable artificial sidelobes and high-an-

gle reverberations, both of which degrade the image quality.

To suppress these artifacts, we then carried out LSRTM with a

multiplicative Cauchy constraint. Using the magnitude of the reflec-

tors and artifacts, we estimated a hyperparameter value of 2.5 × 10−5,

which is close to the amplitude of the artifacts. It was observed that

the horizontal event beneath the syncline is relatively weak; therefore,

the hyperparameter was relaxed for this region. The final spatially

variable hyperparameter is shown in Figure 24f. Figure 24c and

24d depicts the Cauchy-constrained LSRTM images with the relax-

ation term ε set to 60% and 70%, respectively, of the data misfit after

30 iterations of unconstrained LSRTM. As can be seen, these two

images exhibited much-reduced noise levels compared with the un-

constrained LSRTM image (Figure 24b). If instead we chose to use

the additive functional of equation 3, an appropriate regularization

parameter β must be found by trial and error. In contrast, when using

the multiplicative functional, our only requirement was that we

choose a relaxation term ε that is less than the data misfit after uncon-

strained LSRTM. The wiggle display of Figure 24e, which contains a

single trace from the four migration images, demonstrated the signifi-

cant improvement imparted by the multiplicative Cauchy constraint.

Wu et al. (2021) compared the Cauchy and L1-norm constraints for

the same data set.

Data-misfit curves for unconstrained and constrained LSRTM

are shown in Figure 25. These curves show that unconstrained

LSRTM produces a reduced data misfit relative to constrained

LSRTM, achieved by generating artifacts in the model that produce

arrivals matching events in the observed data. However, uncon-

strained and constrained LSRTM leave relatively large residuals after

each inversion has converged. Beyond the reasons discussed in the

second example, there are two further reasons for this. First, ultra-

sonic waves propagating through an elastic model produce a different

amplitude-variation-with-offset behavior than the acoustic wave

equation used during the inversion (Chapter 5 of Aki and Richards,

2002). Second, the piezoelectric transducers used during the acquis-

ition possess strong directivity. The energy is much stronger along the

direction of the transducer points than it is in other orientations. (Bud-

densiek et al., 2009). However, the response of the sources and

receivers in the experiment is isotropic.

DISCUSSION

Regularization parameters λ and ε

The multiplicative Cauchy-constrained functional, i.e., equation 9,

includes two regularization parameters λk and ε. As analyzed and

demonstrated in the previous sections, we determine the Cauchy

hyperparameter λk first, followed by a heuristic approach to estimate

the relaxation parameter ε. The procedure to determine them both can

be summarized as follows:
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Figure 23. The final velocity model, which is built based on the
traveltime tomography velocity model, the migration image, and
the traveltime misfit between the synthetic data and recorded data.
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Figure 24. Migration images. (a) The RTM images with the pre-
processed data set. (b) The unconstrained LSRTM image with
30 iterations. The image from Cauchy-constrained LSRTM with
the relaxation term ε set to (c) 60% and (d) 70% of the data-misfit
functional value of the unconstrained LSRTM after 30 iterations.
(e) The wiggle display of a trace from the four migration images.
The trace is located at a distance of 159 mm. The trace numbers 1–4
indicate the images in (a)–(d), respectively. (f) The hyperparameter
used in Cauchy-constrained LSRTM.
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Figure 25. The data misfit against iteration numbers. The blue curve
represents the data misfit of unconstrained LSRTM. The red and
green curves denote the data misfit of Cauchy-constrained LSRTM
with the relaxation term ε set to 60% and 70% the data-misfit func-
tional value of the unconstrained LSRTM after 30 iterations.
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1) Compute the reflectivity modelmk using a few, e.g., five, iter-

ations of unconstrained LSRTM.

2) Set λk close to the magnitude of the sidelobes and artifacts but

less than the magnitude of most reflectors in the reflectivity

model mk.

3) Tune λk based on the gradient of lnð1þm2
k∕λ2kÞ: increase λk in

areas where reflectors are considerably weaker than most of

reflectors, even where these reflectors are close in magnitude

to sidelobes and artifacts. An optimal λk generates a low gra-

dient value near to reflectors but a high gradient value in regions

bearing artifacts.

4) Set ε to a value smaller than the residual data misfit after un-

constrained LSRTM has converged. In general, 70% of the

residual data misfit is an acceptable estimate.

Fine stratigraphy

A subset of the Sigsbee2A model that contains thin layers is

used to demonstrate how conventional RTM, unconstrained

LSRTM, and our proposed Cauchy-constrained LSRTM behave

in geologic settings that include fine stratigraphy. Three data sets

generated using Ricker wavelets with peak frequencies of 10, 15,

and 20 Hz have been constructed for this test. The migration re-

sults are shown in Figure 26. As expected, and as can be seen, data

lacking high-frequency content are unable to resolve fine layers in

the subsurface. For instance, the RTM image obtained from the

data generated using the 10 Hz wavelet (Figure 26d) is missing

certain thin layers. This is because, for this particular spectral con-

tent, events that have reflected from adjacent layers have interfered

in a manner that does not allow for energy from those layers to be

separated. LSRTM is able to improve the resolution by deconvolv-

ing the wavelet. However, LSRTM also tends to generate sidelobes

and migration artifacts; we have shown that these can be sup-

pressed using the Cauchy constraint. However, if reflections from

two interfaces in close proximity to one another are canceled com-

pletely or suppressed significantly via interference due to oppos-

ing signs of reflectivity, then none of the three migration methods

discussed can recover these interfaces. For instance, this phenome-

non can be observed at the tip of a wedge layer highlighted by the

black arrows in Figure 26.
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Figure 26. Migration imaging a section of the
Sigsbee2A model with three RTM methods.
(a) The true velocity model. (b) The migration
velocity model, which is a smoothed version of
(a) by using Seismic Unix command smooth2,
(c) a scaled version of the normal incident reflec-
tivity of (a), (d–f) conventional RTM image,
(g–i) unconstrained LSRTM images with 50 iter-
ations, and (j–l) Cauchy-constrained LSRTM im-
ages with 50 iterations. Plots in (d), (g), and (j),
respectively, (e), (h), and (k), respectively, and
(f), (i), and (l), respectively, show the images of
data generated using 10, 15, and 20 Hz Ricker
wavelets. Each data set comprises 56 shots. The
receivers are spread on the top of the model uni-
formly. The black arrows indicate the tip of a
wedge layer.
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Inaccurate migration velocities

We have repeated the migration of the subset data set generated

using a 15 Hz Ricker wavelet, this time using an inaccurate migration

velocity model that was produced by scaling the accurate migration

velocity by a factor of 0.975. As a result, each reflector is imaged at a

shallower position than its true depth. The deeper the reflector, the

larger the depth error. In addition, the amplitude of each event

becomes weaker due to an incoherent stack response. In this case,

unconstrained LSRTM still improves image resolution relative to

conventional RTM, however, the migration artifacts produced (Fig-

ure 27c) are stronger than when using the accurate velocity model

(Figure 26h). These artifacts, as well as some of the sidelobe energy,

are suppressed effectively by the Cauchy constraint; this also is evi-

dent in the physical model test. The main reason behind the degra-

dation in image quality when using an imperfect migration velocity is

that data from different offsets becomes focused at slightly different

depths, leading to incoherent stacking. This is demonstrated in Fig-

ure 27, in which the migration images in Figure 27b, 27d, and 27f that

are produced using short-offset data focus better than the migration

images in Figure 27a, 27c, and 27e that are produced using full-offset

data. This test implies that all three RTM algorithms explored here are

sensitive to the accuracy of the migration velocity model, especially in

the case of long-offset data. Luo and Hale (2014) and Yang et al.

(2019a) explore the topic of LSM in the presence of velocity error.

Yang et al. (2019a) suggest stacking subsurface common-image-point

gathers to within half a wavelength in width when producing the final

image. This suggestion is congruent with our test, in which migration

using short-offset data provides better focusing than when using full-

offset data. By way of contrast, the sensitivity of long-offset data to

migration velocity errors provides the basis for reflection waveform

inversion, a technique for providing background velocity updates

from reflected events (e.g., Yao et al., 2020).

Coherent noise

The data sets used in the overthrust model and physical model

tests include coherent noise, such as interbed multiples and S

waves. This coherent noise gives rise to migration artifacts, for ex-

ample, in Figure 9, which contains high-wavenumber artifacts

around the reverse faults. These artifacts become stronger in the

unconstrained LSRTM results, as shown in Figures 9b, 17c, and

24b. In turn, the artifacts are largely suppressed by the Cauchy con-

straint. If a shot record does not include any coherent noise, uncon-

strained and Cauchy-constrained LSRTM will produce adequate

results. This is demonstrated by the results contained in Figure 28,

in which the observed data are generated using Born modeling

(equation A-4) instead of the full wave equation (equation A-1).

Consequently, the modeling kernel in each of the LSRTM methods

can predict precisely the observed data. In this case, the automati-

cally computed regularization parameter β is small. Therefore, the

Cauchy constraint plays a minor role in the inversion so as to avoid

over-penalization. The results contained in Figure 28 serve to fur-

ther demonstrate the robustness of the proposed Cauchy-con-

strained approach to LSRTM.

Alternative optimization methods

Many optimization methods are suitable for sparsity promotion.

However, in the case of the Cauchy constraint, the number of choices

reduces considerably. The L0-norm is generally used as the standard

measure of sparseness. However, it is NP (nondeterministic polyno-

mial-time) hard to solve an optimization problem using the L0-norm

(Natarajan, 1995). For this reason, the L1-norm is commonly used as

an approximation to the L0-norm, as its mathematical properties yield

more practical optimization algorithms. Thus, L1-norm-constrained

LSRTM can be expressed as an L1-norm penalty problem:

argmin
m

1

2
kusðxrÞ − d0ðxrÞk22 þ βkmk1: (16)

The iterative soft-threshold method is an efficient approach for solv-

ing the L1-norm penalty problem (Daubechies et al., 2004). The

L1-norm penalty problem also can be converted into a constraint

problem, i.e., a Lasso problem or, equivalently, a BPDN problem,

which then can be solved using the SPGL1 minimization method

(van den Berg and Friedlander, 2008). Wu et al. (2021) demonstrate

that Cauchy-constrained LSRTM converges faster and to a solution

closer to the true one than L1-norm-constrained LSRTM. This phe-

nomenon also has been observed with FWI (Guitton, 2012). Alter-

natively, one might split the two optimization terms into two

subproblems, minimizing each in an alternating fashion. In this case,
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Figure 27. Migration with inaccurate velocity. The data set is gen-
erated using a Ricker wavelet with a 15 Hz peak frequency. Migra-
tion results depicted in (a), (c), and (e) use data with a maximum
offset of 5.715 km, whereas half of its offset is used for obtaining
the migration results in (b), (d), and (f). The migration velocity is
produced scaling the migration velocity shown in (b) with a factor
of 0.975. (a and b) Conventional RTM, (c and d) unconstrained
LSRTM, and (e and f) Cauchy-constrained LSRTM.
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the regularization essentially becomes a postprocessing step. Kalita

et al. (2019) demonstrate this strategy as effective for salt flooding

during FWI.

CONCLUSION

Compared to RTM, LSRTM introduces an improved approxima-

tion to the inverse of the Hessian matrix that helps to remove the

blurring effects of the source wavelet and compensate for uneven

illumination; it can thereby produce amplitude-balanced high-res-

olution migration images. However, due to the typically large con-

dition number of the Hessian matrix, as well as noise inherent to

field data, LSRTM also can produce a series of sidelobes around

true reflectors along with artificial events in the migration image.

To mitigate these problems, we propose the use of the Cauchy con-

straint as part of a multiplicative cost function. Doing so avoids the

requirement to determine a regularization parameter. We introduce a

relaxation term to the multiplicative cost function that assists in

avoiding over-penalization for complex models. The value of the

relaxation term should be smaller than the residual data misfit after

unconstrained LSRTM. Numerical experiments show that it is rea-

sonable to use approximately 70% of the residual data-misfit func-

tional value. A spatially varying hyperparameter in the Cauchy

constraint is recommended. The value of the hyperparameter should

approximate the magnitude of the artifacts but be less than the

magnitude of the reflectors; the hyperparameter also can be tuned

to prevent the inversion from removing weak reflectors. The

multiplicative functional is nonquadratic due to

the Cauchy term being nonquadratic. We use a

PNCG method to minimize the functional. A

parabola, which is a function of step length

but not the reflectivity model, is computed to

fit the data-misfit functional prior to the line

search. As a result, this new line-search method

determines a step length with a trivial cost. Thus,

the overall computational cost is comparable to

unconstrained LSRTM. Numerical examples

demonstrate that our proposed Cauchy-con-

strained LSRTM can improve the image resolu-

tion as well as suppress migration artifacts.

Furthermore, the ultrasonic example demon-

strates the robustness and effectiveness of our

method when used with real-world data.
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APPENDIX A

FORWARD MODELING AND GRADIENT
CALCULATION FOR LSRTM

As of today, the use of seismic imaging in exploration geophysics

relies on acoustic wave equations. In this paper, we elect to use the

isotropic acoustic wave equation to demonstrate our proposed

Cauchy-constrained approach to LSRTM. The isotropic acoustic

wave equation reads�
1

ρðxÞv2ðxÞ
∂2

∂t2
− ∇ ·

1

ρðxÞ∇
�
uðx; tÞ ¼ sðtÞδðx − xsÞ;

(A-1)

where uðx; tÞ represents the pressure wavefield, vðxÞ indicates the

wave speed, ρðxÞ denotes the density, sðtÞ is the source wavelet

at position xs, δ is the Dirac delta function, x is a vector containing

spatial coordinates, and t represents the time. A unique solution to

equation A-1 is determined by the initial conditions, in our case being�
uðx; t ¼ 0Þ ¼ 0
∂
∂t uðx; t ¼ 0Þ ¼ 0

; (A-2)
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Figure 28. Migration images of the record generated with Born modeling. (a and d) Con-
ventional RTM image, (b and e) unconstrained LSRTM image, and (c and f) Cauchy-
constrained LSRTM image. The parameters for migration are the same as those for the
two models in the example section. The background velocity of Sigsbee2A for Born
modeling is generated by smoothing the true velocity model with a cosine-square win-
dow, the half-width of which is 80 cells.
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which ensure that the energy contained in the wavefield uðx; tÞ
originates from the injected source, and a boundary condition, given

by

uðx ∈ ∂Ω; tÞ ¼ 0; (A-3)

where ∂Ω denotes the domain boundary. In seismic imaging, absorb-

ing boundaries are typically imposed to fulfill the boundary condition

of equation A-3 (Yao et al., 2018a).

The two-way wave equation (equation A-1) does not contain the

reflectivity model, which is a requirement for the forward-modeling

process in LSRTM. To solve this problem, the forward-modeling

equation for LSRTM is usually derived by linearizing the wave

equation, using either the Born scattering or Kirchhoff approxima-

tions (Yao et al., 2018b). In this paper, we choose to use the Kirch-

hoff approximation, which can be expressed as

8><
>:
�

1
ρv0

∂2
∂t2 − ∇ · 1

ρ
∇
�
u0ðx; tÞ ¼ ∂sðtÞ

∂t δðx − xsÞ�
1
ρv0

∂2
∂t2 − ∇ · 1

ρ
∇
�
usðx; tÞ ¼ mðxÞu0ðx; tÞ

; (A-4)

where u0 denotes the source wavefield, us is the scattering wave-

field, v0 is the migration velocity, which is typically smooth, and m

represents the reflectivity model. It follows that the energy recorded

at receiver positions can be expressed in the integral form as

usðxr; xs;ωÞ ¼ iω

Z
Grðxrjx;ωÞmðxÞGsðxjxs;ωÞsðωÞdx;

(A-5)

where Gs is the Green’s function between the source location xs and
the model position x and Gr is the Green’s function between the

model position x and the receiver location xr. One noticeable merit

of the forward-modeling approach based on equations A-4 and A-5 is

that any migration image generated will have zero phase, which is

convenient for seismic interpretation. However, a migration image

based on the Born approximation will contain a 90° phase shift, re-

sulting in an antisymmetric image. It is worth noting that the reflec-

tivity model m has a different magnitude than the actual reflectivity

but it can be calibrated, for example, using well-log data. Readers are

referred to Yao et al. (2018b) and Lu and Liu (2020) for more details.

The L2-norm functional, i.e., equation 1, can be expressed in in-

tegral form as

FðmÞ ¼ 1

2

ZZZ
ðusðxr; xs;ωÞ − d0ðxr; xs;ωÞÞ�ðusðxr; xs;ωÞ

− d0ðxr; xs;ωÞÞdωdxrdxs: (A-6)

Substituting equation A-5 into equation A-6 and taking the first-or-

der derivative of FðmÞ with respect to mðxÞ yields

∂FðmÞ
∂mðxÞ ¼

ZZZ �
∂usðxr; xs;ωÞ

∂mðxÞ
��

ðusðxr; xs;ωÞ

− d0ðxr; xs;ωÞÞdωdxrdxs
¼ −

ZZZ
iωðGsðxjxs;ωÞsðxs;ωÞÞ�G�

rðxjxr;ωÞ

ðusðxr; xs;ωÞ − d0ðxr; xs;ωÞÞdωdxrdxs: (A-7)

Equations A-1 and A-4 can be solved numerically via finite-dif-

ference methods. Repeatedly solving the wave equation is the dom-

inant source of computational cost when performing LSRTM.
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